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PREFACE TO FIRST EDITION 


In the course of the 1970s important developments in the substance and form 
of particle physics have gradually rendered the excellent field theory texts of 
the 1950s and 1960s inadequate to the needs of postgraduate students. The 
main development in the substance of particle physics has been the emergence 
of gauge field theory as the basic framework for theories of the weak, 
electromagnetic and strong interactions. The main development on the formal 
side has been the increasing use of path (or functional) integral methods in the 
manipulation of quantum field theory, and the emphasis on the generating 
functionals for Green functions as basic objects in the theory. This latter 
development has gone hand-in-hand with the former because the comparative 
complexity and subtlety of non-Abelian gauge field theory has put efficient 
methods of proof and calculation at a premium. 

It has been our objective in this book to introduce gauge field theory to the 
postgraduate student of theoretical particle physics entirely from a path 
integral standpoint without any reliance on the more traditional method of 
canonical quantisation. We have assumed that the reader already has a 
knowledge of relativistic quantum mechanics, but we have not assumed any 
prior knowledge of quantum field theory. We believe that it is possible for the 
postgraduate student to make his first encounter with scalar field theory in the 
path integral formalism, and to proceed from there to gauge field theory. No 
attempt at mathematical rigour has been made, though we have found it 
appropriate to indicate how well-defined path integrals may be obtained by an 
analytic continuation to Euclidean space. 

We have chosen for the contents of this book those topics which we believe 
form a foundation for a knowledge of modern relativistic quantum field 
theory. Some topics inevitably had to be included, such as the path integral 
approach to scalar field theory, path integrals over Grassmann variables 
necessary for fermion field theories, the Faddeev-Popov quantisation 
procedure for non-Abelian gauge field theory, spontaneous breaking of 
symmetry in gauge theories, and the renormalisation group equation and 
asymptotic freedom. At a more concrete level this enables us to discuss 
quantum chromodynamics (QcD) and electroweak theory. Some topics have 
been included as foundation material which might not have appeared if the 
book had been written at a slightly earlier date. For example, we have inserted 
a chapter on field theory at non-zero temperature, in view of the large body of 
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literature that now exists on the application of gauge field theory to 
cosmology. We have also included a chapter on grand unified theory. Some 
topics we have omitted from this introductory text, such as an extensive 
discussion of the results of perturbative ocD (though some applications have 
been discussed in the text), non-perturbative Qcb, and supersymmetry. 

We owe much to Professor R G Moorhouse who suggested that we should 
write this book, and to many colleagues, including P Frampton, A Sirlin, J 
Cole, T Muta, H F Jones, D R T Jones, D Lancaster, J Fleischer, Z Hioki and 
G Barton, for the physics they have taught us. We are very grateful to Mrs S 
Pearson and Ms A Clark for their very careful and speedy typing of the 
manuscript. Finally, we are greatly indebted to our wives, to whom this book 
is dedicated, for their invaluable encouragement throughout the writing of this 
book. 


David Bailin 
Alexander Love 


PREFACE TO REVISED EDITION 


We are grateful to IOP Publishing Ltd for giving us the opportunity to 
correct the typographical and other errors which occurred in the original 
edition of this book. This task was greatly assisted by a careful reading of 
the book by G Barton. We are also grateful to I Lawrie and D Waxman 
who pressed us to clarify several points. Some new material on instantons 
and axions has been included in chapter 13, and some of the calculations in 
chapters 12 and 16 have been updated to make use of the more precise values 
of gauge coupling constants now available. 


David Bailin 
Alexander Love 
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PATH INTEGRALS 
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There are two widely used approaches to quantum field theory. The first is 
based on field operators and the canonical quantisation of these operator 
fields, and will not be discussed in this book. The second approach, as we shall 
see in Chapter 4, involves path integrals! over classical fields, and it is upon 
this latter approach that this book relies for its derivations. In this chapter, the 
idea of path integrals (or functional integrals) will be developed in a very 
intuitive way without any attempt at mathematical precision or rigour. 
Instead, the analogy between vectors and functions, and between matrices and 
differential operators on functions will be exploited extensively. Since very few 
path integrals can be performed exactly, we shall concentrate on Gaussian 
path integrals”. These are important in their own right, but much more so 
because they can be used in approximation schemes when the exact path 
integral is intractable, as we shall see in later chapters. 

Our starting point is the ordinary Gaussian integral 


f dy exp( 4ay?) 2 2x)! 24 1/2 a0. (1.1) 
This may be generalised to the integral over n real variables 

| dy, ...dy, exp( —4Y"A Y) = 2x)""(det A) 1/2 (1.2) 
where A is a real symmetric positive definite matrix, Y is the column vector 
with components (y; ..., y,), the transpose of Y is denoted by YT, and each 
integral is understood to be over the range ( — oc, oc). Equation (1.2) is easily 


derived by diagonalising A, when the n-dimensional integration becomes a 
product of n integrals of the form (1.1). It will prove convenient to write 


det A=exp In det A=exp TrinA (1.3) 
where Tr denotes the trace of the matrix. The identity 
In det A- Trin A (1.4) 


is most easily proved by diagonalising A. Equation (1.2) can now be written as 
(2n) ^^ | dy, ... dy, exp(—4¥'AY)=exp(—4Tr In A). (1.5) 


We wish to generalise (1.5) to the case where the integration is over the 
continuous infinity of components of a function g(x) rather than over the finite 
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number of components of the column vector Y. Such an integral is called a 
path (or functional) integral. Proceeding intuitively? we write 


Jae exp( —4 fæ farova ; 3o0) —-exp(—-iTrinA) (1.6) 


where we use the symbol 2 for path integration, and we assume that the 
integral has been defined in such a way as to remove any normalisation factor 
(corresponding to the factor (2) "? in (1.5). The integrals over x’ and x are 
assumed to be one-dimensional integrals over the range ( — oo, oo). However, 
the treatment generalises trivially to the case where dx is replaced by d^x, and 
the integration is over the whole four-dimensional space. The trace in (1.6) may 
be evaluated by Fourier transforming. For example, consider the case 


A(x’, x)= (= 2 + r) é(x' — x) (1.7) 


where r is a constant. (This is closely related to situations we shall encounter in 
later chapters.) The one-dimensional Dirac delta function has the integral 
representation 


, _ = dp ip(x' — x) 

ó(x »-[ d ] (1.8) 

Thus 
A(x’, x)= ü OP iip - 9 (p24) (1.9) 

] -o 2n 
and 
dp 2 

Tr In A= | dx zn P +r) (1.10) 


where to take the trace we have set x' = x and integrated over all values of x, 
since we have a continuous infinity of degrees of freedom. 
A slight generalisation can be made by introducing a linear term in (1.5). 


as | dy, ... dy, exp( C2YTAY - p Y) 


=exp(—4TrIn A) exp(p'A~'p) (1.11) 


where pis a given column vector, and A“! exists because A is positive definite. 
Equation (1.11) is derived from (1.5) by completing the square, 


Y'AY—2p!'Y-(Y—A !pJ' A(Y—-A !p)—p'A^!p (1.12) 
and making the change of variable 


Y-Y-A^!p. (1.13) 
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The corresponding path integral is 


[oo ew -1i fax f dxe(x’)A(x’, x)g(x) + | axptx)o(s) 


—exp( —1 Tr In A) ep(3 f dx’ | dxp(x')A" !(x', 7) (1.14) 


where p(x) is a given function. In (1.14), A~ +(x’, x) is easily evaluated from the 
Fourier transform of A(x’, x). Thus, with A(x’, x) as in (1.7), we have from (1.9), 


© dp. 
47a | o; er (ph ejt. (1.15) 


Equations (1.11) and (1.14) enable us to carry out somewhat more general 
integrals than Gaussian integrals. If we differentiate with respect to 
Pm Pmz>+++> Pm, at p=0 in (1.11) we obtain 


ea | dy, ... dy, Ym, «++ Ym, exp( -3Y' AY) 


-0 


=exp(—4 Tr In A(A,7 ... Am, m, t Permutations) (1.16) 


when p is even, and zero when p is odd. 
Generalised to the path integral case 


f2 olx)... e(x,) exp( -4 | dx’ fox e(x') A(x', sot) 


=exp(—4 Tr In A)(A~1(x,,x2)... A^! (x, ,, Xp) + permutations). (1.17) 


To carry through the differentiations in the path integral case we understand 
the derivatives to be functional derivatives ó/óp(x,), . . ., ó/óp(x,), where by 
definition 


ô 
T—— (Jes atsdols)) = qx) i-1,..., p. (1.18) 
óp(x;) 
We have been discussing a real column vector or a real function g(x). The 


discussion is easily extended to the case of complex column vectors or 
functions. Thus, for example, 


(20) " Jas dzf...dz, dz* exp( - Z'AZ) «(det A) ! «exp(- Trin A) (1.19) 


where A is a Hermitian matrix, Z is the complex column vector with 
components (2,,..., z,), Z! «(Z*)!, and 


| dz dz*z2 E z) d(Im z). (1.20) 
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The corresponding path integral is 


farao exp( - ax fax o*(x)A(x', xo) =exp(—Trin A) (1.21) 


So far we have been assuming that the reader is making the intuitive leap 
from a column vector with a finite number of components to a function with a 
continuous infinity of components. We can put path integrals on a (slightly) 
more formal basis, as follows’. Suppose that the x and x’ integrations in (1.6) 
are over the finite range from X to X. We can take the limit of an infinite range 
of integration at the end of our discussion. Divide the range up into N +1 
equal segments of length € 


(N+ De- X - X. (1.22) 
Let the steps begin at xo =X, x,, X2, ..., xy, and adopt the notations 
9;7 9(x;) Ag 7 A(x;, x). (123) 


Then we may define the Gaussian path integral as follows: 


| Do ew -4 | dx’ Je ex) A(x’, x) oo) 


N 
= lim x) "?[T |do, e( -45 ejr) 
i71 jk 


Noo 
N 
= lim 22) "? [| | dg; exp( 19'A9) (1.24) 
No i=1 


where @ is the column vector with components (9,,..., @n), and A is the 
matrix with entries A,,. In the case where we allow the range of integration 
(X, X) to become the interval (— oc, oc), we may perform the Gaussian 
integral to obtain the result of equation (1.6). We must, of course, interpret 
limy -= exp( —4 Tr In A), where A is the matrix, as exp( —3 Tr In A), where A is 
A(x", x). 


Problem 
1.1 Derive (1.19) from (1.5). 


References 


1 Feynman R P and Hibbs A R 1965 Quantum Mechanics and Path Integrals (New 
York: McGraw-Hill) 

2 We follow most closely the approach of 
Coleman S 1973 Lectures given at the 1973 International Summer School of Physics, 
Ettore Majorana. 
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PATH INTEGRALS IN NON-RELATIVISTIC 
QUANTUM MECHANICS 
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21 Transition amplitudes as path integrals 


It was shown by Feynman (following a lead by Dirac) that quantum mechanics 
could be formulated in terms of path integrals'?. We shall discuss this 
approach to quantum mechanics in some detail since it provides the key to the 
path integral formulation of quantum field theory. For simplicity, we shall 
consider in the first instance a system described by a single generalised 
coordinate Q, with a conjugate momentum P. When corresponding quantum 
mechanical operators for Q are required we shall use the notation 0, in the 
Heisenberg picture, and Ó, in the Schédinger picture. We denote the 
eigenstates of Og by |q)s: 


Ôsla>s 7 ala^s- (2.1) 
Since Oy, is time-dependent, so are its eigenstates, which we denote by lą, t»: 
Oxlt)|q, t» — qJa. t>- (2.2) 


(It should, of course, be remembered that the physical state vectors, as opposed 
to the eigenstates of Q,,(t), are time-independent in the Heisenberg picture.) 
The relevant connections between the two pictures are 


Ox =" Os ei" (2.3) 
and 
la, t» =e" lg», (2.4) 


where É is the (time-independent) Hamiltonian operator. 
The probability amplitude that a system which was in the eigenstate |q’, t» 
at time t' will be found to have the value q” of Q at time t" is 


<q", tig’, t) = Cale IP € gs. Q.5) 
This transition amplitude may be expressed as a path integral by dividing the 
time interval from t' to t” into N + 1 small steps of equal length e, with 


(N+ est" -t. (2.6) 


Let the steps begin at t’, t4, t2, . . ., ty. The eigenstates of 0,,(t) form a complete 
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set for any given value of t. Thus 
N 
<q", "lq, >= I] fauce. t"lan, ty? (dy; twlan EM» 
j=1 


pn tiles t. (2.7) 


We need to study (q;+1,t;+1|g;,t;> as N becomes very large and the step 
length € becomes very small. The discussion is much simplified if the 
Hamiltonian is of the form 


P? 
H(Q, P) "55 +V(Q). (2.8) 


(Simplification results because products of P with Q are not involved, and 
problems of order associated with the lack of commutativity of the 
corresponding operators are alleviated.) Applying equation (2.5) to first non- 
trivial order in e, 


ie 
(4 lj idit? © (us Ex 2 . (2.9) 
s s 
But 
x noo 
syll ( -5 à) uos (2.10) 


and using the usual integral representation of the Dirac ó function 


oo 


dp; ` = 
sys ss -a= | 2: expip/q;« , — )h 1] (2.11) 


ini") 


where we have chosen to write the integration variable as p;/h. Using (2.11) in 
(2.10) gives 


T -4 (do; (pj : -1 

s(4j «illas =A on \ 2m + V(aj) Jexplipi(q;., —4)h '] 
(2.12) 
2n: [SP expli h^! 2.13 
= 54 PUPA; +1 — 95) ]H(q;. p;). Q.13) 


We may now rewrite (2.9) as 


(qj v ila tj? 
dp; : E — 
sh [Ph elipsas =a 1](1—ieh 1H(q;, p;)). (2.14) 


Still working to first non-trivial order in e, we write the integrand in (2.14) as an 
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exponential 
CQjtt> tj. ilay t ^x h^ fe explih !e[ pj(0;.«.1 -qje! —H(q;,p;)]}. (2. 15) 


Returning to (2.7), the transition amplitude may now be expressed in the form 
<q", t"|g', t'y 


dp N 
R n dq; f 20 exp( ih te Y LPAQj+1 -qye! -Ha,py)) (2.16) 
- j=0 j=0 


where we have written 
qdo74' QN «174^. (2.17) 


Taking the limit N — oo with (N + De fixed as in (2.6), we obtain the transition 
amplitude as a path integral 


z 
<a”, t"|g', t") oc Jos | gpexpih"! | di(pá — H(p, q)) (2.18) 
r 


where the integration is over all functions p(t), and over all functions q(t) which 
obey the boundary conditions 
qt) =q q(t") =q". (2.19) 


The result is more general than the case to which we have restricted ourselves 
in (2.8). 

When the Hamiltonian is given by (2.8), the p; integrations in (2.15) and 
(2.16) may be carried out (formally). We complete the square by making the 
change of variables 


Dj p;—mz (qj., —q;) (2.20) 
and perform the integrations formally by pretending that ie is real 
(continuation to imaginary time). We then have Gaussian integrals and obtain 
ICHETUTS ilg; » 

& rich/m) "? exp(ih" 'e[3me ^ *(4,,,—4)? —V(q,)]}. (2.21) 
Using (2.21) in (2.7) gives 
<q", t"|g', t 
N 


N 
z rich/m) ^*^ [] da, exp it te pu [5me~ CREES s - van}: 


j=l x 


(2.22) 


Taking the limit N — oo with (N + 1)e fixed as in (2.6) yields the path integral 
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representation 
" 
<q", t"|q'. t) oc faa exin 1 f dt L(q, a) (2.23) 
Ü 
where 
L(q, 4)=4mq? — V(a) (2.24) 


is the Lagrangian, and the path integral is over all functions q(t) which obey the 
boundary conditions of (2.19). The constant of proportionality is formally 
infinite, but is inessential for our purposes. 


2.2 The ground-state-to-ground-state amplitude, W[J] 


If an external source term (or driving force) —J(t)Q is added to the 
Hamiltonian in (2.8), then the transition amplitude in the presence of this 
source is i 


<q", t"|g, t»! oc faa fa expih ! | _ dt(pg—-H(p,q)+Jq) (2.25) 


Ü 


where H(p, q) denotes the Hamiltonian for J —0. The integration is over all 
functions p(t) and over functions q(t) obeying the boundary conditions of 
(2.19). We shall see in Chapter 4 that the ground-state-to-ground-state 
amplitude in the presence of a source plays a central role in quantum field 
theory. With that application in mind, we now derive the corresponding 
amplitude in non-relativistic quantum mechanics. To start with we shall take 
J(t) to be zero for times less than t_ and also for times greater than t ,. Using 
the completeness of the eigenstates |g +, t, > and |q, t-> of Qy at times t, and 


t_, 
(q^, tlg >? = foa, face. t'la t+) latela- t-> <q- t-l t> 
(2.26) 


provided t’>t, >t_ >t. Let |n) be the energy eigenstates 
Aln> = E,|n) (2.27) 
and introduce corresponding time-dependent wave functions 


Yla, t) = <q, tn» — e "^ aln». 
Then 


<q", t"|g +s t.» xd Y <q", t'n <nļą +$ t; > 


=F yg Oa estu) (2.29) 
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and 
<q-,t-lg’.t>=> pla- t t t. (2.30) 


The connection with the ground-state-to-ground-state amplitude is obtained 
by continuing to the imaginary time axis and taking the limit t" > —ioo, 
ť ^ ioo. Then the decaying exponentials ensure that only the contribution 
from the ground-state wave function y, survives in (2.29) and (2.30), and we 
have 


lim <q",t"lq+,t+> rum Wola", toa +, t+) (2.31) 
1t" —ioc --iax 
and 
zn (q-, t .|g, f= lim Wolq_, t_)w5(q’, t). (2.32) 


Substituting in (2.26) and returning to real time we obtain 


lim — (2, t'la’, > /o(a", t") as t) 


t>o- 


= faq, foa-yiasst:Kastsla-+t-> tq t (2.33) 


(The alert, or even half-alert, reader will, with reason, feel uneasy about the 
way in which we have returned to real time, where the exponentials are 
oscillatory and cannot unambiguously damp all but the ground-state wave 
function. The result only remains unambiguous if we replace real t by e~“t, 
with e a small positive quantity. We shall make amends after (2.38).) 

The expression on the right-hand side of (2.33) is the probability amplitude 
to find the system in the ground state at time t , given that it was in the ground 
state at the time t_. We are really interested in the case where J(t) is non-zero 
not just between finite times t_ and t, , but for all times. We can reach this case 
by taking t_ large and negative, and t , large and positive. Then the right-hand 
side of (2.33) is the probability amplitude to find the system in the ground state 
at time oc, given that it was in the ground state at time — oo. We shall denote 
this ground-state-to-ground-state amplitude by W[J]. Thus, subject to the 
same qualifications as (2.33), 


W[J]o lim (q", t"|q', t» (2.34) 
e oc 


—o,—-— 


which is the required result. Notice that it does not matter what values we 
choose for q' and q". Returning to (2.25) we see that 


W[J] oc Je: Jer expih ! F dt(på — H(p, q) + Jq). (2.35) 
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The path integration is over all functions p(t), and, using (2.19), over all 
functions g(t) obeying the boundary conditions 


lim q(t)24' lim q(t^) 4 q" (2.36) 
f=- a 
where q' and q” are any chosen constants, but are often taken to be zero. 
In the special case where the Hamiltonian is given by (2.8), the generalisation 
of (2.23) to include a source term is 


" 


t 
(q^, tlg, t» c IE exp ih! | de(L(q, d) + Ją) (2.37) 
e 


and the corresponding expression for W[J] is 


eo 


W[J] oc Jos exp ih ^! | dt(L(q, d) + Ją). (2.38) 


The oscillatory path integral of (2.38) is not well defined, and it is necessary to 
make some more precise statement before it can be evaluated unambiguously. 
A convenient procedure suggested by the above derivation is to continue the 
integrand to imaginary time, which makes the path integral well defined, 
perform the path integral, and then continue back to real time (see figure 2.1). 
We introduce the variable 


t=it (2.39) 


and denote the continuation of W[J] to imaginary time by W,[J] (where the 
subscript E is used because the continuation will be from Minkowski to 
Euclidean space in the relativistic case considered in Chapter 4). 


W,[J] oc faa exp h`! y a (4.852) +14 (2.40) 


Figure 21 Rotation of integration contour in complex t plane. 
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where q and J are now to be regarded as functions of t. In accordance with 
(2.36), the path integral is over all functions q(t) which obey the boundary 
conditions 

lim q()-4 lim q(t) - q" (2.41) 

t~ — 00 t>o 
where q' and q” are any chosen constants. The integrand is now a damped 
exponential and the path integral is well defined. As has been emphasised by 
Coleman?, if we proceed directly from the Hamiltonian form of (2.35), 
continuing to imaginary time does not immediately yield a damped 
exponential because the derivative term remains oscillatory. If we are to 
proceed unambiguously from (2.35), we must first perform the path integral 
over p (formally), and then continue the integrand to imaginary time as in 
(2.39). In the case where the Hamiltonian is of the form of (2.9) this leads to 
(2.40), but, more generally, an effective Lagrangian (differing from the true 
Lagrangian) has to be introduced to render W,[J] into the form of (2.40). 

With these words of caution, we shall continue the integrand in (2.35) to 

imaginary time and write for the general case 


W,[J] oc [os fa exp—h7! f ai( -p $+, 9-4) (2.42) 


— 00 


If any ambiguity arises, it is to be resolved as described above. 


2.3 Ground-state expectation values from W[J] 


So far we have been concentrating upon the ground-state amplitude W[J]. In 
the discussion of quantum field theory in Chapter 4, we shall see that Green 
functions, which are ground-state expectation values of products of field 
operators, play an important part. The analogous objects in non-relativistic 
quantum mechanics are ground-state expectation values of products of 
operators Q,. We shall now see how these may be derived from W[J]. For 
notational simplicity, we shall consider first the case where the product 
involves only two operators. Thus, we begin by studying the object 


(q^ "Ost ) Osa t> 


with t, t,. Just as when discussing the transition amplitude <q", t"|g', t », we 
divide the time interval ¢’ to t” into small steps beginning at t’, t,, £5, . .., ty. 
Choosing t£, and t, to coincide with the beginning of two of these steps, we may 
use completeness as in (2.7) to obtain 


N 
<q", tOult)Ou(t.)la’, t>=[] | daj<q",t’lan. typ; tu|dn - 1i t8 212 --- 
j=l 


C TEE ty. iQut)las. ly? eag [qa + 1? ts ilÓt)as. ta? Ta CIE tilg’, Ü (243) 
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N 
Y i | [amar tlan, tu? (du; tyldn - 1> ty- » "ss (4i, tilg’, ty. (2.44) 
For a Hamiltonian of the form of (2.8), ien tj«1|q; tj? is given by (2.15). 
Thus, 


<q"; iei Ü 
N 


dp; = 
x n E IT zz Lm h doga exp ih" !c ed [pAQj+1 —q;)e : — H(p;. 4))]. 
(2.45) 


Taking the limit N — oo with (N + Ie fixed as in (2.6) we obtain the path 
integral 


Ca", tOut) nlt), t> 
oc [os fæ q(t,)a(t,) exp ih ^! | dt(pá — H(p,q)) (2.46) 
Ü 


for t, t,, where the integration is over all functions p(t) and over all functions 
q(t) which obey the boundary conditions of (2.19), and the constant of 
proportionality is the same as in (2.18). In deriving (2.46), we have assumed 
that t, t,. If instead we had assumed that t, t,, then we would have found 
that 
" ` e 
«q^, t"|OultaOulty)|q’, r> oc E [o q(t))q(t,) exp it~" f di(pá — H(p, q)) 
Ü 

(2.47) 

for t,» t. We may summarise (2.46) and (2.47) as 


qq" ITI Gu. > 
ac Jos Jarstoaeo exp ih! lh dipd—H(p,q) (2.48) 
where the time ordering operation T is defined by 
Tut, Oult)=Oult Ont) for h> ta 


=Oult,)On(te) for t,7 ty. (2.49) 


The constant of proportionality is the same as in (2.18). 
The result is easily generalised to a time-ordered product of any number n of 
operators. 


(^, "Tut . -< Ou(t2)Onte)la’, 0? 
oc f 2q f Dpalt,) . .. q(t2)a(t,) exp ih! [ dt(pq—H(p,q)) (2.50) 
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where the time ordering operation T puts the operators in chronological 
order, with operators corresponding to later times to the left of operators 
corresponding to earlier times. 

When the Hamiltonian is given by (2.8), the integrations in (2.45) may be 
performed (formally), as in equations (2.20) to (2.23), to yield the alternative 
path integral representation 


<q",t"|TOylt,) .-. Oult)Oult,))|q’, à» 
x | Dante QU )g (t) exp ih ^! | dtL(q,d) (2.51) 


where the constant of proportionality is the same as in (2.23), and the path 
integral is over all functions q(t) that obey the boundary conditions of (2.19). 

To make the connection with the expectation value in the ground state of 
the time-ordered product of operators, we now introduce times t', and t'_ with 
t’>t', 20 (f. Using the completeness of the eigenstates |g,,t,» and 
lg... t.» of Oy at times t', and t^, 


Ka”, tT Ât) -alt Dla n» = | dq’, da- Qa", tlas t+) 


x (Qr C [TQ ... Ou(tylq’-.t-><q_. t-]d, t. (2.52) 


Introducing energy eigenstates and proceeding in the fashion of equations 
(2.27) to (2.33), we see that 


lim — (q^, t"|T(Qu(t;) .. . Quer |a", C/W ola", ras t) 


r=- 0,0" 00 


= | dq’, Jaw PEA Kas [TQ ... Onl )|a s t- oq t) 
= €o[T(Qu(t;) . . - Oul(t,))]0> (2.53) 


where <0|T(O,(t;,) ... Oy(t',))|0> denotes the expectation value in the ground 
state of the time-ordered product of operators. (The same qualifications as 
after (2.33) apply.) Combining (2.53) with (2.50), 


Ko|T(O«(t;) . . . O(t5))]0» 


oc [os | ate e q()expih ^! f dt(på — H(p, q). (2.54) 


-0 


Armed with (2.54) we may now make the connection of ground-state-to- 
ground-state amplitude W[J] with ground-state expectation values of time- 
ordered products of operators 0,,. Consider the functional derivative of W[J] 
with respect to J(t,), J(t2), ..., J(t;), where the differentiation is in the sense of 
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(1.18). Using (2.35), 

owls) 
8J(t.) . ..9J(t,) 


J(t) 0 


oo 


oc ih ^y faa farae -- Q(t) exp ih” * f di(pá — H(p,q). (2.55) 


The constants of proportionality are the same in (2.54) and (2.55), thus 


ew] 
8J(t.) ...9J(t,) 


We now see that once the ground-state-to-ground-state amplitude W[J] is 
known, all the ground-state expectation values of time-ordered products of 
operators Q,, may be generated from it. For this reason, W[J] is referred to as 
the generating functional. The corresponding amplitude in quantum field 
theory is used to generate the Green functions, as we shall see in Chapter 4. 


GAT !y'Co[T(Qu() . .. Q4 )05 = (2.56) 


J()-0 


Problems 


2 Derive expression (2.21). 


22 Obtain the effective Lagrangian when H —1p?f(q). 
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CLASSICAL FIELD THEORY 


DOT: 10.1201/9780203750100-3 
3.1 Euler-Lagrange equations 


So far we have been concerned with the non-relativistic quantum mechanics of 
a single particle with a generalised coordinate q(t). Particle physics is 
formulated using the language of relativistic quantum field theory. We 
therefore address ourselves first to the derivation of the principal results of 
classical (i.e. non-quantum) field theory. This will facilitate the generalisation 
to the quantum theory which will be developed in the following chapters. 

A field is a generalisation of the notion of a generalised coordinate, not just 
to several particles, but to a continuum of particles, with the possibility of one 
or more at each point in space. Thus we write a field as g(x, t) in the simplest 
case where there is one generalised coordinate for each point x of space. The 
simplest example arises when we consider waves on a vibrating string. Then 
the generalised coordinate is the displacement y(x, t) of the point on the string 
at x from its equilibrium position. (In this case x takes values only in the range 
Oxxxl corresponding to the string, but we could as easily consider sound 
waves in space, in which case x could assume any value.) A more complicated 
example is provided by the electromagnetic field at x at time t. Evidently this 
involves more than one coordinate at each x, because of the vector nature of E 
and B. 

The Lagrangian L ofa field theory will evidently involve an integral over the 
continuum labels x, instead of merely a sum over the discrete labels i, if we had 
had a finite number of coordinates. Thus 


L- fxe (3.1) 


where .Z is called the Lagrangian density. In the discrete case the Lagrangian 
is a function of the coordinates q; and the generalised velocities g,=dq,/dt. 
Thus in the continuum case we expect ¥ to be a function of o and dg/ét. We 
shall also expect Y to depend on coordinate differences i.e. upon Vq. In any 
case, in a relativistically covariant theory we must not arbitrarily select a 
preferred direction in space-time. Thus we shall have 


L (o. 0,9) (32a) 
where 


PT (u=0, 1, 2, 3) (3.2b) 
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with x? —ct. Thus the action 


t; 


LE] 
S[o]z aL- | d*x.Z(o, 0,9) (3.3) 
ti 

is a functional of the field o. Note that, since L has the dimensions of energy, S 
has the dimensions of angular momentum, i.e. it is dimensionless if we use 
natural units h=c= 1. 

Lagrange's equations follow by demanding that S is stationary under 
variations of the generalised coordinate q. Thus we must consider an arbitrary 
change in the field 9: 


yg > 9-óg. (3.4) 


Then 
S—+S+6S 


0 aL 
as alap aa e) 


-J [oa | t Gus) 
ped- Q 0,9) óo + RE à, ae (3.5) 


The last term may be integrated and it involves the value of [0.7/0(0,9)]ó« 
only on the surface of the space-time volume being integrated over. If we 
restrict the permissible variations óq to those which vanish on this surface, just 
as in deriving Lagrange’s equations we require dq to vanish at t, and t,, then 
this last term vanishes and the functional derivative 


where 


6S ôL OL ) 
———— : 3.6 
Sox) dp (a os 
If we demand that S is stationary under such variations, then 
os 
T= 3.7 
59%) oe 
and the Euler-Lagrange equations follow: 
OL OL 
ôl ———- }= —. (3.8 
(aoa) óo ! 


If there are several fields o^ associated with each point x, then there is an 
Euler-Lagrange equation for each index a. 

It is easy to construct Lagrangian densities to yield any desired field 
equation. For example, 


— $p(9" yK(0, y) (3.9) 
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with p a mass density, gives 


OL Of 
—=0 and —— =p" 3.10 
ay 5,9) poy (3.10) 
so the Euler-Lagrange equation implies 
1 0?y 
Oy=0, Wy=5 57 V y= (3.11) 


which is just the wave equation. 
The electromagnetic field equations are also derivable from a Lagrangian, 
which may be expressed in terms of the Lorentz covariant vector potential A": 


L = —1(0,A,—0,A,)(0"A" — 0" A") — j, A". (3.12) 
Then the Euler-Lagrange equations (3.8) for each component 4, give 
— 0 (0" A’ — 8" A") = —j’. (3.13) 


This is just the covariant form of Maxwell's equations, since the v=0 
component gives 


V-E=p (3.14a) 
where 
10A 
= —-—-VA : 
E cà 0 (3.14b) 
and 
p-j?. (3.14c) 
The spatial components give 
10E , 
V^ B-—x +4 (3.152) 
where 
B=V ^ A. (3.15b) 


The two remaining Maxwell's equations 


Va E=- (3.16a) 


V-B=0 (3.16b) 
follow directly from (3.14b) and (3.15b). 
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3.2 Noether’s theorem 


One of the advantages of the Lagrangian formulation is that it permits the 
ready identification of conserved quantities by studying the invariances of the 
action S. The fundamental result behind this statement is Noether’s theorem’, 
which identifies the conserved current associated with the invariance of S 
under a very general infinitesimal transformation. 

We consider the variation óS of 


S= | * dx. (90), 0,909) (3.17) 


under a general transformation of the coordinates x and the field o. Suppose 
x" — x" z x" + ôx" (3.18) 


where the infinitesimal ôx” is specified by a set of infinitesimal parameters da’, 
so 


bx" = X#(x) dav’. (3.19) 


As examples we shall later consider the cases when the parameters dc! specify 
an infinitesimal translation, or an infinitesimal Lorentz transformation. Under 
such a transformation the field g(x) will, in general, also transform. Thus 


Q(x) ^ p'(x')= e(x) + 9969) (3.20) 
where óq is also specified by the parameters óc, so 
d(x) = (x) dev, (3.21) 


Evidently the total variation d6@(x) derives both from the variation of the field 
function and from the variation of its argument: 


9'(x) - e'(x + dx) 
= p(x) + óx'(0,9) 
= 9(x) + do p(x) + óx'(0,9) (3.22) 


where d5o@ is the variation of the field function alone. Thus from (3.21) and 
(3.22), using (3.19), 


ĉo (x) = Q(x) — óx'(0,9) = [D (x) — (0,9)X;(x)] ôo. (3.23) 
Then the variation of the action S is 
2 2 
6S= f ó(d*x).g + f d^x 6L (3.24) 
t t 


where ó.Z is the variation in the Lagrangian density caused by the above 
variations of x and q, and ó(d^x) is the variation of the integration measure 
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caused by the variation (3.18). In fact 
Ox" 
derf a | 
- |det[9/ + 3 (Xt de')]| d*x 
=[1+ 3 (Xf 90)] d*x 


d*x’= d*x 


SO 
&(d*x) = [ô (X ðw’) dx, (3.25) 


The variation ó.7 derives from the variations ôx and óq, where óq in turn 
derives from 69 and 6x, as specified in (3.23). We have already evaluated the 
variation of the action caused by an arbitrary variation of the field function 
alone in (3.5). (What we are now calling 5)@ was called óq in (3.5).) If @ satisfies 
the Euler-Lagrange equation (3.8), only the second integral on the right-hand 
side of (3.5) survives. Thus 


6S = fats ô (jë oo) (3.26) 


where 


OL OL 
i-(s5 y) W)—-L5 ;ja- E 29,9) P (3.27) 


Now, suppose that S is invariant when the variations are parametrised by 
constant óc! (i.e. ‘global’ transformations) Then, under ‘local’ trans- 
formations (in which óc depend upon x), ôS must have the form 


- farsi 6,(5a') (3.28) 
for some j?. Thus in these circumstances we deduce from (3.27) that 
0= faxe, jt) ôw’ 


for arbitrary óc'(x), so the current j? is conserved: 
0, jt — 0. (3.29) 


This is Noether's theorem. It follows that the ‘charge’ 


Qít)s | d?xjP(t, x) (3.30) 
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is a constant, independent of t, since 


O()= Jos o ji (x, t) 
= fassia (t, x) — 0, ji(t, x)] 


-- | dS, ji(t, x) 


=0 (3.31) 


if we assume that j; vanishes on the boundary surface. (We have used current 
conservation (3.29), and Gauss's theorem to relate the spatial divergence to an 
integral over the boundary surface with surface element d$.) It is important to 
note that in deriving the current conservation (3.29) we used the Euler- 
Lagrange equation (3.8) for o. Thus we are free to add to j# any quantity whose 
divergence vanishes by virtue of the equation of motion. Of course, we can also 
add to j# any quantity whose divergence is identically zero, such as 


jieo,Tr (3.322) 
where T” is an antisymmetric tensor: 
Th = - Ty. (3.32b) 


We have proved Noether's theorem in the simplest case that .Z is a function 
only of a single field ọ and its derivative 0,9. If there are several fields «^ 
associated with each point x, then the total variation ® of each field acquires 
an index a, and it is easy to see that the generalisation of the conserved current 
(3.28) is 


OL 0. 
j^ zi ————— 7) — PD—————— 


pt. 3.3 
50,0") 0) poe) 


3.3 Scalar field theory 


The simplest field theory that we shall study. is that described by a single real 
scalar field v(x) having a Lagrangian density 


1 1 1 
raus Ho) —— u?^qo? —— Ao* 
L z uP? 9) 5H 9 di AQ (3.34) 


where yp? and 4 are constants. The Euler-Lagrange equation yields 
(0,0" + u?)o(x) = —$Ap*(x). (3.35) 


The term on the right-hand side of (3.35) is analogous to the current source j” 
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on the right of (3.13), except that it arises from the field itself (because of its self- 
interaction). In the case that such a term is absent (4 = 0), (3.35) reduces to the 
Klein-Gordon equation?. Interpreting q(x) as the wave function of a particle 
with energy E and momentum p, the Klein-Gordon equation gives 


—E' «p? ru? —0 (3.36) 
showing that the particle has rest mass u. More generally, if 
L —JX0,9)(0" o) — V(o) (3.37) 
and if V has an absolute minimum at g =v, then 
ar (3.38a) 
do |p=» 
and 
dV |, 
do? Bo. ; (3.38b) 


The statement that ‘¢ is a scalar field’ describes its behaviour under a Poincaré 
transformation. Under such a transformation 


x" 2 x'" z A^x* +a” (3.39) 


where A4 describes a proper Lorentz transformation, and a is a (space-time) 
translation. Then ‘g is a scalar field’ means that under this transformation 


e(x) > e'(x) = e(x) (3.40) 


ie. g(x) is invariant. Since q is invariant under an arbitrary Poincaré 
transformation it is necessarily invariant under an infinitesimal such 
transformation. 

Consider first an infinitesimal translation 


xt —» x" + e". (3.41) 


Then the infinitesimal parameters óc may, on this occasion, be chosen to be 
the quantities e" and 


X(x) 2 OF. (3.42) 
Since ¢ is invariant óqg is zero and, from (3.21), 
®,(x)=0. (3.43) 
Also from (3.34) or (3.37) 


do. (3.44) 
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Then, from ees the conserved current in this case is denoted 


T=- 5 (6,9) -HL 


rc 9) 
1 1 1 
-eoca-a( (0,069) — u*o* f ie*) (3.45) 


In the free field case 4-0 and the ‘charge’ is 


P = [ese 


= f d?x[(099)(0,9) + 9059(L19 - 1?9)] 


- EEI (3.46) 


In deriving this we have added the total divergence 8°40, [p d"¢] to the 
integrand, as we may, and then used the equation of motion (3.35) to eliminate 
the-second term. Since g(x) is a free field and real we may without loss of 
generality write 


dk 1 ; : 
= | —~- ——(a(k —ikx #(k ikx i 
g(x) s TA (a(k) e™™ +a*(k) e™) (3.47) 
where kọ= +(k?+y7)'/?. Substituting into (3.46) and performing several 
trivial integrations gives 
dk 1 
n= Qa)? 2ko 


which is independent of x°=ct, as promised. P, is the energy-momentum 
vector of the field: each mode is labelled by a vector k (with k? = u?) and a(k) is 
the amplitude for a mode having momentum k, and (2z) 3(2ky)~ '|a(k)|? d°k is 
the number of modes having momentum in the element d?k around k. 
The u 20 component is therefore the energy of the field. In general we have 


Po= Jes (x 5; A- 2) (3.49a) 


- estie) eon tons [sore (3.49b) 


=~ a*(k)a(k)k,, (3.48) 


using (3.44) and (3.37). Expressed in this way, as a functional of (x) and x= 
0.Z/0(09«), the energy is called the Hamiltonian H of the field theory, and # is 
called the Hamiltonian density. Just as in mechanics, the equations of motion 
may be recast in a form reminiscent of Hamilton's equations. The first follows 
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trivially: 
denm E. (3.50) 
Also 
don = Go (3.51) 
and 
Eg -V?o a (3.52) 
The Euler-Lagrange equation in this case, is - 
oV 
Oe= Er (3.53) 
which yields the second equation: 
ĉon = E (3.54) 
Next we consider an infinitesimal Lorentz transformation 
x" — x" t ex, (3.55a) 
with 
g^ = gh, (3.55b) 


The infinitesimal parameters óo! of (3.21) are now chosen to be the quantities 
—e?’, and now 


X^ (x) = — 54x, + 54x, (3.56) 
Since ¢ is scalar, dg is zero and, from (3.21), 
®,,(x)=0. (3.57) 


Thus the conserved current (3.33) may be expressed in terms of the energy— 
momentum tensor T, defined in (3.45). We find 


Mi= X Ti — xT} (3.58) 
and the associated ‘charge’ 
Mp = | d°xM9, (3.59) 
is the angular momentum tensor of the field. 


Noether’s theorem also applies to ‘internal’ symmetry transformations, i.e. 
those not involving the space-time coordinates x. To illustrate this we 
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consider a field theory described by a complex field 


1 
9(x) = WA [0169 t i9;09)] (3.60) 


where (x) (i= 1,2) are real scalar fields. The Lagrangian density is then a 
function of both fields o; and their derivatives, or equivalently of (x) and its 
complex conjugate o*(x) (and their derivatives): 


L -(0,0*)(0"9) — ^p*o — o*o)". (3.61) 
By varying with respect to g* we obtain the Euler-Lagrange equation 
0,(0"~) = —u^o —2A(0*o)o (3.62) 


and the complex conjugate equation follows by varying with respect to ọ. In 
the absence of any interaction (4 —0), clearly x and ø* describe fields having 
modes of mass p since 


(C1 42)9(x) «0 (3.63) 


as in (3.36). 
The internal symmetry transformation that we wish to consider is a ‘global 
gauge transformation’. That is to say, the transformations 


g(x) > e'(x) 2e ^^ o(x) (3.64a) 
and 
9*(x) + o*'(x) — e^ o*(x) (3.64b) 


where q and A are real and independent of x. (The transformation is ‘global’ 
because it is the same at all space-time points x, and ‘gauge’ because it alters 
the phase of the complex field ¢(x).) If A is infinitesimal 


e 4^ x ]—iqA (3.65) 
then 
óg(x) = —igA (x) (3.66) 
and, from (3.21), 
(x)= —igo(a). | (3.67) 
Similarly 
5(p*) —(09)* (3.68) 
so 


$*(x) = [0(x)]*. (3.69) 
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Since X is invariant under (3.64), so is S. Thus the Noether current 
OL OL 
j-——— D- 6 
77 96e AF 
-(0"9*)iqo — (0 o)iqo* 
= —iqg*d "o (3.70) 


* 


is conserved in this case. 


3.44 Spinor field theory 


This is defined as the field theory which yields the Dirac equation? 
(^0, — ml p(x) =0 (3.71) 


which, it is well known, describes particles with spin angular momentum 1/2. 
In (3.71), y is a four-component column vector in ‘spinor-space’, I is the unit 
4x 4 matrix and the matrices y" (u=0, 1, 2, 3) satisfy 


Q^ y) ev r ey" = 2g". (3.72) 
It follows from (3.71) that the Hermitian conjugate field 
Wx)" = vo9*t (3.73) 
satisfies 
W(x)"(—-id,y"* — ml) =0. (3.74) 
Thus 
V(x) & v'G)A (3.75) 
satisfies 
Wx — i," —ml) 20 (3.76) 


provided the matrix A satisfies 
y" A = Ay". (3.77) 


It is easy to see that the matrices 


I 0 i 0 a 
0. 2 ic P = 
[o E 3» y e o] (i=1,2,3) (3.78) 


where o! are the Pauli matrices, satisfy (3.72). In this representation, but not in 
all representations, 


yox pears (3.79) 
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Thus in this representation we may take 
A — y? — AF. (3.80) 
Then 
2L —J(xyiy"0, —myy(x) (3.81) 


is the required Lagrangian density. The Euler-Lagrange equation for iy yields 
(3.71) immediately, since 


OL 
3.82 
WA ui 
Alternatively, variation with respect to y gives 
(x)i 3.83a 
aa =f Y? -V(x)iy (3.83a) 
and 7 
L = 
we —myj(x) (3.83b) 
and the Euler-Lagrange equation then gives (3.74), as required. 
Under the Poincaré transformation (3.39) 
XX —Ax-a (3.84) 


and the spinor field transforms according to 
Vo) > W(x’) = S(A)Y(x). (3.85) 


Thus under an infinitesimal translation y is invariant, and (as in the scalar 
case) the energy-momentum tensor is 


T= el — HL 
alô p) d y) 


= iy^ (3.86) 


since .Z is zero using the Dirac equation (3.7 1). As before, we may decompose 
y into its Fourier components. Since there are four independent solutions of 
the Dirac equation, two positive energy solutions u(k, +s) and two negative 
energy solutions v(k, is we may write, without loss of generality, 


Qa + 0, 7 


nu Jes (2n)° ike Y. Lalk, sud s) e^" + b*k, sk, s) e] 


(3.87) 

where u, v satisfy 
(K — myu(k, ts) 0 (3.882) 
(K-+m)u(k, +s)=0 (3.88b) 
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and we are using the Feynman notation 


jay. (3.88c) 
The vector s is the covariant spin vector satisfying 
s= -1 s'k=0 (3.89) 
so that in the rest-frame s= (0, n) specifies the spin direction. Then u, v satisfy 
ysfu(k, +s)= +u(k, +s) (3.90a) 
yspu(k, 5) — x v(k, +s) (3.90b) 
and are normalised so that 
uk, s)y, ulk, s) = vk, s)y, t(k, s) = 2k, (3.90c) 
u(k, s)y,y sulk, s) = — ilk, s)y,y 50(k, s) = 2ms, (3.90d) 
with 
ziyyywy (3.914) 
and satisfying 
=1 Yus + Ysy, = 0. (3.91b) 
In the representation (3.78) 
0 ZT, 
rely, R ) (3.92) 
From (3.75) it follows that 
Y x)= las x » {b(k, s)v(k, s) e +a*(k, s)u(k, s) e") (3.93a) 
with 
Dzyly? a=uty® (3.93b) 


using (3.80). Then, using (3.33), we find the energy-momentum vector 


= Jes T? 


dk 1 
[a 2k, Qn? = 2, [a*(k, slatk, s)k, — blk, s)b*(&, s)k,] (3.94) 


It is at this point that the features characteristic of the spinor field theory 
begin to emerge. We might interpret (2x) *(2kj) ^ !a*(k, s)a(k, s) d?k as the 
number of a modes having spin s and momentum in the element d?k around k, 
just as in the scalar case. The trouble is that the second term of (3.94) then 
describes b modes having negative energy. In (traditional) canonical field 
theory the resolution of this difficulty is made by identifying the negative- 
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energy modes as positive-energy antiparticle states. We, however, must eschew 
this escape. Following Berezin* we instead take the quantities a, a*, b, b* to be 
anticommuting (c-numbers). That is to say, we take all pairs of these to 
anticommute. Using the anticommutator notation of (3.72), this means that 


(a, a} = (a, a* 1 = (a, b'} = (a, b’*} 
= Ía*,a'*) = {a*, b’} = {a*, b’*} 
={b, b'} = {b, b*] = {b*, b*} =0 (3.95a) 
where 
à  a(k, s) a’ - a(k', s) etc. (3.95b) 


Mathematicians call such anticommuting variables elements of a Grassmann 
algebra. In the scalar field case we tacitly assumed that a and a* were ordinary 
commuting c-numbers, and the reason for the different treatment of the spinor 
field stems ultimately, of course, from the spin and statistics theorem?; the 
scalar field describes spin zero and therefore boson particles, while the spinor 
field describes spin 1/2 and therefore fermion particles. This device therefore 
evades the positivity problem by making the energy a Grassmann variable, 
rather than a real number, and consequently not something whose positivity, 
or lack of it, can be enquired about. Thus it is clear that in this approach spin 
fields are essentially non-classical. We know that in quantum mechanics we 
may only ask what the expectation value of the energy is and this, when we 
have learned how to make the transition to quantum mechanics, had better be 
a real positive number. 

We shall see in Chapter 4 that the formulation of the quantum version of 
scalar field theory is achieved by means of a functional integral over the 
classical scalar field configurations. We therefore anticipate that 
generalisation of spinor field theory to a quantum field theory will require 
functional integration over classical spinor field configurations. Since we have 
just decreed that the classical spinor field is a Grassmann variable, functional 
integrals over them involve certain peculiar aspects of which it is as well to be 
forewarned. We therefore digress briefly on differentiation and integration 
with respect to Grassmann variables. We start with two such variables a, b 
satisfying 


(a, a} = (a, b] - (b, b}=0 (3.96) 


so that a2=b?=0. Without loss of generality any function f(a,b) may 
therefore be written 


f(a, b) 9 fot frat Jb - fab (3.972) 
= fo fia f b — faba (3.97b) 


where fo, fi, Jis f; are ordinary c-numbers. Differentiation is defined in an 
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obvious way: 


a 
2 +f,b (3.98) 


except that we must be careful to respect the anticommutativity of a, b. Thus 


of 


ap — faa (3.99) 
using the second version (3.97b) of f. It follows that 
Of of 
Ga db db aa Vz oy 


We may also define integration with respect to Grassmann variables. 
Obviously we shall want it to be a linear operation, and the ‘infinitesimals’ da, 
db will also be Grassmann variables, so that 


(a, da} = (a, db] = (da, b} = (da, db} =0. (3.101) 


Multiple integrals will be interpreted as iterated integrals, so that we may 


compute 
E dbf(a, b) € da( [n fia, ») 


provided we know the basic single integrals f da and f daa. Now 


(Jo =f (fa) om 


f da=0. (3.103) 


Then, as there is no other scale to Grassmann variables, we are free to define 
foa a=1, (3.104) 


From (3.103) and (3.104) we see that integration is the same as differentiation 
for Grassmann variables. With the parametrisation (3.97) we find 


er 


E (3.105) 


foa dbf(a, b)= ~ f= 
The generalisation of these results to countable numbers of Grassmann 
variables is straightforward, and even the generalisation to Grassmann 
functional differentiation and integration is not especially difficult, once the 
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ordinary functional calculus has been mastered. We defer discussion of the 
functional aspects to Chapter 8. Finally we note that there is no distinction 
between definite and indefinite integration with respect to a Grassmann 
variable. 

Let us now return to the main problem in hand: the formulation of classical 
spinor field theory. We consider next the behaviour of the field under an 
infinitesimal Lorentz transformation (3.55) 


xt — x" + ex, (3.55a) 


with the infinitesimal satisfying 


eg" z —g", (3.55b) 
Under such a transformation the matrix S(A) of (3.85) is given by 
S(A)-1 —1ic"o,, (3.1062) 
where 
i 
Cw 2 (Yu? —Yy»,)- (3. 106b) 
Thus, using the notation (3.20) 
i 
W(X) = —4 "o, (x) (3.107) 


and it follows from (3.21) (taking the infinitesimal parameter to be —¢,,) that 
i 
9,5 Cpo V(x). (3.108) 


Thus the conserved current (3.33)—the angular momentum density tensor 
M5,—is given by 
M5, =X T; —x, T, + Pyta (x) (3.1092) 


and the angular momentum of the field is 
M,, 7 | d?xM$.. (3.109b) 


Clearly the first two terms describe the orbital angular momentum in the field, 
while the last term is its spin angular momentum. 

The Lagrangian (3.81) is also invariant under a global gauge transformation 
analogous to (3.64) 


U(x) - e^ ^^ W(x) (3.1102) 
U(x) =e (x). (3.110b) 
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In this case, since 


D(x) = —igy{x) (3.111) 
and 6/00, Y) is given by (3.83), the conserved Noether current is 
j'- —qhy'h. (3.112) 


We shall see in Chapter 8 that this is indeed (minus) the electromagnetic 
current which is coupled to the electromagnetic field. 

The four-component (Dirac) spinor field theory with which we have so far 
concerned ourselves is certainly the most economical description of spin 1/2 
particles with non-zero mass. Indeed we shall see in Chapters 8 and 9 that the 
electron field in quantum electrodynamics (QED) and the quark fields in 
quantum chromodynamics (Qcp) are all described by Dirac fields. The reason 
is that the four-component field provides a representation of the ‘parity’ 
transformation, i.e. space reversal x —^ — x. To see this we note that the parity- 
transformed field w(x°, x) may be written as 


W(x, x) ey? y(x?, — x) (3.113) 
(where e is a phase factor) since V? then satisfies 
(ij^0; — mx?) - 0 (3.1143) 
where 
PL(x9 P= o 
xP=(x", — x) On AUR (3.114b) 


Since parity is conserved in QED and QCD, the use of Dirac fields provides an 
economic realisation of this symmetry. 

It is well known that weak interactions do not conserve parity. A particular 
manifestation of this is provided by processes involving neutrinos and 
antineutrinos. Neutrinos are observed only in a left-handed helicity state; the 
right-handed neutrino state, even if it exists, is not observed in weak processes. 
Similarly the antineutrino is observed only in a right-handed helicity state, 
never in the left-handed state. Helicity is a Lorentz-invariant quantity only for 
massless particles, whereas a massive particle having nght-handed helicity 
(say) in one inertial frame will have left-handed helicity in an inertial frame in 
which its momentum has opposite direction. Now, it may be that (some) 
neutrinos and antineutrinos are indeed massless. Thus for spin 1/2 neutrinos 
with zero mass, the use of a four-component Dirac field is at best a luxury and 
at worst can lead to confusion if the uncoupled modes do not even exist. In any 
event, we need to revise the specification (3.90) of the spin eigenstates, since for 
a massless particle there is no rest frame. However, the helicity, defined as the 
component of angular momentum (J) in the direction of momentum (Å), 
always exists. For massless particles we can show that it is proportional to the 
matrix y,, defined in (3.91). 
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Let y(x) be any solution of the massless Dirac equation. Without loss of 
generality we may write it in the form 


W(x) = W(x) + Pel) (3.115a) 
where 
VG) S0 — y 5x) (3.1 15b) 
Walx) =H(1 + y5)Y(x). (3.115c) 
Then y, and y are eigenvectors of ys, since 
Ys n — Vn Ys = —VA. (3.116) 


Now since y(x) satisfies the massless Dirac equation, so does y (x) (since y; 
anticommutes with y,), and so therefore do y(x) and W(x). These solutions y. 
and y, are called ‘Weyl spinors’. They each contain two components, as can be 
made explicit if we use a representation of the y-matrices different from that 
given in (3.78). In the Weyl representation 


0 I . (0 =o 
OL 2 b i : 


I 0 
nct ur B 3 (3.118) 
In this representation the Weyl spinor (Wr) has (two) non-zero upper 
components a= 1,2, and (Yı), has two non-zero lower components x— 3, 4. 
The (four-component) Dirac spinor field is the sum of two (two-component) 
Weyl spinors. 

As in (3.87) we may decompose y, and y, into their Fourier components 


so that 


dk 1 
Wo [assai (alk, +)u(k, +4) e ** + b*(k, --)v(k, 4) e) (3.1192) 


dk 1 
Wx) = | On? 2k, (alk, —)u(k, —4) e^" + b*(k, —)w(k, —4) e") (3.119b) 


where u(k, h) and vík, h) (h= + 1/2) are positive and negative energy solutions 
of the massless Dirac equation 


Ku(k, h) 0 — Kv(k, h) (3.1202) 
satisfying 

ysu(k, h) = 2hu(k, h) (3.120b) 

ysv(k, h) = 2hv(k, h) (3.120c) 
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and normalised so that 
Wk, hyy,u(k, h) = ùk, h)y,v(k, h) = 2k,. (3.120d) 
From (3.109) we see that the total spin of the field W(x) is given by 


$,- f d?xy(x)y91o pyx). (3.121) 
Thus the spin vector S, defined by 
St=4e%*S,, (3.122a) 
is given by 
STW] =4 Jesi (3.1225) 
For the Weyl field y, this gives 
d 1 = - 
Sla1—5 | oa 5,- La*(, +)alk, +)k + b(k, +)b*(k, +)k] (3.123) 
(2x)? 2ko 


Evidently the (positive energy modes of the) field Yg has positive (i.e. right- 
handed) helicity, since the orbital angular momentum is always perpendicular 
to k. Similarly y, has negative (i.e. left-handed) helicity. Hence the labels ‘r’ 
and ‘r’. Notice also that (in the Weyl representation) y? interchanges left and 
right as it should since it represents the parity transformation. As anticipated, 
ys gives twice the helicity. 

It is easy to see that when m=O the Lagrangian (3.81) is the sum of two 
contributions, one from each Weyl spinor 


L = piy" ây = Rio" Xr + xL io" KY, (3.124a) 
where (in the Weyl representation) 
V. a (3.124b) 
XL 
and 
o" —(1, o) (3.124c) 
9" —(1, —o). (3.1244) 


3.5 Massless vector field theory 


It is clear that Maxwell's equations 
Q,(0" A* — 0A") - j" (3.125) 


discussed in (3.12) and thereafter, do not completely specify the vector 
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potential A"(x). For, if A"(x) satisfies (3.125), so does 
A" (x) = A*(x) + A(x) (3.126) 


for an arbitrary function A(x). (We shall see later that this is associated with a 
‘local’ gauge invariance related to the global gauge invariance already 
discussed.) It is clear also that both vector potentials yield the same E and B 
fields, since E and B, defined in (3.14b) and (3.15b), are invariant under the 
substitutions 

Ag > Ao = Ag t+ 09A (3.1272) 


A> A'— A— VA. (3.127b) 
This lack of uniqueness of the vector potential for given electric and magnetic 
fields generates difficulties when, for example, we have to perform functional 
integrals over the different field configurations. The lack of uniqueness may be 


reduced by imposing a further condition on A", besides those required by 
(3.125). It is customary to impose the ‘Lorentz condition’: 


0, A" (x) - 0 (3.128) 


which is clearly the unique covariant condition which is linear in A. 
(Occasionally non-covariant conditions, such as t, 4" —0, are also encountered 
in the literature but we shall not have recourse to them.) Even the imposition of 
the Lorentz condition does not completely fix the vector potential, since if A 
and 4’ are related as in (3.126), then they will both satisfy (3.128) if 


DA = 0"0,A — 0. (3.129) 


The imposition of the Lorentz condition (3.128) is achieved in a Lagrangian 
formalism by the use of a Lagrange multiplier č. The Lagrangian of the 
electromagnetic field is modified by the addition of a ‘gauge fixing term’ 
— (1/280, A")?. Thus instead of (3.12) we have 


1 1 
B= FFF” Lj A n (AY (3.130a) 


where 
F,,20,A,—0,A,. (3.130b) 
Then the Euler-Lagrange equations yield 
1 
I er 0'(0, A") =". (3.131) 


Provided the current j is conserved, it follows that 
L(0, 4^) 20. (3.132) 
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Thus if 0, A" and (0/ét)(0, A") vanish at one time fo, it follows from (3.132) that 
6, A" =0 (3.133) 


for all times. Then (3.131) reduces to Maxwell’s equations, which, when (3.128) 
is satisfied, may be written as 


oA4’=;/’. (3.134) 


As anticipated, this equation is also satisfied by A” + 0"A if (JA=0. It follows 
from (3.130) and the Lorentz condition (3.128) that 


OL 1 
—— = — F” ~< 90, A) = — F”. 3.135 
00,4) EI (0, A^) ( ) 
Under the Poincaré transformation (3.39) 
xx -—Ax-a (3.136) 


and the vector potential transforms as 
A" (x) > A(x’) = A", A'(x). (3.137) 


Thus A" is invariant under an infinitesimal translation and the energy 
momentum tensor is 


aL 
Ti- 45,43 0,4,—04 7 
= — F^0,A, + OF, F” (3.138) 


in the free-field case j=0. Decomposing A into Fourier components gives 


A,(x)= es Ons x (a,(k) e^ +.a%*(k) e") (3.1392) 


where k, — |k|, from (3.134), and 
k-a(k)=0 (3.139b) 


using the Lorentz condition (3.128). Proceeding as before we find that the 
energy-momentum vector 


E far- ce [ —a*(k)- a(k)k,]. (3.140) 
' = | Q2) 2k, 


We cannot immediately identify (2r) ?(2k;) ![—a*(k):a(k)] dk as the 
number of modes having momentum in the element dk around k, since 


—a*(k)- a(k)is not obviously positive definite. However, the Lorentz condition 
(3.139b) implies that 


a(k) — Á - a(k) (3.141) 
where Á=k/|k|. Thus the time component of a, equals the longitudinal 
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component a'k, so that a*(k)-a(k) is given entirely by the transverse 
component 


—a'kk (3.142) 


a, 
and 
—a*(k): a(k)= — a*(k) Kk alk)  k + a*(k) -a(k) 
— at(k)* a , (Kk). (3.143) 


Thus the Lorentz condition ensures that the 'time-like' photons are cancelled 
by the ‘longitudinal’ modes leaving a non-negative energy, as required. Now, 
any function A(x) satisfying (3.129) may be written as 


A(x)- Tax se : (Alk) e * + A*(K) e") (3.144) 
(21)? 2ko 
so the residual 'gauge invariance' allows us to replace a,(k) by 
a (k) =a,(k) — ik, A(K). (3.145) 
Thus we can always 'choose a gauge' in which 
ai(k) =a'(k)-k=0 (3.146) 


and the only non-zero components are the transverse ones. In this gauge 
a(K)— J, alk, Ae,(k, 2) (3.147) 
A=1,2 


where e,(k, 1), £(k, 2) are two orthonormal space-like vectors in the plane 
transverse to k: 


Eg(k, A)=0 (3.148a) 

elk, A) e(k, 4) = 6), (3.148b) 
ak, 1) A elk, =k (3.148c) 
kalk, 2) - 0. (3.148d) 


Then substituting into (3.140) we find 
dk 1 
a* 
7 | Om? Ike .- 2, (k, A)a(k, A)k,. (3.149) 
Under an infinitesimal Lorentz transformation 
x! — x" a x! + ex, (3.1502) 
with the infinitesimal satisfying 


£y, = Ep (3.150b) 
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Then, using the notation of (3.20) and (3.21) 
OA" (x) — e" A,(x) (3.151) 
and 
$5, —05A, —07A,. (3.152) 
The angular momentum density tensor is thus 
Mio = XTi —X,T, + F"(9g,, 4, —9,,A,). (3.153) 


As in (3.109) the total angular momentum is composed of both orbital and spin 
contributions. With the gauge choice (3.146) it is easy to see that the total spin 
of the field 


Spo = "n — gv Ap) 


dk 1 
(On)? 2k, [a?(/9a,(k) — axtk)a, (A) ]. (3.154) 
Then the spin vector 
St=4e°"S,, (3.155) 


may be expressed entirely in terms of the transverse modes defined in (3.147). 


EN [S | cami talk, 2) -a*(, 2atk, IDE 
=j (2m)? Dk Ls Halk, 2) - a", 2hatk, D] 


CE : 
[ox ax, LP Ve * M Oe — -yk (3.1562) 
where 


b(k, +) =F; [a(k, 1)+ia(k, 2)]. (3.156b) 


Clearly the modes associated with b(k, +) have positive (negative) helicities. 


Problems 


3.1 Under an infinitesimal scale transformation (dilatation) óx" — ox" and 
d(x) = Dag(x), the « is infinitesimal and D is constant. Show that the action 
for the massless real scalar field o(x) is dilatation invariant (in four space-time 
dimensions) provided D= — 1. 


3.22 Generalise the result of problem 3.1 to the case of d space-time 
dimensions, and for a spinor field (x). 
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3.3 Identify the Noether current associated with the dilatation invariance of 
a massless real scalar field theory, and verify that it is divergenceless using the 
field equations. 


34 Show that the action for a massless spinor field is invariant under the 
‘chiral transformation’, in which 6x"=0 and dy(x)=iay,¥(x), with « an 
infinitesimal. Find the Noether current associated with this transformation. 


3.5 Repeat the analysis of the massless vector field theory using the gauge 
condition t, A4" —0, where t is a unit time-like vector. 
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4.1 The generating functional W[J] 


In Chapter 2, we subtracted an external source term (or driving force) J(t)Q 
from the Hamiltonian, and studied the probability amplitude W[J] to find a 
system in the ground state at time + oo given that it was in the ground state at 
time — oo. We were able to cast W[J] in the form of a path integral, and to 
show that the expectation value in the ground state of a time-ordered product 
of any number of operators, Qj, could be obtained from W[J] by functional 
differentiations. In that chapter, the discussion was restricted to a non- 
relativistic system with a single generalised coordinate Q and a conjugate 
momentum P. In the present chapter, we wish to extrapolate the results of 
Chapter 2 to the case of a relativistic field theory!, where there is a continuum 
of degrees of freedom q(t, x) at any given time t. In this way we quantise the 
field theory. We shall assume that in making the transition from classical field 
theory to quantum field theory, the classical field g(t, x) is replaced by an 
operator field ó(t, x) in the Heisenberg picture, just as the transition from 
classical mechanics to non-relativistic quantum mechanics was made by 
replacing the classical variable Q(t) by the operator Q,(1). (Since creation and 
annihilation of particles goes on in relativistic systems, we must expect ĝ to be 
an operator on occupation number space. In the alternative canonical 
quantisation procedure, the coefficients a(k) and a*(k) in (3.47) become 
operators which annihilate and create particles of momentum k, when the free- 
field theory is quantised.) We may define eigenstates of $(t, x) denoted by 
|p(x), t? such that 


lt, x)|o(x), t? = e(x)|o(x), t». (4.1) 
The generalisation of (2.18) to quantum field theory will be 


<p" (x),t"|o'(x), t^» oc Jae E expih ! | dt [estivo —3f(n,o) (42) 
[4 


where # is the Hamiltonian density, 1—0.7/0(099) is the conjugate 
momentum (density) to o, and dog denotes 09/0x. (We have set c= 1, so that 
there is no distinction between x, and t.) The path integral is over all functions 
n(t, x) and over functions (t, x) satisfying the boundary conditions 
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g(t", x)= o"(x) et^, x)= o'(x). (4.3) 


Notice that the path integral is over classical fields c(t, x) and x(t, x), not over 
operator fields. 

If an external source term J(t, x)o(t, x) is subtracted from the Hamiltonian 
density #(z, p), then we may discuss the transition amplitude from the ground 
state at time — œ to the ground state at time + oo, in the presence of this 
source. In the case of relativistic quantum field theory, we shall refer to the 
ground state as the vacuum state, since creation and annihilation of particles 
can occur in relativistic systems, and we would expect the lowest energy state 
ofthe theory to contain no particles. (Of course, this lowest energy state cannot 
necessarily be obtained in practice, because, for example, of baryon number 
conservation in fermi systems.) We denote the vacuum-to-vacuum amplitude 
in the presence of the source by W[J]. By analogy with (2.35), we assume that 


W[J]-N lim fa E 


1" o0,t' ^ — o0 


ie 
xexpih ^! | dt Jose op — JF (n, Q) + Jo) (4.4) 
P 


where again the path integral is over all functions x(t, x) and over functions 
(t, x) obeying the boundary conditions of (4.3). The normalisation factor N is 
chosen so that W[J]=1 when J=0. Also by analogy with (2.56), 


Wu] 


+f —1\n A A e— 
GAHLOT) .. . 6x05 = BIG)... IX) lua) -o 


(4.5) 


where 
x, =(x?, xj) iz1,...,n (4.6) 


and |0> denotes the vacuum state. We shall refer to the vacuum expectation 
value of a time-ordered product of n field operators as an n-particle Green 
function, and use the notation 


GXi,- Xn) = COTA) - -< An). (4.7) 
Thus 


ô" W[J] 


ih! "G(x sees XQ ES . 
( ) i óJ(x,) tee óJ(x,) J(x)-0 


(4.8) 


We shall see, in Chapter 5, that the Green functions are of the utmost 
importance, since the n-particle Green function defined above is directly 
related to the scattering amplitude involving a total of n incoming or outgoing 
spin zero particles. We can therefore calculate these scattering amplitudes by 
first evaluating W[J] using (4.4) and then obtaining (x,,..., x,) from (4.5). 
Using (4.8) and the symmetry of 4 in its variables, we may make the expansion 


4.1 THE GENERATING FUNCTIONAL W[J] 41 


h^ 1n 
wiJl- D d w - id] d*x, d (x,.....x,)J 6)... IX) (4.9) 
where the n=0 term is 1. 

As in $2.2, we may define the continuation W;[J] of W[J] to Euclidean 
space by introducing the variables 


X — (Xo, X) — (ixo, x) (4.10) 


and rotating the integration contour in the complex x, plane. (Recall that we 
have set c= 1, and consequently there is no distinction between x, and t.) 


WJ]-N [oe fanes] ^ fats(-in 2+" -J0) (4.11) 
0 


where the volume integration is over all four-dimensional Euclidean space, 
and the path integral is over all functions (x), and over functions (x) obeying 
the boundary conditions 

lim (x)= e'(x) lim (x)= o"(x) (4.12) 
where g'(x) and g(x) may be chosen arbitrarily, as in $2.2. In particular 
they may be chosen to be zero. The Euclidean space Green functions will 
be given by 

ow LS] 

óJ(x1)...óJ(X,) 


(For the Euclidean generating functional, a functional differentiation with 
respect to J pulls down a factor h^! o, whereas for the Minkowski space 
generating functional a factor ih” ! o was produced.) 

The corresponding functional expansion is 


h^" 49,,..., X) (4.13) 


J(x)-0 


w= Y t dos Jas... itg.) (4.14) 
n=0 * 


where the n=0 term is 1. 
In the special case where the Lagrangian density has the form 


h? 
*(9.0,9)— (099) + F(o, Vo) (4.15) 
where F is an arbitrary function, the Hamiltonian density takes the form 
-2 


h 
= oe ne — F(q, Vo). (4. 16) 


The path integral in (4.11) is then 


laf Ope h?r? 
W.LJJ=N | 2o |2nexpl —^ ' |d*x -insg t 3 —F(o,Vo)-Jo ||. 
o 


(4.17) 
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The path integral over z may be carried out explicitly as follows. We have to 


evaluate 
-1 fga s © 1 4,-2-9 
I= | Qnexp| —h d^x| —in——+4h-7n? ||. (4.18) 
Xo 


This is of the form 


I= E exp( -i | d*x’ fasana, X)n(x) + fasson) (4.19) 
with 
A(x’, X) h^ ?ó*(x' — x) (4.20) 
and 
p(x) - ih! 0o/0x,. (4.21) 
Using (1.14) we see that 


2 2 
Ix e| A | aes (Fe) | (4.22) 


Returning to (4.17), the Euclidean generating functional is 
, -1 4 h? ap 
WJ]2N' | Zo exp —h d*x 32x. —F(o,Vo)—Jo (4.23) 
0 


and in terms of the continuation Zg of (4.15) to Euclidean space 
W.[J]=N’ LL exp h-' Jae +J¢). (4.24) 


Continuing back to Minkowski space, 


W[J]2 N' foeexpin- |" at fes 2) no) (425) 


The normalisation factor N’ is to be chosen so that W[J] = 1 when J «0. This 
is a simpler alternative to (4.4) when the Lagrangian is of the special form 
(4.15). Otherwise, it is necessary to perform the integral over z first. W[J] may 
then be cast in the form of (4.25), but with Z replaced by an effective 
I agrangian which in general differs from 2. 


4.2 The generating functional for free-field theory 


In the case of the free-field theory of a scalar field it is possible to evaluate the 
generating functional exactly. We shall see in Chapter 6 that in the case of the 
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interacting scalar field, the best we can do is to evaluate the generating 
functional approximately by expanding in powers of the coupling constant, 
starting from the exact result for the free-field theory. The free-field 
Lagrangian is as in equation (3.34) with 420 


2 2 
L ni PY -5 o?. (4.26) 


In order to perform an unambiguous calculation, we continue to Euclidean 
space, evaluate W,[J] and then continue back to Minkowski space. The 
Lagrangian is of the form of (4.15) and equation (4.24) for W;[J] is applicable. 
The continuation of the Lagrangian to Euclidean space is 


h? E " u? 
4,2———0,490,9-— o? (4.27) 
2 2 
where 
0,9 0,9 = 099 099 + 0,9 0,9 + 029 0,9 + 0,9 0,9. (4.28) 
Thus 


h? 2 
Wg[J] — N' [oo exph^! | ats( mo 0,9 0,9 -5 g? + 7e) (4.29) 
This is of the form 


WJ] — N' Joe exp( =4 | d'x' [aso x)e(x) 


+ Ja*socaeca) (4.30) 


with 
Ü —h- 2 ð KA 2 uM 

A(x', x) -h (s ae ann ) ae x) (4.31) 

and 
p(x) e h^ !J(9. (4.32) 

Using (1.14) 
-2 

miep [ase fatsasyate, x)J(x) (4.33) 


where the constant of proportionality has been chosen so that Wz[J] = 1 when 
J «0. 
We adopt the notation 


A(x’ x) h^ LA^ 1 (x', x) (4.34) 
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and refer to AE as the Feynman propagator in Euclidean space for the scalar 
field. (We see shortly that it is a function of x’ —x alone.) Thus, we write 


W,.[J] =exp T d^x' fesse AR — x)J(x). (4.35) 


To evaluate the inverse of A^! we Fourier transform by using the 
representation for the Dirac ó function 


ó(x' — x)= f ah exp[ih ! p- (x' —x)] (4.36) 
where the scalar product in Euclidean space is defined by 

P°X=PoXo + PiX  P3X2  p3X3. (4.37) 

Then 
A(x’, X) = cers exp[ih ~ !p-(x' -x)] x h^ (p? +?) (4.38) 

(27h) 

with 

P=Pot Pi + Pi p5. (4.39) 


The inverse is 
d^p . 
"x, X) = | expli !p:(x' —x)] x (p? - 1?) !. (4.40) 
(2xh) . 
Returning to (4.34) we may write 
AR —x)- los pa exp Uh" P E 9] x AED) (441) 
with 


Ag) G? +u’). (4.42) 


Now that we have evaluated W,[J] we may continue back to Minkowski 
space to obtain 


W(J]- a- [ * x fasse )A-(x’ Me) (4.43) 
with 
A(x EE ih ^ !p:(x' Á 
kx — x)= Quay PL px —x)] x A«p) (4.44) 


and 


A-(p)=(p? — u? - ie)! . (4.45) 
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The analytic continuation in x and x’ has been made as in (4.10), and the 
continuation in p has been made by writing 


D (Po. P)=(—ipo, p). (4.46) 


All scalar products are now defined as appropriate to Minkowski space. The 
Xo, Xo and po integrations have been rotated from the imaginary axis to the real 
axis, and, in rotating the contour for the p, integration, the ie of (4.45), with 
e + 0*, has been introduced. This is necessary to avoid correctly the poles in po 
when p?=p?. 

An alternative way of deriving the generating functional for the free-field 
theory is to add to the Lagrangian in (4.25) a term lieg? (with e — 0*) to 
guarantee convergence of the path integral. Thus, 


ô 
W[J]2 N' Joe exp ih ^! Jes e(o as) +Jo +t?) (4.47) 


With Z given by (4.26), the free-field generating functional is derived by 
Fourier transforming. We shall not pursue this approach here since it does not 
generalise to the fermion field and gauge field cases. 


4.3 Green functions for free-field theory 


Now that we have evaluated the generating functional for free-field theory 
(equations (4.43) to (4.45)), the corresponding Green functions may be 
calculated by functional differentiation as in (4.8). Thus 


GX, x5) ih A(x; — x2) (4.48) 
G(X, X2 x3, x4) = Gh) LAg(x, — x2) Ac(xs — x4) 
T Ac(x, — x3) Ap(x2 — x4) 
+ Ag, — x4) Ar(x2 — x3)] (4.49) 


and so on, with 4'? =0 for n odd. 
We may represent these results diagramatically by using a line with end 
points x and y to symbolise ih Ay — x). 


ih Ary -x)= 77-7 (4.50) 
Then 
dO(x, xm A, (4.51) 
and 
Wl puo Lo M eters: ES 
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From (4.44) it may be deduced directly that 
(h? 6,0" +u?) A(x —x’)= — d(x — x’). (4.53) 


Thus, A,(x —x’) is the Green function for the operator (h? 0,0" + p?) with the 
boundary conditions implied by the ie in (4.45). It is therefore associated with 
the propagation of solutions of the Klein-Gordon wave equation 


(h? 0,0" + u?)o(x) =0. (4.54) 


Since this is the classical field equation for a neutral free scalar field, we 
conclude that A;(x— x’) is associated with propagation of neutral scalar 
particles from x’ to x. We should therefore expect 4'9(x,, x2, x4, x4) to be 
intimately connected with the scattering amplitude for a process involving a 
total of four incoming or outgoing neutral scalar particles. We shall see in 
Chapter 5 that this is indeed the case. 

We shail find it convenient from now on to work for the most part in units 
where h=c= 1. (Weare already working with c = 1.) Fourier transforming the 
Green functions to momentum space we write 


Gp, saky p,(22)* OP; +... tb) 
- [es a [ets exp[i(p; ^x, ^... p,-x,J] x 49(x,,...,x,). (4.55) 


The Dirac 6 function factor occurs because translation invariance implies that 
GXi. ., Xa) depends only on the differences of the x;. From (4.48), (4.44) and 
(4.45), 


Gp, — p) - iÀs(p) - (p? — u? + ie)“. (4.56) 


(Because of the Dirac ô function in (4.55), 9(p,, p2) is defined only for 
Py +p2=0.) » 

Diagramatically we symbolise iA;(p) by a line with an associated 
momentum. 


Gp, — p)=iA,(p)= -------- (4.57) 


The free-field Green function symbolised in (4.52) is a disconnected object. It 
is often convenient to study instead the so-called connected Green functions. 
These are constructed by first introducing a generating functional X[J] for 
connected Green functions, defined by writing 


W[J] e*t, (4.58) 


The connected Green functions G'(x,,..., x,) are then defined through the 
functional expansion 


iX[J] = 5 5 [ats a; eti G(x,,...,x,)J(x) ... J(x,). (4.59) 
na=1"" 
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Thus 
, . XL] 
i"GO(x,,... x) mi — —L—— : 4.60 
6n àJ(x1) ...6J(x,) be - o 
In the free-field case (4.43) means that 
ix[J]= - Ja | d*^x J(x') Ax’ — x)J(x) (4.61) 


and the only non-zero connected Green function is G‘?. Thus for the free-field 
theory 
Gx), X3) 21A (x, —x3)2 ?Xx,, x3). (4.62) 


When we include interactions in Chapter 6 we shall see that there are 
connected Green functions involving more than two scalar particles. We may 
Fourier transform the connected Green functions to momentum space in exact 
analogy with (4.55) 


Gd... .., Py 20)* (py +--+ Pa) 


= [es fats exp[i(p, xi +... + p,-x,)] x G(x,,...,x,). (4.63) 
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The developments of this section?^? require the introduction of the quantity 
(x), referred to as the classical field, and defined by 


zA HI 
Ox) = SJ (4.64) 
(It should be borne in mind that ọ.(x) is a functional of J.) 
From (4.5), 
óW[J] .,. 
BI) =iC0|G()|0>, (4.65) 


where <0|@(x)|0>, is the vacuum expectation value of the field operator in the 
presence of the source J. Thus, using (4.58), 


px) = €0[669/0».,/«0]05 , (4.66) 
where we have used the notation 
W[J]- «00» J (4.67) 


for the vacuum-to-vacuum amplitude in the presence of the source J. In the 
absence of the source, (x) is just the vacuum expectation value of the field 
operator. 
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The effective action l'[*,] is then defined by 
T[q.] = XLJ] - | d*x J69e.6). (4.68) 


(This equation is completely analogous to the thermodynamic equation 
E=F +TS which expresses the energy E regarded as a function of S in terms of 
the free energy F regarded as a function of T.) 

By making a functional differentiation with respect to J(x) and using (4.64), 
we see immediately that l'[o,] depends only on q,, as the notation implies. 
Just as q, can be obtained as in (4.64) as a functional derivative of X[J], so J 
may be obtained as a functional derivative of T'[«,]. 


_ 3T [o] 
óex) ` 


In the case of free-field theory, we may obtain (x) from (4.61). Thus 


J(x)= 


(4.69) 


odx)= — f d*x' A(x — x')J(x)). (4.70) 


Since A,(x — x’) is the Green function for the operator 0,0" + u? (see (4.53)), we 
have 


(0,0" + u^) x) = J(x). (4.71) 


This is identical to the classical field equation in the presence of a source J, and 
it is therefore appropriate to refer to g(x) as the classical field. 

We may now calculate l'[o,] explicitly for the free-field case, because we 
already havean exact calculation of X [J] in equation (4.61), and because (4.71) 
allows us to eliminate J in favour of o.. Thus, integrating by parts and using 
(4.53) we find 


DT[od]- -4 Jes 9.xX(0,0" + u?)ex) 


=3 | d*x(0,9.0"@. — ^o). (4.72) 


This is exactly the action for the classical free-field theory discussed in Chapter 
3, thus justifying referring to l[o] as the effective action. 

In the case of an interacting field theory we will be unable to calculate (x) 
and I'[g,] exactly, and there will be quantum corrections to (4.71) and (4.72). 
In general, we make the functional expansion 


œ i 
TrEo.] = X n! d*x, fes Jes. Ix, ttt, X,)oxi) soi 9x,). (4.73) 
n-zi'" 


The coefficients F™ in this expansion are referred to as one-particle- 
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irreducible (opi) Green functions. We see later in the interacting field theory 
that the Feynman graphs involved in the calculation of I? are all connected, 
and, moreover, cannot be made disconnected by cutting a single internal line. 
They have also had any factors coming from external lines divided out. 

In the free-field theory, we see from (4.72) that the only non-zero opi Green 
function is 


Tex, x) =(&% 8% + u?) ó(x' — x). (4.74) 


We may Fourier transform the op: Green functions to momentum space by 
analogy with (4.55) 


T?(p,,..., p,)27)* ôl pi +... +p) 
= [es s its exp[i(p, x4... p," x, E?(x,,...,x,). (4.75) 


Thus 
Fp, — p)= —(p? —4?). (4.76) 


This is consistent with the above remarks about the interpretation of opi 
Green functions. 

Alternatively, we may expand in powers of momentum about zero 
momentum. Written in position space this is an expansion of the type 


T[o.]- ats( - V(o)-- Am o) 5o. o+.. ) (4.77) 


where V(¢,), A(@,) etc are functions of o, (not functionals). 

The coefficient V(q,) is referred to as the effective potential. In the case of a 
classical field ~.(x) which is constant in space and time, we may use (4.69) to 
write 

dV 
do, 


In particular, if we set the source term J to zero, Q, has the significance of the 
vacuum expectation value (vev) of the field operator, and 


av 
do, - 


Thus once we know the effective potential, (4.79) is an equation which may be 
solved for the vev of the field operator. In other words, the vev of the field 
operator, taking account of quantum corrections, may be obtained by 
minimising the effective potential. (If p(x) were to vary in space or time we 
would instead have to calculate the vev of the field operator from the more 
general equation óT/óq, — 0.) Strictly speaking, (4.79) only tells us that the vev 
of the field operator has to be a stationary point of V(g,). However, it is 


-J. (4.78) 


(4.79) 
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possible to show? that V(o,) has the interpretation of the expectation value of 
the energy density in the state for which the vev of the field is g,. Thus, in the 
true ground state, or vacuum state, o, must be the absolute minimum of the 
effective potential. 

In the free-field case (4.72) means that 


p? 
V(o) — . 92. (4.80) 


In this case, minimisation of the effective potential shows that the vev of the 
field operator is zero. However, in Chapter 12 we shall discuss certain 
interacting field theories where a non-zero vev occurs. 

It is sometimes useful to have an expansion of the effective potential in terms 
of Green functions. This is obtained by using the inverse of (4.75) in (4.73) (see 
problem 4.3) and is 


V(o)- - E = PO,..., Oo". (4.81) 


Problems 


41 Check in detail the analytic continuation involved in going from (4.41) to 
(4.44). 


4.2 Carry through the alternative derivation for the free-field generating 
functional by adding a term lieg? to the Lagrangian. 


4.3 Derive the expansion (4.81) for the effective potential. 
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SCATTERING AMPLITUDES 
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5.1 Scattering amplitude in quantum mechanics 


The Green functions which we have introduced in the previous chapter are not 
immediately measurable in experimental processes. In a scattering process a 
number of incident particles (usually two), which are initially widely separated, 
enter a region in which they interact. Subsequently a (sometimes different) 
number of particles emerge from the interaction region and separate. If we 
assume that the forces between the particles have a finite range, then at very 
early times (t —^ — oo) and at very late times (t — + oo) the particles involved 
are free (non-interacting). In our model field theory we have a single type of 
(scalar) particle with mass u. Thus if the momenta of the incoming and 
outgoing particles are denoted by p; (i= 1, 2, ...), then 


pa (5.1) 


and we say that the particles concerned are ‘on the mass shell’. The generating 
functional W[J] is defined in (44) as a functional integral over field 
configurations obeying the boundary conditions (4.3) These boundary 
conditions (even if we take o'(x) = 9" (x) =0) are not sufficient to ensure that the 
particles involved are free as t > + œ. Evidently W[J] includes contributions 
from amplitudes having external particles with momenta p; which do not 
necessarily satisfy (5.1). Thus it is the task of this chapter to find the 
prescription for writing down the transition amplitude (S-matrix element) for 
states involving particles which do satisfy (5.1). 

We do this first for the case of non-relativistic one-dimensional quantum 
mechanics, considered in Chapter 2. So far we have only considered the 
probability amplitude (2.5) for a transition between the eigenstates |q’, t > and 
lg", t" » defined in (2.2). The generalisation to an arbitrary initial state |i) at £’, 
and an arbitrary final state |f > at t”, is immediate, using the completeness of the 
above sets of eigenstates. Denoting the required transition amplitude by 
U(t", t), we have 


Ult”, t)= Je dq" fla", t» q^, tlg, 4^ clio. (5.2) 


The quantities 


ACE t) = 4 tla» (a= i, f) (5.3) 
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are, of course, the wave functions corresponding to the initial and final states. 
We can expand them in terms of the momentum eigenstates | pòs. Then 


Vi(q.t)— [ance t|p>s s<pla> = | dp s<qle~™|pys C,(p) (5.4a) 


where we have used (2.4) and denoted 
pja» =C,(p) (a=i,f). (5.4b) 


We now assume that the potential V(q) has a short range and is negligible when 
|q|> Ro. We are concerned with the scattering from an initial state |i), which 
describes a particle well outside the range Ro of the potential, to another such 
state |f». The S-matrix element Sy is defined as 


Sri 2 Uj( + o0, — 00) 


= lim far dq" yf (q^, Ka", tlg" e Yq’, t). (5.5) 


Since only the behaviour of y/(q, t") for t > — œ and of yi(q, t") fort" + +œ is 
involved in calculating S,,, and since in these limits y; and v describe a particle 
well outside the range Ry of V(q), it follows that we may ignore the 
contribution of V to Ê in the calculation of w,(q, t) (a =i, f) and retain only the 
kinetic energy term. In these circumstances as t + — oo 


a(z Par) p) 
S 


= [a> Cip) e^" "^^ «Calp», 


Vi(q.t) x Jo cu) (a 


=(27) 1? | dp C(p) e" ?» eim (5.6) 


and a precisely similar expression holds for ,(q, t) as t > + oc. Since only large 
values of |t| (and |a) are involved in these expressions, we may make an 
asymptotic expansion ofthe wave functions’. This may be obtained as follows. 
First we shift the integration variable p in (5.6) to a symmetric one. Since 


p? t uq\? pq? | 
fr mx o- ^) e (5.7) 


l| V? na 
6) rj 6s 


we define 


= 
Ii 
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and then for |t] ^ oo 


(HN)? auem uq | (24V |]. ai 
VACA t) = (45) CM E c 2 t (jr) 1 e nk (5.9a) 


1 0 
a)=| = 2 d (5.9b) 


where 


For q/t — O(1) we may expand C;: 


1/2 
[re n) J~a for 4> (5.10) 


and then from (5.9a) we obtain 


1/2 
VACA (f£) gum c (ji Or] 7717] eee 

as|t|-co (5.11) 
after performing the k integration. Now we substitute the leading terms back 
into (5.5), since the non-leading terms vanish in the limit |r’|, |t"| > oo. Then 


t>- o 
t" +o 


Sa = lim i E dq" u|t't"| - rer e nne 
X <q", t"|q', t git ne c(&) (5.12) 


Finally we may change integration variables according to 


j , q n 
“Mop — "L-yg. (5.13) 


Then 


S,= lim fav dp'u- !|r't"| 2 C8 p") e irata 
tr — o0 
t" to 


"t" "t! Pree 
x (Fe ree r) ei? C (p'). (5.14) 
H u 
Thus to calculate the S-matrix element (in the momentum representation) 
using the path integral method developed in Chapter 2, we must evaluate the 
functional integral given in (2.23) by integrating over all functions q(t) defined 
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on —oo «t« oo and having the asymptotic behaviour 


u 


t 
que as t> —oo (5.15a) 


and 
n 


t 
q^ as t> +o. (5.15b) 


This should be contrasted with the fixed boundary conditions (2.19) which are 
appropriate for the calculation of (4", t"|g', t». The asymptotic behaviour 
(5.15) corresponds, of course, to the free motion of a non-relativisitic particle of 
mass u, since for |t| > oo (and therefore |q| > oo) the contribution from the 
potential energy is negligible. 

These considerations make it apparent why the Green functions generated 
by W[J] in Chapter 4 are not those appropriate for a physical scattering 
process. The boundary conditions (4.3) are the field theory analogues of the 
fixed boundary conditions (2.19). Evidently to generate physical scattering 
amplitudes we have to find a generating functional S[J] in which the path 
integral (4.4) is performed over all field configurations having an asymptotic 
behaviour analogous to (5.15). This is the task to which we now turn. 


5.2 Scattering amplitude in quantum field theory 


We now wish to generalise the considerations of the previous section to the 
case where we have a relativistic field theory. We have seen in Chapter 4 how to 
calculate the quantum transition amplitude (o"(x)t"lo'(x)t' >”, when we have a 
real scalar field q(x, t) which achieves the configurations g'(x) at t — t' and o"(x) 
at t—t",in the presence of a source J(x). The moral of the previous section, and 
of (5.14) in particular, is that to calculate the S-matrix elements we need to 
calculate the transition amplitude by performing the functional integral over 
all (classical) field configurations (x, t) having free-field asymptotic behaviour. 
That is to say 


olx, t)~ p(x, t) as t+ —oo (5.162) 
and 
olx, t) - Q?"'(x, t) as t> oo (5.16b) 


where qQ"""(x,f) satisfy the free-field equation which follows from the 
Lagrangian (4.26), namely 


(00,4 u2)p2"=0 (5.16) 
(which is of course (3.35) when 4-0). Now we have seen that any free field po 
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may be cast in the form (3.47) 
dk 1 ~ikx * ikx 
o. rs zi, (a e a*(lge) (5.17) 


and g(x) and y™(x) are therefore special cases of this. As we can see from (5.6), 
the momentum space wave function C( p) of the initial state is associated with a 
factor e ^'^ where E = p?/2u is the energy of a (free) particle having momentum 
p. Thus the initial state (t ^ — oo) is associated with the ‘positive frequency’ 
piece of os, namely 


in dk 1 —ikx 
[7 w= [sara aie kx (5.18) 


Similarly, the final outgoing state (t > + oc) is associated with the ‘negative 
frequency’ part of 9, 


q?"(x)- les a a*(k) e**, (5.19) 
This required separation may be achieved by assigning the zeroth component 
of the momentum integration variable kọ a small negative imaginary part 
ko > kg — iE (e » 0). (5.20) 
This has the effect 
ekot — elkot et —, () as t= -0 (5.21) 


and only e~** survives as t—> — œ, as required. Similarly only the part 
associated with e** survives as t — oo. Thus the assignment (5.20) of a small 
negative imaginary part to ky ensures that 


Q(x) ^ v(x) as x°+—co (5.22) 
and 
Qo(x) ~ o?"(x) as x9 +00. (5.23) 


It follows that the asymptotic conditions (5.16) are equivalent to the 
conditions 


e(x) ~ plx) x? — too. (5.24) 


We now wish to determine the functional which generates S-matrix 
elements. For the reasons already given it is clear that we must perform the 
path integral (4.25). Thus we define 


S(J,@o]= Jae expi Jae +Jo) (5.25) 


but now the integration is over all field configurations having the asymptotic 
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behaviour (5.24). (Without ambiguity, we now denote the space-time volume 
element d*x by dx.) We shall see in $6.4 how S-matrix elements emerge from 
this generating functional. 

To determine S[J, go] we first split Z into two pieces: 


L=L + LE) (5.26) 
where 
L =H (0,0) - 3i? o? (5.27) 


is the free-field Lagrangian density, and 2 (q) specifies the interaction piece of 
&. The only case we shall consider in detail is the example given in (3.34), 
where 


A 
£,--1 99. (5.28) 


For the present, however, we shall take Z, to be an arbitrary function of g. 
Secondly, we write the integrand in (5.25) in the form 


expi f dx(¥ +Jo) (uo: | ax. io) (eroi f dy(Ly+ jo) (5.29) 
We can expand the first exponential 
expi fazio =1+i fazo +h dx dy FZ (o(x)L(e(y)+.... (5.30) 
Now, since 
ig(x) exp i faxe +J9)=——~ vis E expi fans, TJo) (5.31) 


it follows that 


TOG i Jas +J o) 
= f axe -i is JG zi; few: f 44,20). (5.32) 


Since the operator | dx 4(—i ó/óJ(x)) is independent of o(x), it can be taken 
outside the functional integral (5.25). Then we have 


SU, wol=expi [x «(-i m ziii) »d (5.33) 


where 


So[J. Go] = Jae expi Janes TJ) (5.34) 
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is the generating functional with only the free-field Lagrangian (5.27) in its 
integrand. The integration, of course, is still over fields having free-field 
asymptotic behaviour. Next we change the functional integration variable 
from ¢ to $, where @ satisfies 


P(x) = A(x) + Pox). (5.35) 
Then (5.24) shows that 
Ax) + 0 as x°++0. (5.36) 
Substituting (5.35) into the integrand of (5.34) gives 


faxes *Je)- | dy(X(0' 60,9) —3u^9? + (G+ Go) 


—$0'0,09 — u^ 99s -1P00P -4u p3] (5.37) 
after integrating by parts and dropping surface terms. Now since o, isa free 
field 


(3, +n) =0 (5.38) 


and a number of terms drop out of (5.37), which then gives 


SolJ, eo] = | DG expi [arose — yp? @? +J@) 


x expi je J(z)@o(z). (5.39) 


Remember the functional integral is now over paths which satisfy (5.36). 
However this is a special case of the fixed boundary condition considered in 
the previous chapter. In the present case we have 


9 (= o"(x)=0. (5.40) 


So the first factor in (5.39) is just the functional Wo[J] which generates the free- 
field Green functions 4()(x,,..., x,). We saw in (4.43) that 


Wo[JJ=N e( -4 fax dy J(x)iAp(x — »o) (5.41a) 
where 
dtp eiPx—») 


Now differentiating W,[J] gives 


UARA! 
SJ 


= — | dy i A(x — YJO WEJ]. (5.42) 
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It follows from (5.41b) that 


dtp . 
(022, + n?) Ax — y) — | Qt c x-9». (543) 
So ; 
ôW, 
Odet?) PI OUN. (5.44) 


This means that we can recast (5.39) in the form 


ô 
SolJ; Go] = exp( | ax 9o(x(020,, + u’) i) WL]. (5.45) 
6J (x) 
We substitute this back into (5.33) and interchange the order of the two 
functional differentiations. This gives 


ô 
S[J, 9o] = exp (f dx qo(x)(050,, + u’) a) 


ô 
x exp far «(-i 35] Wy]. 5.46) 


The last two terms may be combined, if we choose, to give the functional W[J] 
which generates the Green functions 9(x,,...,x,) of the interacting field 
theory. This is because we can reverse the steps from (5.25) to (5.33) for the 
functionals W[J] and W [J], since the only difference is in the boundary 
conditions on the integration variable, and this was not used in the derivation. 
Thus finally we obtain? 


SLJ, po] = exp (| dx P(X )(B%Buy + i?) sin) WU]. (6547) 
óJ(x) 

This gives the (asymptotic-state-to-asymptotic-state) transition amplitude 
in the presence of a source J(x). In the actual physical processes with which we 
are concerned there is no source, so the quantity of physical interest is obtained 
by setting J(x) to zero: 


Slo] 5 S[O. po]. | (5.48) 


(Of course, if there really were a physical source J (x) in this system, we should 
want to evaluate S[Jo, 9o].) l 

We shall address the task of calculating W[J] and hence S[o,] in the 
following chapter. For the moment we shall content ourselves with observing 
how the first factor in (5.47) fulfils the task assigned to it. Recall that g(x) is a 
free field, so its Fourier components k in (5.17) all satisfy the mass shell 
condition k? = u?. If we perform the x integration in (5.47) by parts, we can pull 
the Klein-Gordon operator 6°.0,,+ n? back on to @o(x) and hence obtain a 
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factor u? — k? from each Fourier component k. Unless the contribution from 
W[J] has a compensating factor (k? — u?) +, its contribution to S[J, go] will 
vanish, since u? — k? «0 for all Fourier components in pọ, as we have said. 
Thus the effect of the pre-factor in (5.47) is to project off-mass-shell 
contributions to zero, and to retain the on-shell contribution, as required. 
Setting J zero, as in (5.48), ensures that all external lines of W[J] are subjected 
to this treatment. 
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6.1 Perturbation theory 


We have seen in Chapter 4 that the functional W[J] generates the Green 
functions of the theory, and we have seen in Chapter 5 how W[J] may be 
related to the functional S[99] which generates the S-matrix elements of the 
theory. Thus all that is required for the evaluation of the scattering amplitudes 
is the evaluation of W[J]. Unfortunately this is more easily said than done. 
The path or functional integral which we are required to evaluate is 


W[J]- N {20 expi | d^x(-Z/(o, 6,~)+ Jg) (6.1) 


where we have set h= 1, N is the undetermined constant of proportionality, 
and it is understood that the space-time integral is over all space with the time 
integrations along the real axis from — oo to +00. W[J] can be evaluated 
exactly only in the trivial case of a free-field theory. In this case 


P = £,2X0,90*) Au^ o? (62) 


for a free scalar field o. Then, as we saw in (4.43), 


WUJ]- Wu] N ew( -5 f dx dy J(x) Ax — 0) (63) 


where (without ambiguity) we now denote the space-time volume element d^x 
by dx, and 
d^p gib - ») 
A(x — y)= | Oni pio ie (6.4) 
is the Feynman propagator for the scalar field. 
The best that can be done for interacting fields is to develop a perturbation 
series for W[J]. If 


P =f + Li) (6.5) 


and Y, is proportional to a parameter A, we can expand W[J] asa power series 
in 4. To do this we recall the result (5.33) from the previous chapter which 
expressed the generating functional S[J] for the interacting field theory, in 
terms of S,[J], the generating functional of the free-field theory. Clearly a 
precisely similar relationship may be derived between the functionals W[J] 
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and W4[J]: 


ô 
W[J]- exp f dx «(- =A] VARA! (6.6) 


since the only difference between the functionals W[J] and S[J] derives from 
the different classes of field configurations which are integrated over, and this 
feature was not used in the derivation of (5.33). The perturbation series comes 
from expanding the exponential operator as a power series: 


; . ô : . Óó 
expi [as e(-igia)- 1+i [ax #( -i5t5) 


5 dxdy Z| —i 2 [L| —i : 6.7 
+35 xdy (iz) (izg) (6.7) 


Since Y, is proportional to 4, the above expression generates an expansion of 
W[J] as a power series in A. We illustrate this by consideration of the special 
case 


À 
fío--— *(x). (6.8) 


In this case, substituting (6.7) into (6.6) gives 


A xd W, 
WE] = WLI — | ax ggg tOO (69) 
From (6.3) and (6.4) we find 
ôW, ' 
3o - favi Ar(x — y)J(y) WLI] (6.10) 


and repeated differentiation gives 


W[J]= - = zl | dx 3(A,(0))? 
—6iA&(0) | dy; dy2iAp(x — y, iAr(x — yJ (y) IY) 


+ | dy, dy; dy, dy4i Ag(x — y,)iAp(x — y;)iAe(x — y3)iAHx — y4) 


x JyJG3)JQ3)J va) + oaa | WoL]. (6.11) 


The Green functions generated by W[J] are defined as in (4.8) by 


o"W[J] 


inn), SHY O$HZA 
CM OrbscaAd m e) AUG 


(6.12) 


J=0 
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and it is clear that the additional terms in (6.13), generated by the interaction, 
change the Green functions from the values derived in Chapter 4. If the 
normalisation N is chosen so that 


W,[0] = 1 (6.13) 
as in Chapter 4, then 
49 = w0]-1-1ià [asians — x)iAp(x — x) + O(4?). (6.14) 
Also 
4 Ox, x4) 2 Q(x,, x2) —liA arian, — XJiAe(x — x)iAg(x — x2) + O(4?) 


(6.15) 
where 


49x, X2) S iAdx 17X3) (6.16) 
is the free-field Green function derived in (4.48). Similarly 


G(X, x, X3, x4) — 909 (x, X2, X3, x4) 
- soto, , X3) | dxiAp(x3 —x)iAp(x — x)iAp(x — x4) 
tT 4x., x4) [exits — XJiAg(x — x)iAp(x — x 2) 
99x, x3) f dxiA,(x2—x)iAp(x — x)iAp(x — x4) 
4 4 Ox, x4) | dxiAs(x, —xJiAd(x — xJiAs(x — x.) 
T 49x, x) Jesse — XJiAg(x — xJiAg(x — x3) 
+GP(x2, x3) | dxiAg(x, —x)iAp(x —x)iAg(x — xo) 
—i4 Jesse 17 XA (x; —x)iAp(x3 — x)iAg(x4 — x) + O(4?) (6.17) 


where 4(?(x,,x,x3,x4) is the free-field Green function given in (4.49). 
Evidently we may extend the diagrammatic notation developed in Chapter 4 
to include the additional terms generated by the interaction. We write 


ig 

2 

Gg x1, x3)— eee POEM a oe, (6.18) 
^ x, 7 x 5 
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where the first term is just the free-field propagator given in (6.16), and the 
second term is the O(A) part of (6.15). If the internal vertex is at x the three 
propagators iA,(x, —x)iA,(x —x)iA,;(x — x2) arise from the rule already given 
associating a line with a propagator. In addition, it is apparent from (6.15) that 
we must associate a factor —iA with the vertex: 


x : ci (6.19) 


and we are to integrate over the coordinates x of any internal vertex. Using this 
notation 


$'9(x,, X2, X3, X4) 7 


x» X; Xx X, X, x3 
-——————9 -——————-—  «—-———— ~ 
+ * 

X3 X, x3 X2 Xx? X, 
e ———— —e9 -——-————.9 ^ *-————-—-—. 
* * 

E ols 

+} CN * AUN + (78 
S LY n a LF »*» NÀ x 
a — -——-— . e m — ee —— 
+ + 
» » A Xy X x; 
“SS eC =. 
t l { l { ! 
+ NA + \ + Ne 
X3 X, X3 Xx; X X, 
-—————— . e—a e — -———-—-e 
aN ^x» 
N 7 
M LY 
Nos 
P Y 
ZN 
4 N 
Pd N 
w 
a *x, (6.20) 


As before, it is easier to work with the connected Green functions 
G'(xi,..., x,). These are generated by 


iX[J]=In W[J]. (621) 
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Thus from (6.11) we find 


iX(JJ=In N-4 [ay dy;iAi(y; — y2)J(y,)J(y2) 


7 ax( tiaron 2—6 fos dy,iAd(y; -x) 
x iAc(x — x)iAg(x — y3)J(y1)J(Qy3) 


T Jos dy; dy, dy4iAs(y, —x)iAp(y2 — x) 


x iAc(y s — x)iAs(y4 — 37070270970) +O(A?). 


With the connected Green functions defined by (4.60): 


i" X[J] 


nexo) —-SH.OY RH.y 
IG(xi,..., x) óJ(x,) ...óJ(x,) 


J-0 
we find 
— 
2) C 
( = 
G (x1, X2)= ee Se: d CIEL. 
x »x jon X2 
X, x. 
1 Se Pa 2 
\ ao 
(4) Nt 
G (xi, X2, X3, x= DX 
7 N 
2^ X 
" NS 
X, X, 


(6.22) 


(6.23) 


(6.24) 


(6.25) 


Thus, as anticipated in Chapter 4, the interaction generates additional terms in 


G'? and makes G™® non-zero even when n» 2. 


6.2 Momentum space Feynman rules 


It is apparent from (6.4) that the propagator has its simplest form in 
momentum space. For this reason it is the custom to evaluate the Fourier 
transforms of the Green functions with which we have so far been concerned. 


Thus, as in (4.55), we define 


G pis. .., PAT) Ap, +--+ p,) = | dx, ... dx, "(x,,..., Xp) e Pratt oo 


(6.26) 
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with a similar definition to (4.63) for the connected Green functions. Thus 
using (6. 16) and (6.4) we find the Fourier-transformed free-field Green function 
i 


————— 6.27 
p? — 4? ^ ic ee) 


GX P, —p) = 
while the connected Green function in the presence of interactions is 


(Dp. — p) ee ee 
M p- +ie 

iå f d*k i i 

a ee a TN ; 
2 bom? P -u tek n tep -u pie OA) (6.28) 


These too may be represented diagrammatically. For example 


Gp, — p) = ety (6.29) 


e--———— ———9 + + rb eZ inde + 00x) 


p -p 
and the Feynman rules are as follows: 


1 With each line carrying momentum p we are to associate a factor 

i(p? —u^ ic)! 
i 

cones : —————. 6.30 

p p? —y? +ie 6639 

2 With each vertex of four lines carrying momenta p,, P2, P3, p4 We associate 

a factor —iA, constraining the momenta so that there is overall 

conservation: 


NY P4 


PN, 7/5 ; - (pi +p2+p3+p4=0). = (631) 
pA NG : 
N 
7 PN 


3 Integrate over each independent internal loop momentum k with weight 
d^k(2n)  *. 
Using this notation it is readily verified that 


^ VA, B» 
GD, Pa Pa P=” (6.32) 


Notice that the Green functions have propagator factors on every external 
line. 
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6.3 One-particle-irreducible Green functions 
The notation and techniques of the previous two sections may also be used to 
develop a perturbative expansion of the oPr Green functions in the presence of 


interactions. It follows from (6.22), and the definition (4.64) of the classical field 
(x), that 


qx) — fo A(x — y)J() 
+44 fe y dzi Ac(x — yi Ap(y — yi Ac(y —2)J(z) 


- fo dz, dz; dz; i A(x — yi A(z; — yi Ac(z; — y) 
x i Ap(Z3 — )J(21)J(22)J65) + O°). (6.33) 


Thus the generating functional I'[¢,] (or the effective action) of the op1 Green 
functions 


Ie] = X[J] — | dxJx)e(x) 
=—-ilnN+}$ Jos dyz AMY, — YDI Y JY) — $å Jai A,;(0)]? 
-44 fax dy, dy, i Ak(y; — x) i Ap(x — x) i A&(x — y3J(y1)J(2) 


+54 Je dy, dy; dy dy4i A(y; —x)i Ac(y; —x)i Ai(y5 — x) 
xiAgdy,—x)(1)J(3J(3J(4) + O02). (6.34) 


We may solve (6.33) for J(x) perturbatively, and after performing integrations 
by parts using (4.53) we find 


I(x)  (0,0" + n(x) + 5A i AO) o 69) +A pL? + O(4?). (6.35) 


Note that @,(x) satisfies an equation similar to (3.35) derived in classical field 
theory. The differences are first the source term J(x), which would have 
appeared in (3.35) had we included such an interaction, and second a term 
involving i Ag(0) which is a quantum correction. If we were to restore the 
factors of ^ which we have set to unity it would be apparent that this term is 
proportional to h. Substituting (6.35) into (6.34) gives I explicitly as a 
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functional of o(x): 
l[9,]7 —iln N -i4 fast A,(0)]? 
-i E e4x)(0"0, + L(x) — 4i Ag(0) | dxLo.9)]? 


—4À [aston «007, (6.36) 


Thus the momentum space op: Green functions defined in (4.75) satisfy 


if p, — p)=i(p? — p’) —4idiA,(0) + O(4?) 


( (6.37) 
= - (= =)" $e ee iri 
Ep -pP 
and 
N P4 
| IN 
if"(p,pspsp)- — X, (6.38) 
PA \ 
$- 


using the Feynman rule given in (6.30), (6.31), (6.32). Note that unlike the 
connected Green functions, given in (6.29), (6.32) for example, the opt Green 
functions have the propagators associated with the external legs divided out. 


6.4 Scattering amplitudes 


In $6.1 we have seen how to evaluate the Green functions 4'"(x,, . .., x,) of the 
interacting field theory, at least as a perturbation series in A. The Green 
functions are generated by the functional W[J] using the formula (4.8) 


|. FWE 
- óJ(xy)...óJ(x,) 
We have also seen in $5.2 how the functional W[J] is related to the functional 


S[@,] which generates scattering amplitudes. Assuming there is no external 
source in the system, we find from (5.47) and (5.48) that 


i"49(x,,... Xp) (6.39) 


J=0 


(6.40) 


ô 
S[@o]= exp( | sos taza. +p?) sea) WU] 


J-0 
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Thus by expanding the exponential, 


ó 
exp fasea, +p’) I 
Re 
Ks 336). 9J(x) 


we can express S[@,] in terms of the Green functions 9(x,,...x,). 
In (6.41) we are using the notation 


am OUO p? (6.42) 
to denote the Klein-Gordon operator. Substituting (6.41) into (6.40) gives 


zn pi à en . dx,oo(x,).. -9o(X)K,, ... $ (6.4 1) 


Sleol- EE dx, ...dx,9o(xi) ... 9o, )K,, ... K,, (x,,...,x,).. (6.43) 
Thus, as anticipated at the end of Chapter 5, every external line of 
€/9Xx ,. .., X,) has attached to it a Klein-Gordon operator K, and a free field 
Qo(x;). It is therefore natural to associate the contribution from the term 
involving 4? with the physical process involving a total of n incoming or 
outgoing free particles. In physical scattering processes these free particles are 
usually momentum eigenstates. It is therefore useful to have the momentum 
space representation of the right-hand side of (6.43). To find this we substitute 
for 9” in terms of its Fourier transform 9 defined in (4.55). Inverting (4.55) 
gives 


4x... Xq) 


d d n dpx in) 
x Ox Os etait tps py) (py... py). (6.44) 


Each Klein-Gordon operator K , in (6.43) acts upon $'? and produces a factor 
u? — p?, and we find 


dp, dp, 


Slo] = pE 5n! (2x)* 'Q n^ (22)*ó(p, + eyes + Py) 
x (u? — pt)... (U? — p2)8 "Xp... Pad Jax. dx, 
x erii tt PDD (x1)... PolXy)- (6.45) 


(x) has already been given in (5.17) in terms of its Fourier components. 
Using this we find 


| dx e”* q(x) = fox dk — c, Lathan — k) - a*()ó(p +4] (6.462) 
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where 
ko =(k? - u2)12. (6.46b) 


It therefore follows that the only momenta p; which can contribute to S[po] 
must satisfy p;= +k, which, since k? =p”, ensures 


p =p. (6.47) 


Thus the only Green functions, 9(p,,..., p,) which can contribute to S] 
are those with all external lines ‘on the mass shell’, as required of a physical 
Scattering process. Also, even when (6.47) is satisfied only one of the two terms 
in (6.462) can contribute; if p;o is positive (and therefore equal to + ko) only the 
first term can contribute, while if pj; is negative only the second term 
contributes. This reflects the fact that in any such physical process some of the 
momenta are associated with incoming particles while others are associated 
with outgoing particles. As explained in (5.18) and (5.19), we associate the 
‘positive frequency’ part of o, (involving a(k)) with an incoming particle, while 
the negative frequency part (involving a*(k)) is associated with an outgoing 
particle. (The overall energy-momentum conservation, ensured by the ó 
function in (6.44), guarantees that not all pj; can have the same sign.) For these 
reasons the term involving a(k) is associated with an incoming particle having 
momentum k, and the term involving a*(k) is associated with an outgoing 
particle of momentum k. 

Now consider a scattering process with m particles in the initial state (i) 
having incoming momenta q,,..., 4m, and n —m particles in the final state (f) 
having outgoing momentum q,, ;, ..., 4a- Since all momenta q, are momenta 
of physical particles, they satisfy 


q2-yu? (r=1,...,n) (6.48) 

and also 
Qi tot ds Quito. ds (6.49) 
because of overall energy-momentum conservation. Then the scattering 


amplitude (S-matrix element) Sj; for this process is given by the part of S[@o] 
involving the m factors a(q,)...a(q,,) and the n —m factors a*(q,, , ,) ... a*(q,). 


Thus 


o" S[99] 
óa(q1) ance dalam) óa*(q,, * 1) "rr óa*(q,) a=a*=0 


Si Lo(4)) -..9(4,)] ' (6.502) 


where 
p(q) S Qx) ?Qaj) ^! (6.50b) 


is the (covariant) momentum integration weight function. (The reason for 
putting a —a* =0 after the functional differentation is to ensure that only 2'? 
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contributes to n-particle processes.) Substituting (6.46) into (6.45) and 
performing the differentiation gives 


Si = Qn)* qi +--+ 4m — ds «1 Mr (6.51a) 
where 


My=(~—i)"g? — 7)... (q3 - à2)8 (q,,...,. dm — Im 41... 45). (6.51b) 


In deriving this we have used the invariance of "(p,,..., p,) with respect to 
the interchange of any p; and p;. 

Thus to obtain the (Lorentz invariant) amplitude M,, from the associated 
Green function 9” one merely has to multiply each leg, carrying momentum 
q,, by the factor —i(q? — yu”), which is just the inverse of the propagator (6.30) 
for a line having momentum q,. Having done this there is the further 
multiplication by (27)* times an overall energy-momentum conserving ô 
function to get the S-matrix element. We have observed earlier that the 
connected Green functions G'? all have a propagator factor associated with 
each external line, and the same is clearly true of the full Green functions 9. 
Thus the multiplication by —i(g2 —4?) cancels each of these propagators 
leaving a finite limit as q? > u?. So the S-matrix elements are obtained from the 
complete Green functions by deleting the external line propagators and 
supplying an overall (27)*6(. . .). It follows that the Feynman rules for S-matrix 
elements are similar to those for the op! Green functions, discussed in $6.3, in 
having the propagators associated with the external lines divided out. 
However, the diagrams to be considered differ in two respects from the oP! 
Green functions. First, the external lines in S-matrix elements are constrained 
to be on the mass shell, and second we have to include all contributing 
diagrams, disconnected and one-particle-reducible ones as well as the 
connected and op! ones. 

In certain special cases (some of) the disconnected diagrams do not 
contribute to the actual scattering process. For example, in the case of two 
incoming and two outgoing particles, energy-momentum conservation 
ensures that (in this case, all of) the disconnected diagrams only contribute 
when the initial and final states are identical, which is the case only if there is no 
actual scattering. The scattering cross section (by definition) measures 
processes in which the initial and final states differ. For this reason the 
disconnected diagrams do not contribute to the two-particle cross section, as 
we shall see in the following section. 


6.5 Calculation of the scattering cross section 
Finally we show how the results of the foregoing sections may be used to 


calculate the scattering of two incoming particles having momenta q4, q, to a 
final state of two particles having momenta q3, q4. So energy-momentum 
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conservation (6.49) gives 


91+492=493444 (6.52) 
and then from (6.51a) the S-matrix element is 
Sy Qn)*ó(qi + 42-43 — Ga) My, (6.53) 


where M,, is obtained from 9(q,, q,, — q3, —q4) in the manner described in 
the previous section. The contributing diagrams are 


M= q B h 9j 4 93 
———— —— SSeS SS See 
i 
d E 4o) 
tz mo tU x4 (6.54) 
h- a h ue 9, h g, 
qı 9, € g, A g, 
—— — — ————9— 
1 a 1 t 6x 
+ t7 6 \ tr a » 
d oo A t" oL 5 d 
EN h vh Bt ae ae — 
1 
. ue dex c^ DUI 


Since qo and q5, are both positive, q, # — q2, and the first six (disconnected) 
diagrams can only contribute to M if q, =q, or q4, which corresponds to no 
actual scattering. By definition the scattering cross section is only concerned 
with final states which are different from the initial one. Thus with q, x q or 
qa, Ms is given by the last diagram 


M;= —iÀ. (6.55) 
Now Sg gives the transition amplitude, so the probability is 
pi [Sal - (22)*9(0)9(q, +42 —45 —44)47. (6.56) 


The appearance of the (infinite) (0) stems from the fact that we are integrating 
plane wave functions over an infinite space-time volume. Since 


Qn)*é(P)- f 4x eiP* (6.57) 
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putting P —0 gives 

as*ao- | 4x=VT (6.58) 
where V is the (infinite) spatial volume and T the (infinite) extent of time. 


Dividing p; by VT therefore gives the transition probability per unit volume 
per unit time: 


Wy; Q1)*0(q, +492 —43—44)A?. (6.59) 
The (infinitesimal) cross section do(i — f) is defined by 
dione a (6.60) 


where dN =the number of particles scattered into a particular element dQ of 
solid angle by a single target particle, and F =the flux of projectiles incident 
upon the target. The covariant momentum integration measure 
(27)3(2k,)~ ‘dk which we are using requires the state normalisation 


(k|k'» — Qx)?2k, ó(k —k') (6.61) 


which corresponds to 2k, particles per unit volume. Thus if we regard particle 
1 as the target particle, we have to divide W; by 2q,, to obtain the transition 
probability per unit time for scattering from a single target particle. Then 


? 1 d?q; dq, 
inaspas- Wi ee 
(075 o ^ Ox) Qa;9 Cu Oded) 


The incident flux F is given by the density of projectiles multiplied by their 
velocity relative to the target (at least when the target is at rest or moving along 
the same line as the projectiles). So 


(6.62) 


F 2459012 


where v,; is the relative velocity. Putting all this together gives 


1 3 3 

de^ Dun e E P Hec Rye 
(6.63) 
The contribution q; 9429; ; may be written in a ‘covariant’ form due to Meller: 
419712420 7 [(4, : 42? — 4*]? (6.64) 


provided q, and q, are collinear; and we may perform the q, integration 
trivially, using the 6 function, if we write 


d? 
20. = qd - n" |a) daa. (6.65) 


40 


REFERENCES 73 
Thus 
d?q 3 
930 ` 


From now on it is easier to work in this centre-of-mass frame, in which 


A? 
doli > 4555 [la *qo)? —4^] ^ ôi +92 43? — #7] (6.66) 


qı =(E, p) (6.67a) 
q2=(E, —p). (6.67b) 
We write 
d'g i Sa 
Fog "dolis dies] 423 =g] daso dO; (6.68) 
and use the 6 function 
6((41 + 42-43)” — 4^] = (4E? — 4Eqso) (6.69) 
to perform the q,, integration. Finally we obtain the differential cross section 
a s (6.702) 
where 
s=(q1 +42)" - 4E? (6.70b) 


is the (Lorentz invariant) total centre-of-mass energy squared. 


Problems 


6.1 Derive the O(A?) contributions to W[J] in (6.11). 
6.2 Derive the O(4?) contributions to X[J] in (6.22). 


6.3 Derive the O(4A?) contributions to @, in (6.33), and hence determine the 
O(4?) contributions to I '(q,) in (6.36). 


6.4 Draw the O(4?) contributions to Mp, — p) and Mp, p2, P3, p4) and 
determine their weight factors. 
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7.4 Physical motivation for renormalisation 


We have already noted that the classical field (x) satisfies an equation (6.35) 
which, although similar to that derived in classical field theory (3.35), differs 
from it in one important respect. When the source J is put to zero (6.35) may be 
cast in the form 


[2,0" + u? --liAAs(0)]9.09) = —$4[o (3)? + OQ?) (7.1) 


where the extra term iAA,(0)@, is a quantum correction arising when the field 
interacts. Writing it in this way makes it apparent that the interactions have 
had the effect of shifting (‘renormalising’) the mass squared from its value p?, 
when there are no interactions, to the 'renormalised' value 


uds u? HAAS) + O(42). (72) 


Thus the parameter u? which appears in the Lagrangian is only the physical 
mass squared in the classical (i.e. non-quantum limit). The same is true of the 
coupling constant 4. As would have become apparent had we calculated the 
O(4?) on the right of (7.1), the interactions have the effect of generating 
(quantum) corrections which shift the coupling constant from its ‘bare’ value A 
to a renormalised value A44. Now the only quantities which we can measure are, 
of course, the renormalised quantities, since we are not able to turn the 
interaction on and off at will. For example, we might measure the four-point 
function T*^(p,, P2, p3, P4) for a particular choice of momenta p,, and define 
this to be the renormalised coupling constant 4g. We could then, in principle, 
calculate f^, or indeed any Green function T'?, using the Feynman rules, for 
arbitrary momenta as a function of the (input measured) renormalised 
parameters Arę, jg. Obviously we should expect any perturbative 
approximations we make to be more successful in predicting Ñ™ at (say) GeV 
values of the momentum variables if we use renormalised parameters defined 
at (particular) GeV scale momenta, rather than those defined at eV or TeV 
momentum scales, for example. This notion, that we may vary the energy scale 
at which we choose to define our renormalised parameters Ag, ug, is the key to 
the renormalisation group equation which will be derived in Chapter 12. 
The essence of the above discussion is that the Lagrangian we have been 
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using is given in terms of the ‘bare’ or ‘unrenormalised’ quantities, hereinafter 
denoted gg, ug, As. The objective is to calculate cross sections, and other 
observable quantities, as functions of the renormalised quantities, which 
henceforth will be denoted 2”, 4. Thus the Lagrangian of the scalar field theory 
with which we have been concerned hitherto is 


1 1 1 
Ls => (0, o_o Pp) 73 LEGS ET] AaB (7.3) 


and the Green functions calculated in Chapter 6 are ‘bare’ ones, denoted Gp, 
T5, etc. The choice of the coefficient 4 of the derivative term amounts to an 
arbitrary choice of field strength normalisation, and we shall also introduce a 
renormalised field denoted « differing from the bare field by an overall 
multiplicative constant. 

We have seen how renormalisation of the parameters ug, Ag occurs as a 
(quantum) effect of the interactions, and why it may be desirable for 
computational reasons to express any cross sections, for example, which we 
calculate in terms of suitably chosen renormalised parameters u?, A. However, 
there is an additional reason why renormalisation is necessary, and not merely 
desirable. This is because the shifts of už, 4, caused by the interactions are 
actually infinite, as we shall see shortly. Since any (measured) renormalised 
parameters are, by definition, finite, it follows that the bare parameters are 
infinite. Thus the use of renormalised quantities is necessary if we are to avoid 
the appearance of infinities in our calculations of cross sections etc. This raises 
the question of whether all infinities may be expunged from the theory by the 
use of renormalised mass squared x”, coupling constant A, and field q. In fact, 
for the theory (7.3) the renormalisation of mass, coupling constant and field is 
sufficient to render the cross sections, Green functions etc of the theory finite. A 
quantum field theory is said to be renormalisable if it is rendered finite by the 
renormalisation of only the parameters and fields appearing in the bare 
Lagrangian. Not all field theories are renormalisable, but in this book we shall 
be concerned only with those which are. The central problem facing particle 
physicists is whether all interactions occurring in nature may be described by 
renormalisable quantum field theories. At present we have renormalisable 
theories which are candidates to describe the strong, weak and 
electromagnetic interactions, and we shall discuss all of them in the succeeding 
chapters. To date, there is no such theory which could provide a quantum 
theory of gravitation. 

The main object of this chapter is to show how the theory (7.3) is 
renormalised. Before embarking on that enterprise let us first verify that the 
bare theory is indeed infinite, as we have claimed. The infinity associated with 
mass renormalisatiion occurs in (7.2) because A,(0) is infinite, which in turn 
derives from the divergence of the internal momentum integration in the 
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second diagram contributing to I’, in (6.37): 


Cam 
i j 


AgA,(0)= --- 3- 
d*k 2. ,2 Liga-l 
=A, [e —pL^g-i) !. (7.4a) 


The is in the propagator makes the poles in the kọ integration lie just above 
and below the real axis of the complex kọ plane at +[(k? + u2)!? — ie] as 
shown in figure 7.1. 


Figure 7.1 Poles at + [(k? + u2)!? — ie]. 


Since there are no other singularities in the ky plane, we may perform the 
(Wick) rotation of the contour in an anticlockwise direction to lie along the 
imaginary kọ axis, running from —ioo to -- ioo. Next we change integration 
variables according to 


ko —iK, 
k=k 
so that the k, integration runs from — oo to +00. Thus 
AyAg(0)=idg [oi tb (74) 
Qn) 
where 
Rak +k} (7.4c) 


and dtk is the Euclidean volume element. (Effectively all we have done is to 
perform the continuation back to the Euclidean form from which we obtained 
A,(x) in the first place.) Since d*& is proportional to |X|? d|£], it is clear that the 
integral diverges for large values of |k| —we say that it is ‘ultraviolet divergent’. 
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Similarly, had we evaluated [™ to order 42, we would have encountered the 
diagram 


FN EA we (7.5a) 
ZN 
« b ate Pd x. 
P, = P, 


According to the Feynman rules derived in Chapter 6, this represents the 
expression 
2 d*k 2 2,115971 2 2430771 
As lass (k^—pug ie) [(pi + P2 - ^ — pg ie] (7.5b) 

and it is clear that it too is ultraviolet divergent. For large (Euclidean) values of 
k each propagator behaves as |&| ?, while the volume element contributes 
[kl d|k. We say that this contribution to F{ diverges ‘logarithmically’, 
because if we cut off the || integration at a value |&| =A, then the integral (7.5) 
has a dominant contribution proportional to In A. Similarly the integral (7.4), 
and I?) are said to be ‘quadratically’ divergent. 

Having considered these two simple cases it is clear how to generalise the 
argument to identify which Green functions are divergent. The naive 
superficial ‘degree of divergence’ D of a diagram is given by 


D-4L-—2I (7.6) 


where L is the number of independent loop momenta, and I is the number of 
internal lines. This is because each loop momentum k has a volume element 
d^k associated with it, while each (scalar) internal line is associated with a 
propagator which for large |k| behaves like |k| ?. If D—0 the diagram is 
logarithmically divergent, while if D—2 the diagram is quadratically 
divergent. The number of independent loop momenta L is less than the 
number of internal lines J because of momentum conservation at each vertex. 
In fact for a connected diagram 


L-I-V41 (7.7) 


where V is the number of vertices. (Only V—1 of these conservation 
requirements constrain L because of overall momentum conservation.) 
Substituting into (7.6) gives 


D—2I —4AV —4. (7.8) 
The combination 4V —2I is just the number of external lines E, since each 


vertex has four lines emerging and each internal line removes two of these. 
Thus 


E—4V—2l. (7.9) 


78 RENORMALISATION OF 49* THEORY 


Hence 
D=4-E (7.10) 


and we see that the degree of divergence is independent of how many vertices 
there are in the diagram. Since in this theory E must be even, the only Green 
functions which are superficially divergent are I9), [ and PM, 

This does not of course prove that the diagrams with E> 4 are convergent— 
this is why we called D the ‘superficial’ degree of divergence. In fact, it is rather 
easy to see that there are many contributions to Green functions with more 
than four external lines which are indeed divergent. Consider the following 
two-loop contribution to f: 


ky ky a Py 
p ———— LAM 
2 P M ^ /~ 
NM Nr >e. B. 
^N X | a-p, 
¢ bs Z^ ON V7 5 
p^ M——-—^T hoc 
b B, 


Although it has six external lines (E — 6), it is evidently divergent, because the 
integration over the loop momentum k, diverges. But this divergence of the k, 
sub-integration, while k, is fixed, is just the divergence already encountered in 
fX? and written down in (7.5). So this divergence is not a ‘new’ divergence as it 
stems from one which we might have anticipated, since If? has D =0. Clearly 
there will be a divergent contribution to every Green function arising (at least) 
whenever in a particular diagram we make the replacement: 


What we can say is that if the overall degree of divergence D of a diagram is 
negative, and if the degree of divergence of all of its subgraphs is also negative, 
then the Feynman diagram is convergent. This is Weinberg's theorem!. It 
holds for any field theory, not just the Ag* field theory with which we are 
concerned in this chapter. The above conditions are sufficient for the 
convergence of a diagram, but not always necessary; it may happen that some 
invariance of the theory makes a diagram more convergent than the degree of 
divergence would lead one to suppose. This does not happen in the A@* theory, 
but it does occur in QED, for example, because of gauge invariance or charge 
conjugation invariance. If the theory is to be renormalisable, the only 
divergences which occur are those which arise from mass, coupling constant 
and field renormalisations. 
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72 Dimensional regularisation 


To study the renormalisability of the 49^ theory which we are considering we 
must be able to manipulate the divergences which, we have seen, certainly 
occur. Thus we are required to devise some procedure which renders the 
divergent momentum integrations finite but leaves the convergent diagrams 
unaffected. The simplest method is to cut off the radial Euclidean momentum 
integration at |k| =A, as discussed in connection with (7.5). If A is large enough 
the convergent diagrams receive a negligible contribution from the region with 
|x| larger than A, so they will be unaffected, while diagrams which are 
quadratically or logarithmically divergent will have dominant terms 
proportional to A? or In A respectively. Alternatively, and until 1972 
commonly, we may use a ‘covariant cut-off’. In a loop integration over k we 
insert one (or more) factors 


—A? 


PA Fie Soe 


where, again, A is large. Then for values of |k| small compared with A the 
integrand is unaffected. Since convergent diagrams receive a negligible 
contribution from the region where |k] is large, they are again unaffected by the 
cut-off procedure. On the other hand, diagrams which were divergent are now 
convergent because of the extra |&| 7 supplied by the factor for |&| » A. 
However, both of the above methods have a drawback if they are used in the 
gauge theories which are the leading candidates to describe the known 
interactions. They both destroy the local gauge invariance from which the 
theories were deduced. Thus although they may be used quite satisfactorily in 
the renormalisation of the Ao* theory, they are inadequate for the theories 
with which we are ultimately concerned. 

The insertion of the cut-off factor (7.11) into the integrand of (7.5), for 
example, makes the integral finite (‘regularises’ it) by increasing the powers of 
|x| in the denominator of the integrand. Another way to regularise the integral 
is to decrease the powers of || deriving from the (Euclidean) volume element. 
In (7.5) we have dtk because of the four-dimensional space-time continuum. To 
decrease the contribution from the volume element thus requires us to work in 
a space-time continuum of 2m dimensions with 


Q0 «2. (7.12) 


So in the method of 'dimensional regularisation' we consider the whole theory 
in 2c0-dimensional space-time”. This makes the Green functions depend upon 
w. Those corresponding to divergent Green functions in four dimensions 
typically have poles in w —2. Consider, for example, the divergent integral 


Tap) = IE aiso (7.13) 
als (2n)* B : 
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contributing to T? and appearing in (7.4). In the dimensionally regularised 
theory we evaluate instead 


d?*k ES 
Iœ, ug) = Tas (k? — u$ ie)! 


m: dk 2 2 
D EID ug) | (7.14) 


performing the Euclidean continuation/Wick rotation às before. Since the 
integral is spherically symmetric we may write 


d?°% = 2.0 V(2en)| k{2°-? ajk] (7.15a) 
where 
VQ0)=— — (7.15b) 
0/7 T(o41) 


is the volume of the 2w-dimensional unit sphere. The radial integration may be 
cast into standard form by the substitution 


|« = uix (7.16) 
and for o « 1 it reduces to a Beta function. Then 
I(o, ug) = ~ iuge *(4n) "T(1—o) (7.17) 


for c «1. This expression may be used to define I(w,u,), by analytic 
continuation in o, in regions where the original definition (7.14) does not exist. 
The I (1 — c) has poles at w= 1, 2, 3,... and we are obviously interested in the 
neighbourhood of the pole at c — 2. We may not expand the factor u2^ ~? in 
powers of w — 2, as it stands, because it is dimensionful. To be general we 
express the dimensions of I(c, ug) in terms of an arbitrary mass scale M, which 
may be chosen according to convenience, taste, or, more likely, the 


renormalisation scheme which is adopted (see $7.5). Thus we write 
ua v 
w- 2 2, jo — 
Me = ug( M?) (s) 


and expand only the last (dimensionless) factor. This gives 


I(o, ug) — ê (M ape ‘to TI'(1)-41—1n —, + Of@ — 2) (7.18) 


ie É 4n T 4nM? 
showing that I(«, ug) has the anticipated pole at c =2, together with a piece 
which remains finite as w — 2. 

A similar treatment may be applied to other integrals. By differentiating 
(7.14) with respect to ji, or else directly (for non-integral n), we can show that 
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dk . on a Tno) 
Gaye HE TI HW TO 


If n>2 the right-hand side is regular at œw=2 and the left-hand side is also 
convergent in four dimensions. Thus dimensional regularisation has the 
desired property of regularising the divergent integrals while leaving 
convergent integrals unaffected when w — 2. 

For future reference we shall need some further integrals which may be 
derived easily from (7.19). By changing the integration variable to 


(7.19) 


k’=k+p 
it is clear that 


EE s X I(n—o) (uà - p^^^" 
Toss pe +2p-k—pg tie)" =i(— 1)" T) (an 


(7.20) 


Differentiating with respect to p,, p,... yields more formulae: 


T(n —o) (ug - p?)^^" 


d?"k 
la k,(k? +2p-k —pg + ie)" =i(— 1)" (=p) (721a) 


T(n) (An^ 
d?*k 
ran E 2 2 
Q Qa" " uk Ak +2p: k— — pug ic)" 
E , ín-0- 1) (ud +p2)?-" i ME 
E T'(n) (4n)" [p,p (n-o —1) —59,(ug - p^]. (7.216) 
Contracting both sides with g^", and remembering 
g"g,, = 20 (7.22) 
gives 
d?°k = 
Gaye V £29 ui +i) 


I (n —o — 1) (u$ - p?)^^" 
Tín) (4n)° 


=i(— 1)" [(n—2@ — 1)p? —wpg). (723) 


7.3 Evaluation of Feynman integrals 


In the previous section we showed how to calculate the Feynman diagram 
(7.4a) which contributes to f$? All other single-loop diagrams involve more 
than one propagator, and additional technology is needed to evaluate them. 
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For example, we shall need to calculate the diagram (7.5a) which contributes 
to Th 


P, NS SP, 

^N P4 
BO s (7.52) 
A P, 


4 


In 2w-dimensions this is proportional to the integral 
2o 
ir (k? — u$ ic)! ((P +k)? — ug ie]! (7.24a) 


where 
P=p, +p2= —P3— P4 (7.24b) 


The technique we follow is that proposed by Feynman? which combines the 
denominators in (7.24a) into a single quadratic using the identity 


1 
a-l dx[ax + b(1— x)] ?. (7.25) 
ab 0 
Taking 
a —(P +k)? - ug +ie (7.26a) 
b=k*? —p3 +ie (7.26b) 
and substituting into (7.24a) gives 
d?*k 1 
=|, | dx[(k-Px)-P?x(1—x)—u$--ic]?. (7.27) 
(2n)? Jo 


Next we interchange the loop momentum (k) integration and the ‘Feynman 
parameter’ (x) integration. For w <2 the k integration is convergent and we 
may legally shift the integration variable by the substitution 


k =k+ Px. (728) 


Then the k integration is performed easily, using (7.19), to give 


1 1 = 
J= I dx T "NE ) [uà — P^x -xe 77. (7.29) 


As before, we expand in the neighbourhood of the pole at w — 2 using the mass 
M to carry the overall dimensions. This gives 


gore? | ad ro-ma (1- Ps 
~ 16r? 0 2—o0 RM? n ECL -3)«00-2 : 


(7.30) 
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The maximum value of x(1 — x) is 1/4, so provided P? < 4:2 the argument of the 
logarithm is always positive. Then it is easy to perform the final integration, 
and we obtain finally: 

Hà 


TT 


4ug — P? 1/2 E P? 
-X p? tan 42 —P? +2 |+4O(@—2). (7.3) 


We leave it as an exercise (problem 7.2) to find the appropriate expression for 
P? > Ay. 

The loop integral we have just considered has the property that after the 
ultraviolet divergence has been regulated by dimensional regularisation, the 
remaining Feynman parameter integration is convergent when w > 2. This is 
always the case in any diagrams encountered in 49^ theory. However, it is not 
a property which is invariably true in the gauge theories which are our 
principal concern. The gauge fields characteristic of these theories are 
associated with particles having zero mass; for example, the photon, which is 
the gauge field of quantum electrodynamics, has zero mass. The presence of 
zero-mass particles generates additional divergences in the Feynman integrals, 
which stem from the small k (infrared) behaviour of the integrand. This can be 
illustrated in the 4o^ theory when we set 45 —0. If we consider (7.24a), for 
example, and set w — 2 (and jig = 0), then the integral is ultraviolet divergent for 
all P?. It is also infrared divergent when P? —0. The ultraviolet divergence is 
the origin of the I'(2 — c) in the dimensionally regularised integral (7.29), while 
the infrared divergence is apparent in the remaining factor of the integrand; 
since Ji —0, the remaining factor is proportional to (P?)”~ ? which is divergent 
(when c «2) as P? 5 0. These infrared divergences are less serious than the 
ultraviolet ones, since they do not contribute to observable quantities*, at least 
in quantum electrodynamics. (The situation is not so clear-cut in quantum 
chromodynamics?, but we shall not pursue this topic in this text.) Nevertheless 
it is desirable that they are regulated, since, if they are not, certain (on-shell) 
renormalisation schemes are not well defined. One option is to introduce a 
mass A for the massless particle. (In our illustration this would mean restoring 
Hg #0.) Then everything is well defined and, since observables are independent 
of 4, the limit 4 — 0 can be taken at the end with impunity. This is a less 
fashionable option than it used to be, since in gauge theories a massive gauge 
field is often forbidden by gauge invariance and certain (Ward) identities will 
no longer be valid. The preferred option these days is to maintain w #2 in the 
Feynman parameter integration. After the ultraviolet divergences have been 
removed by renormalisation (in a manner to be detailed in the following 
section), we are free to continue from «c «2 to w>2, which regulates the 
remaining infrared divergences®; after the parameter integration they appear, 
for certain values of the external momenta, as poles in œw —2. 


J= uae T1 : +r) -ln —— 
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Integrations involving more propagators and/or more loops require more 
general identities than (7.25). These follow from an extension of (7.25): 


1 Tee] (5. <a- 


vU npa Triar? SPO C09 


This follows from a standard form of the Beta function after we change the 
integration variable to t—(1— x)/x. Using this we can prove 


1 1 x, Xn~2 
=ro f ax, | 1] dx, , 
10, 0 0 0 


x [a,(1 —x,)+a(x, —x3) T... a,x,-,] " (7.33) 


by induction. For, assuming that (7.33) is true for some n, it follows from (7.32) 
With a=n and a 1 that 


z-reen[ ay | ax, |" dx... 
Wa 


E "4 dx, ,y ! [a (1 ) 4 D,] "* 9 (7.34a) 
0 
where 

Dzay1—x,)-as(x,—x3) +... d, 41 %n-1- (7.34b) 


Now change integration variables to 


y»-—y (7.35a) 
Jix17 Xi (i 1,...,n— 1). (7.35b) 

The Jacobian gives 
dy; -dy = y"! dydx, ...dx,., (7.36) 


and the integration region is clearly 


1> y> y2>..-> Yn-1 > Ya> 0. (7.37) 
Thus 


1 1 » 
-re«»[ ay, | dyz... 
o 0 


aaz... 0441 
Yn-1 
| dy,[ai(1 — yj) c a(y1 — y3) +--+ ant Yul 7e*D (738) 
o 


which is just (7.33) with n replaced by n+ 1. The result for n=2 is just (7.25), 
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which is trivially verified. A similar treatment generalises (7.32) to 


1 Ta, +... +a) ‘ie 
avay...a% The)... T) af ds. dx-i 


x (17x? (ey xa). 
x [a,(1—x,) - a(x, —x3) t... a x,-,] 0199. (7.39) 


We leave the proof as an exercise (Problem 7.3). This may be used, together 
with the identities derived in the previous section, to prove the general results 
contained in Appendix A 


74 Renormalisation of 49^ theory at one-loop order 


We have seen in $7.2 how the use of dimensional regularisation enables us to 
define our Green functions in 2w dimensions, and that, when w — 2, f? and 
fX? diverge. In this section we shall show how renormalisation, which is 
necessary in any interacting field theory, enables us to remove the infinites by 
absorbing them into the renormalisation constants. 
We start from the Lagrangian Z, given in (7.3) and define a renormalised 
field (x) by 
a(x) =Z"/7 (x) (7.40) 


where the ‘wave function renormalisation constant’ Z differs from unity 
because of quantum corrections. Thus we write 


Z=1+ôZ. (1.41) 


Similarly quantum effects lead to mass and coupling constant renormalisation 
because of the interactions. We define the renormalised mass u by 


Zuĝ =p?’ + op? (7.42) 
where dy? is a quantum effect, and the renormalised coupling constant A by 
Z?Àg — A-FÓA (7.43) 
with dA arising from quantum effects. In terms of these parameters 
Ly=L+6L (7.44a) 
where 
1 P A DER 
430,009) uv — 49 (7.44b) 


and the 'counter term' Lagrangian 


1 1 
bg =; ZPN p) — ðL P? — 7, diet. (Me) 
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The Feynman rules deriving from .Z are precisely those written down in $6.2. 
However the additional piece 6 generates extra vertices. To see this we note 
that 


$469249,-4, (745) 


where .Z, is given in (6.2) and now the interaction is given by 
1 
A= ^a Ao* 6. (7.46) 


Then following the analysis given in §§6.1 and 6.2 for this interaction rather 
than that given in (6.8), we find that the Feynman rules are those given in $6.2 
augmented by the following additional rules: 


4 There is a vertex involving two lines. Momentum is conserved and the 
vertex is associated with a factor i(6Zp? —óp?): 


mese ou izp — ôu’). (7.47) 


5 There is an additional vertex involving four lines, conserving momenta, 
which is associated with a factor —idA 


N, 2 
JN. 7h 

^ e 

X 22) (Pı +P2+P3+P4=0). (7.48) 
^ 
£o 


y 


Rule 5 in any case follows immediately from rule 2, and we can check that rule 
4 is correct by setting A= ôA =0 temporarily. Then we have a non-interacting 
field theory in which clearly 


G2" p, —p)-i[p*(14-9Z) — (uà? + du?) ie] t. (7.49) 
Expanding the right-hand side to lowest order in 5Z and dy? gives 
A ee ii ee ee ee 
0 (P, =P) PEE wc I Ms eee 


= €————— + Oe tt (7.50) 


p p p 
as required by rule 4. The quantities du? and 6Z are non-zero because of 


quantum effects due to the interactions. Thus we may expand them as power 
series in A with leading terms of order 4: 


ôu’ = Y dy? (7.51a) 
i=1 
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ôZ= Y OZ, (7.51b) 


where du? and ôZ, are proportional to 4*. Similarly since 6A/A is a quantum 
effect caused by the interactions, we may expand 6A as a power series starting 
with a term proportional to 4?: 


A= Y, h (7.52) 


We may now calculate the (op!) Green functions of the renormalised theory 
I, as functions of the external momenta, the renormalised parameters ji, A, 
and the counter term parameters óZ, 5u?, ó4. For example I is given in 
leading order by 


"4 b 
m - S A 
uz A c oa 
+ ———K— —— + 00) 
D (7.53) 


The first two diagrams are given in (6.37) for the bare theory (u?, A were 
subsequently relabelled u$, A5), while the additional term derives from the 
counter term Lagrangian. Hence 


Tp, — p = p?(1+6Z,) — (H? +4AiA,(0) + ôu?) + O(4?). (7.54) 


The quantity iA,(0) is given in our dimensionally ee theory by 


1 
g 5 FF) 1-In 


AA (0) — AM?*-* i :( 


i62 id oc: 2) (7.55) 


TT 


using (7.13) and (7.18). It looks as though our dimensions have gone awry. 
However it must be borne in mind that 4 is only dimensionless in four 
dimensions. Since the action 


S= Í d'?"xg (7.56) 


is dimensionless, the field g(x) and the coupling constant 4 have (mass) 
dimensions given by 


[v] - M^"! (7.57a) 
[4] 2 M*-?». (7.576) 


So AM??^* is dimensionless and we define 


AM?" *zj (7.58) 
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where 4 depends implicitly on the mass scale M. Thus 
Pp, — p) p*(1--9Z,) à? —ópi 
Â 2 
VA 
32x? 


(s l -(1)-1-1n ;*Q(o- 2) (7.59) 


nS 
The quantities du? and óZ, are fixed by a ‘renormalisation scheme’, which is 
essentially a boundary condition on f? We shall discuss the most commonly 
used schemes in the next section. However, the essential point, shared by all 
schemes, is that, since I?) is an observable quantity (at least in principle), it 
must be finite in four dimensions. So as œw ^ 2 


Ae 1 
2 
H— 3-97 constant (7.60a) 
and 
6Z, > constant. (7.60b) 


Clearly, since the constants have not (yet) been fixed, the finite parts of du? and 
óZ, are unconstrained. 
Similarly we may evaluate f^ to order 4?: 


4 _ 
ipi, Pas ps. Pa) = ` A u 
BN p fo Bh 1 
2 N 3 n P, Mw v^ 
P4 2 oN oN. 
KA X A Sa-l N 
Z N P, P, 
5 A 
x Vae 
P, eo P E oO Ps EN Va 
oh N 5 EN ` . x 
; SN PA AX ALS 708 
N ^ ~ S 
P, ~ -— B, B ~- P, ra AN 
^p 
1 


(7.61) 


The integration needed to calculate the second, third and fourth diagrams was 
performed in $7.3 and the result given in (7.31). Then 


3 
p, P2 P3» P4) = A+ a (25 43I'(1)— 3In M? 


+ A(s, u?) + A(t, n?) + Alu, 1) —65A,+O0(43) (7.622) 


where 
2 1/2 4u? -4/2 
A(P?, n2) 82— -a(r — 1) tan C- 7 (7.62b) 


74 RENORMALISATION AT ONE-LOOP ORDER 89 


and 
s=(p,+p2)" t=(p, * p3? u-(p; * pa)". (7.620) 
Since f is finite in any renormalisation scheme 
3ÀÀ 1 
3382-05 6A, — constant (7.63) 


as œw > 2. As before, the finite part of 61, is arbitrary. It too is fixed by the 
particular renormalisation scheme which is adopted. Evidently different 
schemes correspond to different choices of the finite parts of the counter terms, 
and therefore to different choice of the renormalised parameters. 

We saw in 37.1 that the only bare op! Green functions which are divergent (in 
one loop order) are Ñ and Ñ®, so it is of some interest to relate these to the 
renormalised Green functions f? and f*9, which we have shown in (7.60) and 
(7.63) are finite in one-loop order. To do this we note that (7.40) and (7.44) 
imply that 


S +L --J(x)o(x) = V + Ja(x)py(x) (7.642) 
where 
Jg(x) = Z^ x). (7.64b) 


We may use this to relate the generating functionals of the bare and 
renormalised theories. We denote by W,[J,] the generating functional defined 
in (4.25) where now # is Sp, J(x) is Jy(x) and the functional integration 
variable is p(x). We now denote by W[J] the generating functional when .Z is 
£+6L, J is J and the functional integration variable is g(x). Then (7.64) 
shows that 


W(J] = Wal Ja) = WIZ +I]. (7.65) 
This may be used to relate the Green functions of the bare and renormalised 
theories. Let us denote by G the Green functions (ordinary or connected) 


generated by W[J], and by Gf? those generated by W,[J,]. Then, using (7.65) 
and (4.8), we find that 


GOY Pis- -e p) -(Z P Gips... Pa) (7.66) 


gives the relationship between (the Fourier transforms of) the Green functions. 
The generating functionals of the op: Green functions may be related 
similarly. In an obvious notation, it follows from (7.65) that 


X[J] 7 Xs[Js] (7.672) 
so that 


XU] _ 7-1/2 OX 


ex) Bey M) Z ex) (7.67b) 
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and hence that 


T[9.] 7 Fal 9a] 7 F'aLZ! e]. (7.67c) 
Using (4.73) and (4.75) it follows that the relation between the Green functions 
is 
Ppi.. p) - ZTP. -s Pad (7.68) 
For n=2 the right-hand side is 


1 
2v -u+ a (ros -nz 


Mi + OC- -) +008 (7.69) 
which is easily seen to equal Ñ”, as calculated in (7.59), using (7.42) and 
remembering that óZ is of order 4. 

Thus the divergence in I? has been absorbed into the renormalisation 
constants, and the same is true of Í*9. We have thereby verified that 49* 
theory is renormalisable at one loop order, as claimed. The proof that this is 
true in all orders is more difficult, and therefore beyond the scope of this book. 
The interested reader is referred to reference 7. 


75 Renormalisation schemes 


The precise way in which the parameters 6A, du? and óZ of the counter term 
Lagrangian are fixed is called a ‘renormalisation scheme’. The simplest such 
scheme, which is also particularly suited to gauge theories, is one which 
emerges naturally from the dimensional regularisation which we are using. It is 
called the ‘minimal subtraction’ (Ms) scheme®. In it the counter terms remove 
just the divergence and no more. 

Let us state this more precisely. With dimensional regularisation the bare 
Green functions develop poles and higher order singularities in c —2, as we 
have seen. In any renormalisation scheme these singularities are removed by 
the counter terms, which have the form 


À, M. 
óA4- M^^ (ast M/p,@)+ 2 ee) (7.702) 
b(À, M 
op? =p (bu M/u, œ) + X E) (7.70b) 
(A, M. 
óZ =co(A, M/p, w) + X E (7.700) 


where do, bo and c, are regular as w 2. Since a,, b, and c, are dimensionless, 
they can only depend on the dimensionless parameters M/u and 42 AM?" ^, 
as indicated. In the Ms scheme these counter terms remove only the 
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singularities in œ —2, so 
aNS — bMS — MS z 0. (7.71) 


The beauty of the Ms scheme is that the remaining coefficients a,, b,, c, turn out 
to be mass-independent. That is to say 


a™S(7, M/u) 2 a (A) etc. (7.72) 


Wecan verify this in lowest order using the results derived in $7.4. Comparing 
(7.63) with (7.70a) and using (7.71) we find 


3AÀ 1 
MS _ 3 
A "i cu ,'0« ) (7.732) 
and 
MS 34? j? 3 

4 =>, Sarg + OA”) (7.73b) 

so that a, is ee pd to order 4?, as claimed. Similarly, we find 

Aw? A. 
2MS.. MUS tt 4? pMS = 2 7. 

ou T3i21- — +01 ) 1 3, *9* ) (7.74a) 
óZ 5 = O(4?) c¥S O(4?). (7.74b) 


This mass-independence of the counter terms permits a ready solution of the 
*renormalisation group equation' in this scheme, as we shall see in Chapter 12. 

Having fixed the counter terms, the Green functions are now finite 
unambiguous functions of the renormalised parameters, and we may take the 
limit w — 2. Then in the Ms scheme 


u? 


A? Lu 
Tp, P2» P» pa) = -å+ s Gra- 3n M? 


+ A(s, u°) + A(t, n?) + Alu, 2) -O(2) (75a) 
Au? u? 
327? P nM 
using (7.59), (7.62), (7.73a), (7.74). In (7.75) there is an implicit dependence of the 
parameters 4, u? on the renormalisation scheme. 

The Ms scheme is just one of a class of mass-independent schemes, in all of 
which a, etc are independent of M/y, but in which a; etc are not necessarily 
zero, as in (7.71). One such scheme, the Ms scheme?, is clearly related to Ms, as 
the name suggests. It derives from the observation that the factors I'(1) and 


In 4z, appearing in (7.19), (7.31) etc, appear as a result of expanding the 
quantity (4x)? "T(2—«) which occurs naturally in the dimensionally 


Pp, -p= p? — 4? (ro «i2 1- ;) +043) (7.75b) 
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regularised theory. In the MS scheme these (finite mass-independent) quantities 
are also subtracted by the counter terms. So, for example, 


50 24 ( i ray4in4n)+ 00a) (7.76) 
32n7\2-m  . 
instead of (7.73a); and 
avs — 3 "d ?* LOG» (7.72) 
aNS = Ee 5 [E (D +1n 42] + O(4?). (7.77b) 


In the MS scheme then, taking c > 2, 


A 
M(p,, P2, P3 pala isa - -3nl, JE CAS p?) 


+ A(t, u?) 4- Alu, a) +O(A*) (7.78a) 


An^ (imn log) (7.78b 
32n? a ve) 


In the two remaining schemes which we shall mention the counter terms are 
determined incidentally, by imposing boundary conditions on f and fF. 
Clearly three conditions are needed to fix the three quantities 61, du, 6Z. In 
the ‘momentum scheme'!? the boundary conditions are imposed at a point 
where the external momenta are characterised by a single scale m. The 
conditions are that at the (Euclidean) point p? = —m? 


Pp, P2, P» pj)-p^— 2 


Pp, —p)= —p? —m? (7.79a) 
and 
= [*Xp, —p)=1. (7.79b) 
op 
In other words, the conditions require that 
['OXp, — p) 2 p? — à? + O[(p? +m?)’]. (7.80) 
Referring back to (7.59) we see that these require 
óz"n = O(12) (7.81) 


and 


Au? 1 u? 
2mm — +P())+1-1 2), 82 
Ou = (i (D+ n AMI 4 O(4^) (7.82) 
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6A is fixed by a similar boundary condition on Ñ®, namely 


Tp, Pas ps, pa) —À (7.83) 
at the ‘symmetric point’ 
p; p;7m?(—$0,) (i, j— 1,...,4). (7.84) 
At this point 
s=t=u= —4m? (7.85) 


so from (7.62) we find 


7? 2 
garom AM (eorom H &34 Cin u3) +0103) 


32n7\2—w 4nM? 
(7.86) 
Thus in the momentum scheme, taking œ > 2, 
Pp, — p) p? — i? + O4?) (7.872) 


2? 
P(p,, p, p, Pa) = — Ata [A(s, u?) 4- A(t, u?) 


+ A(u, p’) -34( 5, u?) + O°). (7.87b) 


In this scheme, therefore, the mass scale M has disappeared from the Green 
functions, but the counter terms du”, 5A are manifestly not mass-independent. 

In all of the schemes so far discussed the quantities u and A, which are called 
the ‘renormalised mass’ and the ‘renormalised coupling constant’, have been 
merely the parameters which we chose to characterise the Green functions. In 
the ‘on-shell’ or ‘physical’ scheme, y and 4 are ‘the’ mass and ‘the’ coupling 
constant. That is to say, they have the values which are actually measured. The 
physical mass is defined as the position of the pole in G™, or equivalently of the 
zero in f). Thus the boundary conditions on Ñ‘? are that at p?=y? 


fp, —p)=0 (7.882) 
zs fp, — p)- 1. (7.88b) 


Comparing these with (7.79) we see that the on-shell scheme is merely the 
special case of the momentum scheme in which m?— —,4?. The Green 
functions in this scheme are therefore trivially obtained from (7.87) by making 
this substitution. The only mass parameter appearing in the Green functions is 
u, but the counter terms remain mass-dependent. 

Finally, we remark that any Green function has a unique value, no matter 
which scheme has been chosen to define the parameters. This means that the 
values of the parameters differ by finite amounts which depend upon the 
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scheme adopted. For example, comparing (7.77) with (7.87) we find 


2mom,. 2M5 1 AMS l p’ "s 1 jM 7.89 
i Pea eur Poe ic 
e 342 M8 n MS sac AR 
gene 4 (in ce p? «oc bs. (7.890) 


Problems 


7A Identify the Green functions f which are superficially divergent in a 
Ap? field theory. 


72 Evaluate the Feynman integral J, defined in (7.24), when P?» 4y5. 
7.3 Prove (7.39). 
74 Verify the formulae quoted in Appendix A. 
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81 Path integrals over Grassmann variables 


As discussed in Chapter 3, it is necessary to interpret the classical field theory 
of a spinor field in terms of fields which are Grassmann (anticommuting) 
variables rather than ordinary commuting variables. It will therefore be 
necessary when we quantise the field theory of a spinor field to introduce path 
(or functional) integrals over Grassmann variables':?. In this section, we shall 
introduce Gaussian path integrals over Grassmann variables by generalising 
integrals over a finite number of (Grassmann) degrees of freedom (much as we 
did for ordinary variables in Chapter 1). 

Let us consider first the case where the variables are real Grassmann 
numbers. When there is only a single Grassmann variable 0, then as discussed 
in Chapter 3, 


(6,0) 20 (8.1) 


so that 0? 0. Suppose we want to evaluate a Gaussian integral involving 0. 
Then, expanding the exponential 


| dé exp(—4a0?) = fao- 0. (8.2) 
To obtain a non-trivial integral we must go to more than one variable. 
For n Grassmann variables 0,,...,0,, we have 
(0,0, =0 i, j2l...,n (8.3) 


so that 02 =0, and consequently any function f(0,, ..., 0,) may be expanded in 
a power series in the 0; which terminates when there are at most n factors, 
0,0, ... 0,. As discussed in Chapter 3, integration has the properties 


| do,=0 (8.4) 


| d6,0,— 1 (8.5) 


(where no summation on i is implied) and multiple integrals are interpreted as 
iterated integrals. We now consider a Gaussian integral over n Grassmann 
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variables 
Iz foo, ...d6, exp( -39TA9) (8.6) 


where A is a real antisymmetric matrix, and © is the column vector with 
components (9,,..., 0,). We must not take A to be a symmetric matrix here as 
we did in Chapter 1, otherwise (8.3) will immediately imply that the integral is 
zero. Each non-zero term in the expansion of the exponential in (8.6) involves a 
even number of factors of 0; which must all differ because of (8.3). On the other 
hand, when n is odd, there is an odd number of factors d0. There must therefore 
be at least one factor f d0; where the integrand is 1. Thus, using (8.4), 


I,20 for n odd. (8.7) 


When n is even, the only term which need be retained in the expansion of the 
exponential in (8.6) is the one which involves n factors of 0. Terms with more 
than n factors of 0 are immediately zero because of (8.3). Terms with less than n 
factors of 0 give zero upon integration because there is at least one factor f d0; 
where the integrand is 1. Thus for n even, 


1.=(ao,...40—_(—! etme)” 
Po EU aO 2 
= (det A)!/2. (8.8) 


One easily convinces oneself of the correctness of this last step (see Berezin!) 
by starting with the simple cases n = 2 and n= 4. We may also use (8.8) for 
n odd consistently with (8.7), because the determinant of an antisymmetric 
nxnmatrix with n odd is zero. It is worth noting at this stage that a positive 
power of the determinant occurs in (8.8) whereas in (1.2) it was a negative 
power that arose. 

Generalising to the case where the integration is over the continuous infinity 
of components of a (Grassmann) function (x), instead of over the finite 
number of components of the column vector O, we obtain the path (or 
functional) integral 


| Dw ew -i Je | dxy(x')A(x’, 396) - ide A)!? =exp(4 Tr In A). 


(8.9) 


A useful extension of (8.8) is to include a linear term in the exponent in (8.6). 
We then obtain 


fao, ... d9, exp( -40°AO + p'O) —-exp Tr In A)exp(—4p'A™'p) (8.10) 


where p is a given column vector consisting of Grassmann variables 
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(04... ., Pn). Thus, in addition to (8.3), we have 


io» p} =0= {pi 6j). (8.11) 


Equation (8.10) may be derived from S 8) by completing the square and 
changing variables. Thus 


9'A0 —2570 — (0 - A7! g A(O - A^! p) - A^! p (8.12) 


where we have used the antisymmetry of the matrix, A, and we then make the 
change of variables 
09'-O0-A'!p. (8.13) 


E V exp( -i fax faa, x)YAx) + I) 


=exp(4 Tr In A) exp( —4 few | dxp(x’)A~1(x’, 2) (8.14) 
where p(x) is a given (Grassmann) function. 

So far we have been discussing real Grassmann variables 6,, .. ., 0, or a real 
Grassmann function w(x). In the case of complex Grassmann variables, the 
generalisation of (8.6) and (8.8) is 

foe 46, ... | d0* dé, exp( — O'AO) = det A (8.15) 


where A is a skew Hermitian matrix and we define integration over complex 
variables by 


| dř d0, =2 Jae 0) d(Im 0)). (8.16) 
The corresponding path integral is 
fora ew = | dx’ firwat, 7) =det A=exp(TrinA). (8.17) 
If a linear term is included in the exponent, the generalisation of (8.14) is 


foray exp( = fox foroa, VQ) + fastor = 20) 


=exp(Tr In A) ew - f dx’ f dxp*(x')A ^ !(x', o). (8.18) 


In the next sections, we shall find it convenient to work in four-dimensional 
Minkowski space. In that case, (8.17) is replaced by 


foray exp Je fasws, sits) = det(iB) = exp Tr In(iB) (8.19) 
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where B is Hermitian, and (8.18) is replaced by 
fow ep ave fastos, xx) 
+i f d*xLe* GG) eV G0ot9) 


=exp Tr In(iB) exp( —i | d*x’ fasors- 1(x', sats) (8.20) 
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In analogy with (4.47) we write the generating functional 
Wio, g]=N' [oov expi Jesse +yo+a) (8.21) 


where o(x) is an external source which is a Grassmann variable, and the 
normalisation factor N’ is to be chosen so that W= 1 when o=0. We have not 
added a small term quadratic in the field as in (4.47), because for integration 
over Grassmann variables this does not provide a convergence factor. The 
ambiguity arising from the definition of the path integral will be discussed 
later. 

Green functions may be defined by 


GOX., Xn pss 


= OT) . .. Hab) -P)O (8.22) 


where yj denotes a field operator, and the time ordering operation T is defined 
for Dirac fields so that it not only reorders the fields in chronological order (as 
for scalar fields), but also introduces a minus sign each time two Dirac fields 
have to be transposed in the reordering. (This is necessary because of the 
anticommuting nature of Grassmann variables.) The Green functions are 
related to the generating functional W{o, a] by 


52 Wo, 5] 


12n«g(2n) . = nic. E 
I$ nais Ye Ya) 83(x,) ...96(x,) ôo)... da(y) 


(8.23) 


G2” is antisymmetric in the indices x,, and in the indices y; (as appropriate for 
fermions) because 
ô? 8? 


Sol) óx) olx) dotx,) (8.24) 
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8.3 Propagator for the Dirac field 


It is possible to evaluate exactly the generating functional for the free-field 
theory of a Dirac field, much as for the free-field theory of a scalar field. From 
(3.81), the appropriate free-field Lagrangian is 


L = Wx)liy*d, -my (x). (8.25) 


This Lagrangian must be substituted in (8.21) to obtain the generating 
functional. This is of the form 


W[o,6]— N' f DYDY exp fave Jason, xx) 


+i | d^x[V/(x)o(x) + fo) (8.26) 
with 
B(x',x)e (—iy"0; — m)ó*(x' — x) (8.27) 


where 0% signifies that the differentiation is on x rather than x’. Using (8.20), 
W[o, 6] - exp - i | d*x’ f d*x6(x’)B™ (x’, x)o(x) (8.28) 


where we have chosen the constant of proportionality so that W[o,¢]=1 
when c =0. (It is easy to check that replacing y* by y? and o* by g=o'y® in 
(8.20) does not affect the result. Thus 


W[o,6] —exp -i fare f d4*x6(x’)S_(x" —x)o(x) (8.29) 
with 
Sx’ —x) = B^ !(x, x) (8.30) 


the propagator for the Dirac field. We may construct the inverse B^ '(x’, x) by 
Fourier transforming: 


B " 2 dtp e o -» j- 8.31 
w= as (j-m 31) 
implies that 
d^p  ,,, (fm) 
-ify Z -ip:(x' —x) 
B !(x,x) lee e Pme (8.32) 


Thus, 


d* 
see (az ze zc ul m (8.33) 
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We notice that an ambiguity has arisen because of the pole at p? — m?. This 
ambiguity may be resolved by analogy with (4.45) for the scalar case by 
introducing ie. Thus we write 


d* m 
Tire A aar AaS) (8.34 
with 
S= Emi. (8.35) 


It is possible to justify this prescription by continuing to Euclidean space to 
carry out the evaluation (as for the scalar case). 


8.4 Renormalisable theories of Dirac fields and scalar fields 


As is discussed in Chapter 7, for a field theory to be renormalisable it is 
necessary that there should be only a finite number of primitively divergent 
diagrams. When this criterion was applied to scalar field theories in four 
dimensions we were restricted to terms involving not more than four powers of 
9 in the Lagrangian. We shall now apply the criterion to theories of a Dirac 
spinor field y and a scalar field q. 

Consider a theory in which there are interaction vertices (not involving 
derivatives of fields) with various numbers of fermion and scalar boson lines. 
In general, let an interaction vertex have Ng boson lines and Np fermion lines. 
The (superficial) degree of divergence D of a Feynman diagram with Ij internal 
boson lines, J; internal fermion lines, and L loops is 


D-4L—2lIg — Ir (8.36) 


(with the fermion propagator as in (8.35)). We shall express D in terms of the 
number of external lines and the number of vertices. Let a given Feynman 
diagram have V(N,, Np) vertices with Ng boson lines and Np fermion lines 
attached, let there be Eg external boson lines and Ep external fermion lines, let 
the total number of internal lines be J, the total number of external lines be E, 
and the total number of vertices be V. Then the following relations hold: 


Ex+2Ig= Y, V(Ns NPN» (8.37) 
Ng, Ng 

Ep+2Ip= Y, V(Ns, Ng). (8.38) 
Ng.NrF 

V= Y VN, Nj (8.39) 


Ng,Nr 
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I-—lg lH (8.40) 
E= Ep + Ep (8.41) 

and as before (Chapter 7) 
L=I-V+1. (8.42) 


Using (8.37)-(8.42) we see that 


D—4—Eg—3Egt Y, V(Ns, NGNz-- Ns — 4). (8.43) 
Np.Ne 
For a renormalisable theory we want to avoid interaction vertices which lead 
to the degree of divergence of a diagram growing with the number of vertices. 
We must therefore restrict ourselves to interactions for which 


3Np+N,—4<0. (8.44) 
The solutions of (8.44) are 
N;=0 Np <4 (8.45) 
as in Chapter 7, 
Ngy-0 Np=2 (8.46) 
and 
Nz=1 Ny=2. (8.47) 


(The apparent solution Np = 1, Ng =2 is inconsistent with angular momentum 
conservation.) There are thus no renormalisable pure fermion interactions. 
(The solution (8.46) is just a mass term.) The only renormalisable interactions 
of fermions with scalars are given by (8.47). For a Dirac spinor field y, and a 
scalar field c, the explicit interactions allowed are Yukawa interactions of the 
form yo and Wyo. In either case we represent the interaction vertex as in 
figure 8.1. 


Figure 8.4 Yukawa interaction vertex. 
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If we were to allow derivatives of fields in the interaction vertices, this would 
only lead to a degree of divergence growing more rapidly with the number of 
vertices, and there are no renormalisable derivative interactions of Dirac fields 
and scalar fields. 


8.5 Feynman rules for Yukawa interactions 


In §6.1, Feynman rules have been developed for a theory involving only scalar 
fields. Now that the theory involves both Dirac and scalar fields, a slight 
generalisation of the formalism of Chapter 6 is required. The generating 
functional depends on both scalar and spinor sources 


W[J,o,6] — N' [ooo expi fae +Jo+Wo+ay) (8.48) 


where Z depends on ¢ and y. The normalisation factor N' is to be chosen so 
that W=1 when J «0, c —0. In the free-field case, it follows from (4.43) and 
(8.29) that 

W[J,o,6] - WIJ, o, 0] = ew - E dyJ(x)Ap(x — y)J o» 


2 
x ew —i E dyo(x)Se(x — y)o( ») (8.49) 
In (8.48), we separate Z into a free-field part and an interaction part: 
L= + Ale, V. V). (8.50) 
Then 
expi [a2 Jod o) 


= ev(i faze. V, D) exp [axe +Jo+ Wot ep) (8.51) 


The expansion in powers of the interaction may conveniently be made by 
observing that 


2. expi [awe 09 yo t oy) 
da(y) 


= —if(y) expi fax +Jo+Wo+aw) (8.52) 


104 QUANTUM FIELD THEORY WITH FERMIONS 


and 


- erpi faxt e 7o Be eoi) 
óe(y) 


=iy(y) expi fes, +Jo+Wo+aw). (8.53) 
The minus sign in (8.53) relative to (8.52) arises because ó/óc and ý 


anticommute, being Grassmann variables. Taking (8.52) and (8.53) together 
with (6.7), we have 


( | dx Zo, V, P (eo i ax TJ do e) 


= [axa -i = -i =, i se i fouz +Jo+Wo+ ^n, (8.54) 


From (8.54), (8.51) and (8.48) it follows that 


: ô .0 6 
WL, ed-egi Jexe(-iz. “i ig) [mots 0,6]. (8.55) 


The perturbation series is now obtained as in Chapter 6, by expanding the 
exponential. We need to know the functional derivatives of W, with respect to 
the sources. These are obtained from (8.49). Thus 


ôW, , 
$69 -( ~ fosis = sa) Wo (8.56) 
WS en 

do(x) - (je EVS — ») Wo (8.57) 


and ô W,/ôJ(x) is given by (6.12). It is important to notice that there is an extra 
minus sign in (8.57) arising because ó/óc and c anticommute, being 
Grassmann variables. Proceeding in strict analogy with Chapter 6, we obtain 
the additional momentum space Feynman rules for diagrams involving spin 
1/2 particles with Yukawa interaction 


dgio (8.58) 
with y=} or ys. 


1 With each fermion line carrying momentum p there is associated a factor 
iSs(p) 


uw : €Kfc-mp-m?-ie). 
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2 With each vertex there is associated a factor —igy 


—igy 


where p5 — p; —p,. i ; 
3 For each closed fermion loop there is a factor — 1. 


Because the fermion propagators and vertices are matrices we must be 
careful to maintain the order of the lines and vertices in the diagram. The rules 
for scalar lines and vertices involving only scalar particles are as in Chapter 6. 
It should be noted that a theory of scalar and spin 1/2 particles interacting 
through a Yukawa interaction will also necessarily involve a q* interaction. 
This is because there are diagrams like figure 8.2 contributing to the 
renormalised * vertex. 


7 
N 
Vis 3 
7 N 
N 


Figure 8.2 Contribution to renormalised ° vertex. 


The way in which the Feynman rule assigning a minus sign to closed 
fermion loops arises may be illustrated by considering the scalar meson two- 
point function, G(p, — p). This has a contribution from the diagram of figure 
8.3. The relevant terms in W[J, 6,6] for the derivation of this diagram are 
given by 


-————-— io 


q-p 
Figure 8.3 Contribution to scalar meson two-point function. 
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(8.55) and (8.58) as 


ó ô 
W[J, 6, j= -2 are T P5609 san) 


ô ô ô 
d (zig? sa ing) n ud (8.59) 


Using (8.56), (8.57) and (6.12), we obtain 


Eu UN IR NUN EUN 
WU, 0, 6]="> eee P $809 9X 5) 
x fo fos dy; dy3a(y,)L —iS-(y, — E — iS — y2)]o(y2) 


x [-iAs(y - y3)]J(y3)WoLJ, 0, 6]. (8.60) 


A crucial extra factor of — 1 arises because of the difference in sign between 
(8.56) and (8.57). The diagram in which we are interested corresponds to two 
external boson lines, but no external fermion lines. We are therefore interested 
in the terms in W[J, c, g} with two factors of J and no factors of c, c. The 
derivatives ó/óo(x) and ó/óo(x) must therefore be allowed to act on the fermion 
sources o(y;) and 6(y,) rather than on Wo[J, c, 6] in (8.60). The term we want is 
therefore 


2 
W[J,o,60]— A f dy; dy4[—itAp(x — y4J]E—- iAc(y — »33J04)J(y3) 


x LiS p(x m Wag? pL —iSk(y rs x) Jys 50 WIJ, e, e] T... (8.6 1) 


No further minus signs arise at this stage from ó/óo(x) and 6/56(x) because o 
and c are already in the correct order for immediate differentiation. To 
proceed from (8.61) to the momentum space Feynman rule for this diagram is 
now exactly along the lines of Chapter 6. The effect for this diagram of the 
anticommuting nature ofthe Grassmann fields has been an overall minus sign, 
as required by the third Feynman rule above. 


8.6 Massless fermions 


As we have seen in Chapter 3, massless fermions such as the neutrino which 
possess only a single helicity state may be described by two-component Weyl 
spinor fields. For a left-handed Weyl spinor field y, we may write the 
generating functional 


W[og, oh] — N' fonan expi fae ctxÓbea-colx) (8.62) 
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where the source o,(x) is a right-handed Weyl spinor. In the free-field case the 
Lagrangian is 


L Hil "ô X (8.63) 
where 
=(I, —o). (8.64) 


Following steps exactly analogous to those of §8.3 we obtain the momentum 
space propagator 


Sip) = ore r 57 Pa ti) 1 (8.65) 
where 
c" — (lo). (8.66) 
For a right-handed Weyl spinor field y the free-field Lagrangian is 
L -iylo"O xa (8.67) 


and the momentum space propagator is 


"Py 
Sp) ms gT tis) (8.68) 
An alternative procedure for massless fermions is to use the propagator of 
(8.35) in the zero mass limit. For m — 0, 


S(p) > — (p^ ic) !. (8.69) 


(p^ +ie) 
For calculations at zero temperature and density this procedure is satisfactory 
because the vertices involving neutrinos in electroweak theory always involve 
a factor 1(1— y5) which projects out the left-handed part of the propagator in 
any neutrino loop. However, at finite temperature (or density) the use of a 
massless Dirac propagator for the neutrino can lead to errors corresponding 
to the thermal (or Fermi) energy of unphysical right-handed neutrinos. In such 
cases, it may be safer to use Weyl spinors for massless fields. 


8.7 Scattering amplitudes with fermions 


By analogy with $6.4 for scalar fields, we obtain a (Lorentz invariant) 
scattering amplitude involving fermions by calculating a (momentum space) 
Green function with the appropriate external legs. (See problem 8.3.) The 
propagators associated with external lines should be divided out as for opi 
Green functions, but all connected diagrams, not just one-particle irreducible 
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ones, should be included. The only essential difference from the scalar case is 
that incoming external particle (antiparticle) lines for fermions will have 
associated factors u( p, s)(0( p, s)) and outgoing lines will have associated factors 
u(p, S)(v(p, s). These arise because in the analogue of (6.45) and (6.46), the free 
fermion fields contain factors of u(p,s), v(p,s), u(p,s) and ù(p,s) from the 
expansions in Fourier components (3.87) and (3.93). These factors remain after 
carrying out differentiations with respect to a(p, s), b*(p, s), a*(p, s) and b(p, s) 
in the analogue of (6.50). Because of the antisymmetry of Green functions 
under interchange of identical fermions, the scattering amplitudes have this 
antisymmetry when external fermion lines are interchanged, as one should 
expect. 

As an example of a scattering amplitude calculation, consider the scattering 
of two identical fermions with a Yukawa interaction given by (8.58). At lowest 
order, the two contributing diagrams are as in figure 8.4, where 1, 2, 3, 4 label 
the momentum and spin degrees of freedom of the fermions. The contributions 
of these two diagrams to M,,,, ,,,, differ by a-sign because of the antisymmetry 
of the amplitude under interchange of the two final fermions. 


Á 


Figure 84 Contributions to fermion-fermion scattering. 
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The invariant amplitude is 
M poan = IJ (Gps. 53)yu(p1, 51) pa. 54)yu( P5 53)[(p3 — 01 — 7] ! 
— (pa, Sa)yu(p1, $,)U( Ps, $3)yu( P, S3) [(D4 -p» -4?] i ! (8.70) 


As in $6.5, the differential cross section may now be calculated (see problem 
8.4) using the usual gamma matrix trace theorems of relativisitic quantum 
mechanics’, and being careful to include a factor of 4 to allow for identical 
fermions in the final state. 
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Problems 


8.4 Derive (8.8) for n=2 and n=4. 


8.2 By analogy with Chapter 6, derive the Feynman rules for fermion Green 
functions, listed after (8.58). 


8.3 Carry out in detail the derivation of the Feynman rules for scattering 
amplitudes involving fermions described in $8.7. 


84 Calculate the differential cross section in the centre-of-mass frame for 
scattering of identical fermions by a Yukawa interaction (with y —1 or ys), 
taking the incident fermions to be unpolarised. 
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9 
GAUGE FIELD THEORIES 


DOI: 10.1201/9780203750100-9 
9.1 Abelian gauge field theory 


So far we have been dealing with field theories involving only spin zero and 
spin 1/2 particles. We now wish to include spin 1 particles. We shall restrict 
attention to massless spin | particles. The reason for this is that it turns out for 
the non-Abelian case (Yang-Mills theories!) that renormalisability of the field 
theory requires the vector fields to be massless in the first instance. The masses 
of the vector fields are generated at a later stage through certain scalar fields 
(Higgs scalars) acquiring vacuum expectation values, as we shall see in 
Chapter 12. 

The earliest field theory involving massless vector fields is quantum 
electrodynamics (QED), the theory of the electromagnetic interactions of 
particles. For the interaction of a Dirac field with the electromagnetic field, the 
Lagrangian density takes the form 


L = Wiy"d, -mY —4F,,F" Uy vA, (9.1) 


where we have used (3.81) and (3.118), and have inserted the electromagnetic 
current (3.112) for a spin 1/2 particle of charge q. 

It is possible to arrive at this form of Lagrangian using a principle called 
gauge invariance which is fruitful in suggesting generalisations. Suppose we 
start from the Lagrangian for the free Dirac field 


4, = Wiy"d, —m)y. (9.2) 


As discussed in §3.4, this Lagrangian is invariant under the phase 
transformation 


W(x) > e^ W(x) (9.3) 


where A is an arbitrary real number, the same for all values of x. We might 
generalise this global symmetry of the Lagrangian to a local symmetry, if we 
could arrange invariance under the transformation 


Wx) 2 e^? y(x) (9.4) 


where A may now depend on x, ie. we have an independent phase 
transformation for each point of (four-) space. This is referred to as Abelian 
gauge invariance. (Abelian because there is no non-trivial group theory 
involved.) The Lagrangian of (9.2) is not, however, invariant under this local 
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symmetry. In fact under the transformation (9.4), 
L, > L ty y ôA. (9.5) 


If we wish to insist on gauge invariance it is necessary to add more terms to the’ 
Lagrangian. This may be done as follows. The derivative in (9.2) is replaced by 
a covariant derivative D, defined by 


D,w=(6, t igA,)V (9.6) 


where A, is a vector field referred to as the gauge field. The vector field is then 
required to have the transformation property - 


A, — A, 0,A (9.7) 


under the gauge transformation which acts on y according to (9.4). We then 
see that D, transforms in the same way as V 


D,Y > e^ D y. (9.8) 
Thus, the Lagrangian 
£,- "D, —my (9.9) 


is gauge invariant. 
It remains to include gauge invariant terms for the vector field A,. It follows 
immediately that 


F,,70,A,—0,A, (9.10) 


is invariant under the gauge transformation (9.7). Thus, we may write the final 
gauge invariant Lagrangian 


L=Wiy"D, -mY —iF,,F" (9.11) 


where we have build a Lorentz scalar from F,,, and included a factor of $ to 
give a conventional normalisation of the field. With the definition of the 
(gauge) covariant derivative given by (9.6), this is just the Lagrangian density 
for the interaction of a Dirac field with the electromagnetic field, as in (9.1). 

This Lagrangian density describes a massless vector field. We might ask 
whether it is possible to give the vector field a mass, while maintaining the 
gauge invariance. The answer is ‘no’, because the mass term A,A” is not 
invariant under the gauge transformation of (9.7). Thus a gauge invariant 
Lagrangian describing the interaction of a vector field with a spinor field 
necessarily means a massless vector field. However, we shall see later that there 
is a way round this, by introducing scalar fields, some of which develop 
vacuum expectation values. 
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9.2 Non-Abelian gauge field theories 


Suppose we want to construct a theory of a number of Dirac spinor fields y, 
i=1,..., p interacting with a number of vector fields 4^, a— 1,..., r. It will be 
convenient to assemble the Dirac fields.into a column vector which we shall 
denote by y. A gauge invariant theory may be set up by giving each of the 
Dirac fields a ‘charge’ for its coupling to each vector field A‘, and proceeding 
exactly as in the last section. This is then a theory of r Abelian gauge fields. 

It is natural to ask whether there might not be generalisations!:? of the 
principle of gauge invariance which differ from simply having r distinct 
Abelian gauge field theories, as above. To explore this conjecture, we first 
generalise the gauge transformation of (9.3) to 


W(x) > e TAM yx) (9.12) 


where the T, are p x p matrices which act on the column vector w(x), the A,(x) 
are arbitrary functions of x, a sum over a is understood, and g is eventually 
going to be a coupling constant. (If the matrices T, are all multiples of the 
identity, then we will simply have a succession of Abelian gauge 
transformations like that of (9.4).) More succinctly, we write 


W(x) > e 9^ Yx) (9.13) 
where 
T- A(x) S T, AG). (9.14) 
By analogy with (9.6), we write 
D"y — (0" +igT- A". (9.15) 


(As before, each function A,(x) is replaced by a vector field A‘, to define the 
covariant derivative.) The development is easier if we now consider an 
infinitesimal gauge transformation 


W(x) ^ (0l -igT - A(x). (9.16) 
Under this infinitesimal transformation 
ot — (1 —igT- A)O^y — ig(T - OA). (9.17) 


We now adopt a gauge transformation property for the gauge fields 
At — AË + O" A, afa AVAL , (9.18) 


where fie are some constants. This is analogous to (9.7) except for the last 
term, which has been introduced to give the gauge fields an opportunity to 
fulfil their role of cancelling out the unwanted terms in (9.17). We want the 
covariant derivative of y to transform in the same way as yr. 


D^y > (l —igT- A)D^y. (9.19) 
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This will occur provided 
[T A, T: A*]=if,,T,A,A?. (9.20) 
Consequently, 
Me Te] = ave Va. (9.21) 


If we assume that the coefficients f» are antisymmetric in all indices, then this 
may be written as 


[T,, T.] = I" Va: (9.22) 


Thus, the matrices T, give a representation of the Lie algebra with structure 
constants fj. (The assumption of antisymmetry of fae in its indices is 
necessary to obtain invariant terms for the gauge fields. Antisymmetry in the 
indices b and c is evident.) If we take a gauge transformation with constant 
A, (x) in (9.18), we see that the gauge fields transform as the adjoint (or regular) 
representation of the Lie group. 

It is sometimes convenient to use the finite gauge transformation of (9.13) 


W(x) > U(x)p(x) (9.23) 
where 
U(x) =e7 9T ^9, (9.24) 


The corresponding finite gauge transformation on the gauge fields may be 
developed from the infinitesimal transformation of (9.18). We first introduce 
the p x p matrix 


A^— AIT, — A" T. (9.25) 


Multiplying (9.18) by T,, and using (9.21), the infinitesimal transformation 
becomes 


A" > A" +T- A —ig(T- A, A^]. (9.26) 
This corresponds to the finite transformation 
A"(x) > UGJ(A"(x) —ig *0*)U "!(x) (9.27) 


taken to linear order in A,. 

Next we construct a gauge invariant Lagrangian for the gauge fields 
themselves. To do this we shall need an object F7" with two Lorentz indices 
which transforms in a covariant way under the gauge group. This may be 
constructed directly from the covariant derivative of (9.15) by defining 


F"-F"T,--—ig ![D'D']. (9.28) 
Thus 
FY = 6" A! — Q' A" +igf A", A*] (9.29) 
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where we have dropped a total derivative, or equivalently 
FE = 0" A, — 0" AE — g fabe 45A; (9.30) 


where we have used (9.21). We notice that (9.30) is independent of the fermion 
representation chosen in (9.25). 

The transformation property of F"' under the gauge group derived from 
(9.27) is 


F*"(x) > U(x) F” (x)U T t(x). (9.31) 


A gauge invariant Lagrangian .Z y for the gauge (or Yang-Mills) fields may 
now be written down. It is usual for this purpose to use the generators t, for the 
fundamental representation of the gauge group in (9.25). Then, correctly 
normalised, 


Luu = TF pF”) (9.32) 
or equivalently . 
Lig = —1F Fi. (9.33) 


The equivalence of these two forms follows from the conventional 
normalisation of the generators of the gauge group, which gives for the 
fundamental representation 


Tr(t,t) -35,,. (9.34) 


Summarising, we may write down gauge invariant Lagrangians, for Dirac 
spinor fields interacting with vector gauge fields, of the form 


L -J(y'D,—my —3 Tr(F,,F") (9.35) 
or equivalently 
£-J(yD,—my-iF,Fr. (9.36) 


Here, the covariant derivative D, is given by (9.15), and the covariant curl F,, 
(or Fi) by (9.29) and (9.25), with T, replaced by t,, the generators of the 
fundamental representation, (or (9.30). The gauge fields transform as the 
adjoint representation of some Lie group (referred to as the gauge group), and 
the spinor fields transform as some representation of the gauge group with 
matrix generators T,. We may, of course, include further Dirac spinor fields, 
transforming as chosen representations of the gauge group, in the same 
fashion. As for the Abelian case, it is not possible to construct gauge invariant 
mass terms, and the gauge fields are necessarily massless. However, we shall 
discuss in Chapter 12 a method for generating masses for the gauge fields, if 
required, by using scalar fields some of which have non-zero vacuum 
expectation values. We shall also discuss situations where the left- and right- 
handed components of Dirac fields transform as different representations of 
the gauge group. 
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If the gauge group is a simple Lie group (e.g. SU(N)) then there is a single 
gauge coupling constant g. However, if the gauge group is a semi-simple one, 


which can be written as a product of simple factors (e.g. SU(2) x SU(2)) then 
there are independent gauge coupling constants for the various simple factors. 


9,3 Field equations for gauge field theories 


The Euler-Lagrange equations corresponding to the Lagrangian (9.36) are 


o" x -2f (9.37) 
and 
ó4 OL 
Ó' FEN Er (9.38) 
It is easy to check that (9.37) leads to 
OF fy — abe Ab Fan = gy" T a. (9.39) 
This can be written neatly in terms of the covariant derivative of a gauge field, 
D“ A”, = 0" A; — gf Ab A; (9.40) 
which arises from (9.15) with the replacement 
(T2) > — ifa (941) 
for the adjoint representation to which the gauge fields belong. Thus, (9.39) is 
D'F,- gwy"Tw. (9.42) 
The other Euler-Lagrange equation (9.38) leads immediately to 
(^D, —m)y «0 (9.43) 


where D, for the fermion fields is as in (9.15). 
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10.1 Quantum chromodynamics 


We shall see later that quantum electrodynamics (QED) can be unified with the 
weak interactions leading to a gauge field theory (electroweak theory) based 
on the non-Abelian group SU(2) & U(1), with independent coupling constants 
for the SU(2) and U(1) factors. For electroweak theory, it is necessary to 
generate masses for the gauge fields, through scalar fields with non-zero vEvs. 
This is discussed in Chapter 12. 

The theory of strong interactions, quantum chromodynamics (Qcp), is based 
on the colour SU(3) group. This is a group which acts on the so-called colour 
indices of the quarks. Each flavour of quark u, d, s, c, b,... comes in three 
‘colours’ labelled 1, 2, 3 which form a basis for the three-dimensional 
representation of colour SU(3) The colour degrees of freedom were 
introduced, in the first instance, to allow three quarks to be in an s-wave 
ground state, consistently with Fermi statistics, by having a colour singlet 
wave function antisymmetric in the colour indices. It was later observed that if 
this group were gauged, it might provide a theory of the strong interactions, 
while the flavour degrees of freedom are more closely related to the gauge 
group of the weak and electromagnetic interactions. In the case of ocp, it has 
been thought possible to live with massless gauge fields. This possibility rests 
on the hypothesis of colour confinement, namely that colour degrees of 
freedom are never observed, and all observed particles are colour singlets (at 
least at low density and temperature). We shall have more to say about this 
later. In what follows in this chapter we shall discuss a general simple gauge 
group with the example of Qcp, where the gauge group is colour SU(3), in 
mind. 

In Chapter 15, the possibility will be discussed of combining electroweak 
theory and ocp into a single gauge theory, referred to as a grand unified theory. 


10.2 Problems in quantising gauge field theories 


The simplest guess to quantise a (non-Abelian) gauge field theory would be to 
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write for the generating functional 
WIJE] «c [o^ exp i^! | d*x[ Lyng At) + JAn] (10.1) 


where the x° integration is from — oo to oo, and a continuation to 
Euclidean space is expected to make the path integral well defined. The 
Lagrangian Z^ is as in (9.33), and f 2 A" is used as shorthand for [], DA‘. 
Unfortunately (10.1) is unsatisfactory for several reasons. 

First, if we proceed with this generating functional in the free-field case, 
g — 0, we arrive at 


W[J^]— exp( —lih! f d*x’ favs aX DEUX", xX) „0 ) (10.2) 


where 
DE x", x) = ab DE (X', x) (10.3) 
with 
l a eoo 
DË (x, x)= | On) e 0 -» ep) (10.4) 
and 
[DE] = — p?g^ + p^p". (10.5) 


In order to invert (10.5) we have to separate in terms of the transverse and 
longitudinal projection operators 


Pi (p) g^ — p'p'/p? (10.6) 
and 
PE(p)= p^ p'[p?. (10.7) 
Thus 
[DF(9)] = - p? P? (p) + OPE(p). (10.8) 
Inverting gives 
De(p)  —(p^) ! Pf(p)- O^! P'(p) (10.9) 


where it is understood we will have to introduce the usual ie in the 
denominator. The second term in (10.9) is infinite, and so the Feynman 
propagator for the gauge field theory makes no sense. 

Second, we should not really have expected a sensible result because (10.1) is 
overcounting degrees of freedom. In (10.1) we are integrating over all A/(x) 
including those that are connected by a gauge transformation. Consider the 
case J/-—0 for all a. Then because ¥,, is invariant under gauge 
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transformations, the integral is constant over the infinite surface in gauge field 
space obtained from a given A^ by applying all possible gauge 
transformations. The contribution to the path integral corresponding to 
integrating over this surface is therefore infinite. We must find some way of 
separating out this infinity. 

Another closely related way of looking at the problem is to say that the 
action does not depend on all the components of the gauge field. In the free- 
field case g — 0, we may Fourier transform the gauge fields to obtain 


d^p 
[ats =2 dre )* Atp — p Guy + p,pJÁX — p) (10.10) 


where we have written 


dtp 
4 | oar ene * Ap). (10.11) 


In terms of the transverse and longitudinal projection operators of (10.6) and 
(10.7) 


| d'x £y, — —4 re Qn a Alp) Pip) A — D). (10.12) 
Thus the action depends only on the transverse components of the gauge field 
Ay, (P) = Pr (D) Asp) (10.13) 

and not on the longitudinal components 
Ar (p) = Pph p) AND). (10.14) 


The path integral integrates over all the components of A. Since the action 
does not depend on some of these components, an infinity is bound to arise. 


10.3 An analogy with ordinary integrals 


Before showing how to overcome the problems discussed in $10.2, we discuss 
an analogous situation which arises in connection with ordinary integrals 
rather than path integrals. This illuminating analogy has been particularly 
emphasised by Coleman’. Suppose that S is given as a function of m+n real 
variables x; (i=1,...,m+n) but that S depends on the last n variables 
Xm+ir++->Xm+q_ but not on the first m variables x,,...,x,. The variables 
X15 Xm+n Model the transverse components of the gauge fields, the 
variables x,,...,x, model the longitudinal components, and S models the 
action. Write 


W= Jas T f dx, an €. (10.15) 
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This would model the generating functional of (10.1) for zero sources, and 
would be infinite because S does not depend on all the variables of integration. 
(The integrations are understood to be from — oo to oo.) Suppose we consider 
instead 


W= [ager fan... es (10.16) 


which integrates over only the variables on which S depends, and which we 
assume is finite (at least after continuation to Euclidean space in some sense.) 
This can be recast as an integral over all the variables x,,...,x,,,, by using 
Dirac 6 functions. 

Let 


xm fepe Xan) (i=1,...,m) (10.17) 


define an arbitrary surface. Then we may rewrite (10.16) as 


w= [as finne il ó[x;— fX 1... XQ u)]. (10.18) 


If instead we are given (10.17) in the implicit form 
F AXi,- -ss Xm Xp 1» Xm 25) =O (i= 1,...,m) (10.19) 


for more appropriate functions F; then we can recast (10.16) in terms of the F; 
as follows: 


We [agers [ns far, far, eS [l O(F;) (10.20) 
i=. 


changing variables from F,,..., Fm to x4,..., Xm gives 


Ñ= fax. Jess san 1) FT oro (10.21) 


The determinant is for derivatives of F,,..., Fa with respect to x,,...,x,, and 
because of the Dirac 6 functions we need evaluate the determinant only on the 
surface defined by (10.19). The Faddeev-Popov quantisation procedure for 
gauge fields is the analogue of (10.21). 


10.4 Quantisation of gauge field theory 


A procedure which overcomes the difficulties discussed in §10.2 has been 
devised by Faddeev and Popov?. We shall be considering how to amend (10.1) 
so as to make it well defined and, for simplicity, we shall discuss the path 
integral for zero source terms. There are some additional difficulties when the 
sources are included which we shall mention at the end. As discussed in 
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Chapter 9, the action 
STAy]= [ax dy) (10.22) 


is gauge invariant, where Z is as in (9.33). Let us denote by A}, the gauge 
fields obtained from A,, by the finite gauge transformation specified in (9.24), 
(9.25) and (9.27). The gauge invariance of the action means that 


SLAY] - SLA,,]. (10.23) 


The difficulties discussed earlier arise because we overcount degrees of 
freedom by integrating over gauge fields which are connected by a gauge 
transformation. If we could factor out, from the path integral, a path integral 
over gauge transformations, then we might resolve the problem. The general 
guage transformation is associated with 


U(x) = e- T^ (10.24) 


as in (9.24) and is determined by the gauge parameters A,(x). We shall adopt the 
notation f ZU to denote an integration over the gauge group elements in some 
sense, and we shall try to factor out this path integral. It is possible? to define 
f 2U in such a way that 


[aurei [2urtv u] (10.25) 
where f[U] is any functional of U(x), and U(x) is a fixed gauge 


transformation. In the case where the integration is restricted to an 
infinitesimal region we may take 


QU =|| 2A.. (10.26) 
To check the correctness of (10.25) is to check that 
Je U"f[U"]— fav FUU] (10.27) 
where 
U"= UU’. (10.28) 
This is indeed the case for infinitesimal regions with the GU of (10.26) because 
0^; 
? |z 14 O(A?). 10. 
E +O(A) (10.29) 


(See problem 10.1.) 
In the end we want to replace (10.1) by a path integral that does not integrate 
over gauge fields which are connected by a gauge transformation. In other 
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words, we want to have a path integral which remains in a definite gauge. Thus, 
we want to be able to introduce a gauge fixing term as in (3.130a) for the 
Abelian case. Generalising (3.128) a little, we may think of a choice of gauge as 
a set of conditions 


F(A)=0 (10.30) 
which may involve the derivatives of the gauge fields. The gauge choices in 
which we shall be particularly interested are given by 

F (As) = 0, At —f,(x)=0 (10.3 1) 


where the f,(x) are some given functions of x. With a view to importing the 
required gauge fixing term, consider the functional 


A[4,,] = | ZU&[F. A0] (10.32) 


where a functional delta function has been introduced, and for compactness of 
notation we write 


ó[F,] | [ 9LF.1. (10.33) 
The functional A is invariant under gauge transformations: 
ALAN] - ALA;, ]. (10.34) 
The proof is brief: 
A[AT] = | 2UO9[F.( A9) )]. (10.35) 


Using (10.25) the result follows. The inverse of A will have the defining 
property 
^^1![A,,]AL4,,] = 1. (10.36) 


With the aid of (10.36) and (10.32) the path integral we want may be recast as 


| 2A" exp (i | a: 24) = f DAP ead 


- | 2 A"A^1[A,,] | 2U9[F,(A5,)] e. (10.37) 


Using the gauge invariance of the action and of A, as in (10.23) and (10.34), 


| DA" SMa] — i DAA [Ay] | QUOLF,(Ap,)] 41, (10.38) 
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Observing that | 2A? is the same path integral as | 24,, we now see that 


| DA" eSa = f QU f DA"A [An JLF (An )] e401, (10.39) 


The integral over gauge transformations f ZU has now factored out, as we had 
hoped, and the gauge is being fixed by the functional ô function, as we had also 
intended. Thus if we write 


f DA" eSa oc | DAA [A,,J(F (Ay,)] e? (10.40) 


then the difficulties of §10.2 should have been removed. 

It is necessary to be able to evaluate A ^ ! in (10.40). This is done by changing 
the integration variables in (10.32) from QU to |], 2F,. We may use the 2U of 
(10.26) because the functional 6 functions in (10.40) and (10.32) restrict U to an 
infinitesimal region around the identity. Thus 


- = dA, (x) 
[ov - In DA,= fu DF, der( SC) (10.41) 


where the functional differentiation is in the sense of (1.18). 
Now 


ALA,]- In 9F, ae (25 otra 


_ 4, { 9609 
= det Gra) nd ( 10.42) 
The inverse is 
OF (x' 
ATA ]-de( ; i S) Pg (10.43) 


Thus, we have the explicit expression (analogous to (10.21) for the case of 
ordinary integrals), 


- OF (x 
[ DA" ew; f dx rula) )- | D A" etla oc | DA ae 3 eet Jar eA, 
b 


(10.44) 
where 
F (x) - F(At,09) (10.45) 


and Aj, is the gauge field obtained from A,, by the gauge transformation 
defined in (9.24), (9.25) and (9.27). The generalisation when the source terms are 
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non-zero is 


; wer ( E0 
WLJ#] oc | DA se( 3 3 Jara 


x exp [ f atx Lra + Tz» (10.46) 


That this generalisation is correct is by no means obvious because the 
derivation we have given depends on the gauge invariance of the action, and 
this is broken by the source terms. However, it can be shown that (10.46) is 
indeed correct provided we are in the end going to use the generating 
functional to calculate $-matrix elements. This point is discussed in Taylor?. 


10.5 Gauge fixing terms and Faddeev-Popov ghosts 


If we are to use the generating functional for gauge field theory to develop a 
perturbation theory, we need to convert the functional 6 function and the 
functional determinant in (10.46) into exponentials. 

First, we use the functional ó function to obtain a conventional gauge fixing 
term in the exponent. With the choice of F, of (10.31), 


o[F,] = 9[0,45 — fi(x)].- (10.47) 
Multiplying the generating functional by 


fire fee 


simply multiplies by a constant which can be absorbed into the overall 
normalisation. But 


| [21 exp (x | EHON =exp (z | d*x(à, 4»). (10.48) 


Consequently, the generating functional of (10.46) becomes 


" a OF (x’) 
W[J*] oc | DA def ; ay 
x exp [ | atm + JIA, -5 (40?) | (10.49) 


Secondly, we convert the determinant in (10.49) into an exponential by 
introducing the Faddeev-Popov ghost fields. These do not correspond to 
physical particles but are simply a mathematical device to enable a 
perturbation series to be developed. Using (8.19) for complex Grassmann 
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variables n,(x) we have 

fanton exp (i fers facennu, xu s) œ det(—B) (10.50) 

where 5 
In* In =] Dn 2n.. (10.51) 


(We have absorbed det(—il) into the constant of proportionality for later 
convenience.) 
Taking 


OF ,(x’) 
dA,(x) 


ae 5 ) oc | 9n* Dn ew-i f 4x f dtx'nž*(x’) s n) 
(10.53) 
Using the infinitesimal gauge transformation specified in (9.18) we have 
oAx) 
ôA (x) 


The functional differentiation is in the sense of (1.18). Thus, with the F, of 
(10.31) 


B, x’, x)= — (10.52) 


gives 


= 5 gph ÖH —x) + gf ALOYS — x). (10.54) 


OF x) 
OAAx) 


The required determinant (10.53) now becomes (after integration by parts) 


OF (x' 
det 4x) cc | 2n*2n exp i | d*x2,nf (^n, - gos, AË) |. (10.56) 
ôA x) < 


F p (2,07 + abe A'*(x^)]ó*(x' E x)}. ( 10.55) 


In the covariant gauge of (10.31), the final generating functional for a general 
gauge field theory is 


1 
W[(J^] oc [o^ faran exp i f i'i T (0, At)? + Lep+ 34. 
(10.57) 
where 


Sp = pN (Qn, + PavAs) (10.58) 


10.6 FEYNMAN RULES FOR GAUGE FIELD THEORIES 125 


and, as in (9.33), 
Lym = AFF, (10.59) 


A gauge fixing term has appeared, and, additionally, Faddeev-Popov ghost 
terms. In the Abelian case of QED, the Faddeev-Popov ghost Lagrangian 
reduces to 0,n*0"n. There is no coupling of the ghost fields to the gauge field, 
and the ghosts simply contribute a multiplicative constant, which may be 
absorbed into the normalisation of the generating functional. Thus, in the 
covariant gauges used here, there is no need to introduce Faddeev—Popov 
ghosts into QED. However, the ghosts play an important role in the non- 
Abelian case of QcD. 

Other choices of gauge are possible. For example, we may choose a gauge 
by writing 


F (Ab) 21,45 — fal) = 0 (10.60) 
where t, is a four-vector with 


ttt=1. (10.61) 


These non-covariant gauges are referred to as axial gauges. They have the 
advantage that Faddeev-Popov ghosts decouple from gauge fields even in the 
non-Abelian case. However, there is the (more than) compensating 
disadvantage that the gauge field propagator turns out to be very complicated 
in these gauges. (See problem 10.3.) We shall not use these gauges here. 
Finally, we may include fermion fields y transforming as an arbitrary 
representation of the gauge group, by adding to . the fermion Lagrangian 


L= Vy D, -mY (10.62) 
with the covariant derivative D, as in (9.15): 
D,y =(0, +igT- AY. (10.63) 


10.6 Feynman rules for gauge field theories 


Our experience in Chapter 6 of deriving Feynman rules from a Lagrangian will 
allow us to read off the Feynman rules for gauge field theory. We shall want the 
Feynman rules in momentum space, so we first Fourier transform the fields as 
in (10.11): 


dêp es 
a=] p ei? * Ap) (10.64) 


and similarly for 7,(x) and y(x). The terms quadratic in the fields in the action 
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fare (quadratic) 


1 f d*p 


73 lane ADE- PIu + (1 67 pap] Àj p) + ghost terms. 


(10.65) 


Corresponding to (10.5) we now have the inverse propagator 
[DP(p]] ! = -pge +A - 6 erp (10.66) 


and in terms of the transverse and longitudinal projection operators of (10.6) 
and (10.7) 


[Dr(p] = —p?Pt(p —£ p Pep). (10.67) 


Now that we have the gauge fixing term, it is possible to invert (10.67) to obtain 
a sensible answer in contrast to (10.9). Thus 

Dt'(p) - (p? + ie) *L—g"” (1— Op" p'/p?] (10.68) 
where we have introduced the usual ie in the denominator, to resolve 
ambiguity in the meaning of this expression. The two most frequently used 
gauges are Feynman gauge, č = 1 and Landau gauge, € —0. The propagator 
takes its simplest form in Feynman gauge, but in Landau gauge the 
propagator is purely transverse and this can sometimes have calculational 
advantages. As we shall see later, the Landau gauge also has advantages in 
theories with Higgs scalar mesons, because the scalars decouple from the 


Faddeev—Popov ghosts in this gauge. (This is related to the transverse nature of 
the gauge field.) For Feynman diagrams we shall use a wiggly line 


by pan:  dósDr(p. — (10.69) 


The quadratic terms for the Faddeev-Popov ghosts are those of a massless 
complex scalar field (though the Faddeev-Popov ghost fields are Grassmann 
variables). Correspondingly, the propagator is (see problem 4.1) 


AES (p) = oup? +ie) !. (10.70) 


For Feynman diagrams we shall use a dotted line. 


EET P 


b ^p» a : iA). (10.71) 


Because Faddeev—Popov ghost fields are Grassmann variables, the closed loops 
in Feynman diagrams involving them will each attract a minus sign. To obtain 
the Feynman rules for the various interaction vertices in the theory, we next 
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Fourier transform the remaining terms in (10.57) and (10.62). For the gauge 
fields this leads to 
| d*x. (interaction) 


dp d*q dt dX Vm. 
- iat ( Qx* Qa Qa Pn LD ten) 


dtp [d*q f d*r f dts 
_1,2 eo i gau 
49 fad Qx* | Q9* | Q^ | Q3* 


x lp +q +r + 5,9, Abl Džin) (10.72) 


The trilinear term is antisymmetric under interchanges of (p, 4), (q, p), (r, v) in 
the coefficient of 42(p)A#(q)A(r) as a result of the antisymmetry of f,,, in its 
indices. We may make this antisymmetry explicit by making the replacement 


: 1. 
— ifa Pagi > -3! ax l(r—4)59,,-(q—p).giu t (p—r),g,]. (10.73) 


It is easily checked that each of the six terms on the right-hand side of (10.73) is 
identical to the original term on the left-hand side. Thus the replacement does 
not change the value of the integral. (See problem 10.4.) Since we now have an 
expression which treats A(p), A#(g) and A’(r) on the same footing, we may read 
off the Feynman rule (including the usual factor of i for vertices). 


Gv 


Havel? — DIa + (a — PG ae (a —p).g;,-(p—r)g,] (10.74) 


a, by 
with 
p+qt+r=0. (10.75) 


The quadrilinear term is symmetric under interchanges of (b, 4), (c, u), (d, v), 
(e, p) in the coefficient of A2( p) A^(q) A;(r) A^(s). The symmetry becomes explicit 
on making the replacement 


1 1 
"e 4 g 3 ac fades Dup vri 4! g? [fave Jade Gav9 up T 9,91) 


+f, Cac f abel vaGup ~g, ug wp) 
+ fata RU —6,/15)]- (10.76) 
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Again each term on the right-hand side of the equation is identical to the 
original term on the left-hand side. We now have an expression which treats 
Ai(p), A'(q), Ai(r) and A^(s) on the same footing, and we may read off the 
Feynman rule: 


2,9 [A 
-ig ^ fasc SadelGivIup —Gyv9 ip) 
+ Sade SavG iG yp — 9119 vp) 
+ fara fac Basso ~GJrnGap)) (10.77) 


b 
with four-momentum conservation at the vertex 
p+qt+r+s=0. (10.78) 


In the case of QED, where the gauge group is Abelian, f,,,.=0, neither the 
trilinear nor the quadrilinear vertex in the gauge field occurs. 
For the (ghost)-(gauge field) interaction, the relevant Fourier transform is 


| d*x. ^, (interaction) 


. d^ d^ d+, x x) 
- ifa a T gay her AOADA) 


(10.79) 
giving the Feynman rule 
cu 
H D ~GfabePy (10.80) 
op 
5 a 
with 
qt+r—p=0. (10.81) 
Again this vertex does not occur for QED. 
As in Chapter 8, we denote Fermion propagators by a solid line. 
ha iB : iô iLSe(P) I pa (10.82) 


where « and f are spinor indices. The (gauge field)-(fermion) interaction may 
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be read straight off from (10.62) and (10.63): 


au 


—ig(y)s(T,); (10.83) 


with 
p+r—q=0. (10.84) 


For QED, ig T, is simply replaced by iq, where q is the charge of the fermion and 
the Feynman rule is 


—iq(y,)u- (10.85) 


10.7 Scattering amplitudes with gauge fields 


By analogy with $6.4 for scalar fields, we obtain a (Lorentz invariant) 
scattering amplitude when there are gauge field external legs, by calculating a 
(momentum space) Green function with the appropriate external legs. Again 
the propagators associated with external lines should be divided out, as for op! 
Green functions, but all connected diagrams, not just one-particle irreducible 
ones, should be included. The only difference from the scalar case is that 
incoming (or outgoing) external gauge field lines will have associated factors 
£"(k, A) (or &"*(k, A), as defined in 83.4, where A specifies the helicity of the vector 
particle, and y is a Lorentz index. These factors arise from the expansion in 
Fourier components of the free massless vector field, (3.127) and (3.135), 
substituted in the analogue of (6.45) and (6.46). After carrying out 
differentiations with respect to a(k, 4) in the analogue of (6.50), these factors 
remain. 


Problems 


10.1 U, U’, U” are infinitesimal gauge transformations satisfying UU’ = U” 
as in (10.28), with gauge parameters A,, Aj, A; respectively. Obtain an 
expression for A; correct to second order A,, A, and check (10.29). 
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10.2 Show that the right-hand side of (10.44) is independent of the choice of 
gauge. (One way of doing this is to follow the analogous step in §10.3.) 


10.3(a) Derive the gauge field propagator for the axial gauges specified by 
(10.60) and (10.61). (b) Show that in axial gauges there is no coupling of the 
Faddeev-Popov ghosts to the gauge fields. 


10.4 Check directly that each of the terms on the right-hand side of (10.73) 
and (10.76) is identical to the original term of the left-hand side, and that the 
various claims made about symmetry and antisymmetry for these two vertices 
are correct. 


10.5 Derive the Feynman rules for the Lagrangian 
L —X0,9X0" 9)1- go? —3u*o*(1--399) + Jo(1 +499) 
(Coleman p. 48). 
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RENORMALISATION OF QCD AND QED 
AT ONE-LOOP ORDER 
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11.1 Counter terms for gauge field theories 


In the covariant gauges discussed in Chapter 10,the gauge field propagator of 
(10.68) has a high momentum behaviour —(p?) ! just like the scalar 
propagator. Thus, the (superficial) degree of divergence of a Feynman diagram 
involving gauge fields will be given by a slight generalisation to include 
derivative interactions of the expressions derived in $8.4. (See problem 11.1.) 
The gauge field interactions in (10.58), (10.59), (10.62) and (10.63) all satisfy the 
criterion to avoid the degree of divergence increasing with the number of 
vertices 


3NE- Ng - Np -4«0 (11.1) 


where N, is the number of boson lines, Np is the number of fermion lines, and 
Ny is the number of derivatives for a particular type of vertex. Consequently, 
we expect a renormalisable theory, and we should be able to generate all 
necessary counter terms for the renormalisation from a bare Lagrangian 
which involves the same types of vertices as the renormalised Lagrangian. 
However, at first sight there could be rather a lot of counter terms because 
there are two different vertices involving only gauge fields, one involving gauge 
fields and ghost fields, and one involving fermion fields and a gauge field for 
each type of fermion field. Fortunately, the situation is simpler than this, 
because it is possible to prove! that ifthe bare Lagrangian is gauge invariant so 
is the renormalised Lagrangian. There is thus just a single bare coupling 
constant and a single renormalised coupling constant for a simple gauge 
group. We shall not prove that this is true to all orders of perturbation theory 
here, but shall simply assume that it is true. However, even if we were not to 
assume this general result, we would be able to prove its correctness at one- 

loop order by computing all the vertices. (See problem 11.2.) 

The renormalised Lagrangian for a general simple gauge group is 
P= l Fe" Fa a 
E 1g. 
0, nr n, Darel AS) 

t(y"D,—m)wy (11.2) 


(0, At)? 
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where 
FE =A, — OAL — gf ASA; (11.3) 
and 
D, —(0, t igT: A, (11.4) 


for a fermion field transforming according to the representation T, of the 
gauge group. We write for the bare Lagrangian 


$24 - A (11.5) 


where A.Z is the counter term Lagrangian. 

We assume that the bare Lagrangian takes exactly the same form as the 
renormalised Lagrangian but with the bare quantities Vg, (A2)5, (a)B» ČB, mg 
and gg replacing the corresponding renormalised quantities. Then the counter 
term Lagrangian is of the form 


K; 
26 
4 AZ, O,nfO"n, + AZ iy" 0, 
—mK,y +gK, ONAN AC fanc 
-gK Wy TA As t gK3 fa Ab ALO'(A,), 


1 , 
AZ = — AZ Fi Fh — 53 (0A) 


-4 Ka Jave Jade Ab Ad Aa) Ae). (11.6) 
The relationships between bare and renormalised fields and masses are 

(Ag — (1 AZ)! A= ZI? A; (11.7) 
(nap = (1 AZ,) ?n, = Z;?n, (11.8) 
Vg — (1 AZ)? y =Z; Y (11.9) 
G-CUFK)ZI =E ZZi (11.10) 
my-m(14 K,)Z; !—mZ,Z,! (11.11) 
ga=g(1+K,)Z; Z;  -9Z, Z Z7"? (11.12) 
ds 7 g(1 - KZ; Z7 =gZ,Z; Z (11.13) 
9&7 g(1- KZ; 7? » gZ 42,1? (11.14) 
gà-g (1--K4))Z1? 9 g2Z,2;? (11.15) 


where we have defined 
Z,=1+AZ, (11.16) 
Z,=1+AZ, (11.17) 
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Z,=1+AZ, (11.18) 
Z,-14K, (11.19) 
Z,-14K, (1120) 
Z,=1+K; i=1,...,4. (11.21) 


There are four different expressions for the bare coupling constant (11.12) to 
(11.15) depending on which vertex we consider. Thus, there are the 
relationships amongst renormalisation constants 


ZZ, '=Z,Z, 1 =Z3Z4'=Z4?Z;"". (11.22) 


11.2 Calculation of renormalisation constants 


We now evaluate to one-loop order the renormalisation constants defined in 
the last section. We shall regularise the divergent loop integrations using 
dimensional regularisation, and shall adopt the Ms renormalisation scheme 
described in §7.5. As in Chapter 7, in 2w spatial dimensions, the dimensionless 
coupling constant 


j-gM" ?-gM '* (1123) 


is introduced, where M is an arbitrary mass scale. 
To compute Z, we must consider the opi Green function for two gauge fields 
T(2, (— p, p) which we denote by 


p 


(2 (p. pk 
PC pp: i d (11.24) 
(This is often referred to as calculating the vacuum polarisation diagrams.) The 


contributions to this Green function to one-loop order are 


p p 
Qn m0 AUAVNSSUNIAUVSS t+ nnn 
a bv 
om, 
+ ww 


OC Ve UE. — ug 


Here we have used a cross to denote a counter term as in Chapter 7. The last 
diagram is quadratically divergent with no momentum flowing into the loop 
and vanishes in dimensional regularisation. This is a good thing because this 
diagram has no dependence on p and could only contribute to a gauge boson 
mass. The assumed gauge invariance of both the renormalised and 
unrenormalised Lagrangian means that there can be no bare or renormalised 
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gauge boson mass, and that there can be no mass counter term for the gauge 
bosons. We evaluate the remaining three one-loop diagrams. 
Consider first 


(diagram 1)= 2 j (11.26) 
a, 
c9 0 6 


where we have taken advantage of the Kronecker delta in the colour indices in 
(10.69) to write the same colour index at each end of an internal gauge boson 
line. Using the Feynman rules of Chapter 10, including a symmetry factor of 4 
for the two identical internal gauge boson lines, 


(diagram 1)=}M°$ faca fina lae IAPs) (11.27) 
where 
IPs 4) - [— (pP 24),95. + (a — PI pu + P + 4),9,.] 

x [—(p-* 24),9. t (q — P9, Qp - ),9«.] 
x De(p + a)D(). (1128) 
Taking the Feynman propagator from (10.68), we obtain (after some labour) 
Jp, Up +a}? + ieJ (a? + ie)? 
= [2(40 — 3)2,4, + (4% — 3Kq, p, + P,a») 2 — 6)p,p, 
*- Gp? * 2p: q *- 24?)9,,la (p a 
(^ [p^a,a, +p: a pp, — p: DP Paa + 4, p] 
n ( +a (4? + 2p: q — p?)a,a, +l? + 3p: aY(p,4, - q,P.) 
[(q? + 2p — a — p?)a,a, -- (a? + 3p: 4X Pud, - q,P.) 
—q?p,p, — (4? + 2p: qg,.] 
na? [(a? —2p?)a,4, (p: a), P. + Pid) 
*- (p? —24?)p, p, — (a? -PY ga] (11.29) 
where 
n=1-€. (11.30) 
With the aid of the integrals of Appendix A, we find the pole in = 4 — 2m to be 


‘ BRUM 11 19 3 
(diagram 1)= TA [ 3-7 PuPy+ eta P°Ow |... (1131) 
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where the group theory factor is defined by 


€19ap=Saca foca (11.32) 
Consider next 
p+q 
(diagram J= RG EP (11.33) 
au c*. RUNE Bs 
q 


With the Faddeev-Popov ghost propagator of (10.70) and the vertex of (10.80), 


d?* 
q (P+), (11.34) 


Qn)?" [(p +q) + ie](q? + ic) 
including a minus sign for the closed loop of Grassmann fields. Performing the 
integral with the aid of a A we find the pole term 


(diagram 2)= — M'?c,0,, 


(diagram 2-9 a Dura p. pgp) t-.-- (11.35) 
Consider finally 
4a AB 
(diagram 3)= ^4 p (11.36) 
au bv 
L6 Ay 


Using the fermion propagator of (10.82) and the vertex of (10.83), and 
including a minus sign for the closed fermion loop, 


E d?"q "T 
(diagram 3) 2 —g?M‘c 6,5 Tos Tr(y,Se(a)y,Se(p +q) (11.37) 


where the group theory factor is defined by 
C30, 7 Tr(T,T;) (11.38) 


and S,(q) is as in (8.35). Evaluating the Dirac gamma matrix trace gives 
(diagram 3)= —$?M*c;0,,2^ Tas ay 


(q^ —m DEC mE . (1139) 


The pole term in e — 4 — 2c is most easily extracted by putting m —O in (11.39). 
Then we may use the integrals of Appendix A to obtain 


-iĝ cea g 


eur (Ppt Pt (140) 


(diagram 3)= 
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We may now calculate the renormalisation constants AZ, and K, from 
(11.25). Thus, if we adopt the Ms renormalisation of §7.5, where the counter 
terms exactly cancel the poles in e, and read off the counter terms from (11.6), 
we have 


iAZ A — P? Gy + PaP) -i^ ! Ki p,p, 


— ig? 

= (C^ p?g,, + Pup) — 2 — ne, +4c,] —NC1PyPy}- (11.41) 

Thus 

ĝ? 
AZ,= —1l6zk [( 22 + 5e, +4c2] (11.42) 
and 
-g? 

CK =e (1 Oey (11.43) 


where we have used (11.30). The renormalised op! Green function of (11.24) 
may now be evaluated from (11.25) using the above counter terms. (See 
problem 11.3.) 

Consider next the opt Green function for two Faddeev-Popov ghost fields. 
The contributions to this Green function at one-loop order are 


p po 
a Dri: sens RNC RE e 


(11.44) 
There is only one non-trivial diagram to consider: 
i eu 179 ev 
(diagram 4) = p oe p (11.45) 
a" amt nn [n [D b 
d peq d 


Using the propagators and vertices of 810.6, 
d?^g 


(diagram 4) 2 j?M*c,0,, last DE(—aXp-),p(p--q) +ie]~'. (1146) 


Performing the integral with the aid of Appendix A, the pole term is 


! iĝe óa (3 SE 


The counter term AZ, may now be obtained from (11.44) and (11.6). In the ms 
renormalisation scheme we require an exact cancellation of the pole term by 
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the counter term. Then 


. 2ió?c, ó, 3 SE 
2 ES 1%ab 2 oti 
iô p^ AZ, = iente G 3 (11.48) 
and so 
—2g7c, (3 5é 
AZ, = TR E i (11.49) 


The fermion wave function and mass renormalisation counter terms may be 
obtained from the equation for the opt Green function: 


cQ = ———————— + = + ad (11.50) 


There is only one diagram to evaluate, namely, 


-q 
(diagram 5)= ap SO av (11.51) 
ia pe jp 
Using the propagators and vertices of §10.6, 
f , ; dq 

(diagram 5) j?M'c35j; Jas (y, Sr(p qve. DE( —4q) (11.52) 

where the group theory factor is defined by 
(T,TJ) ji = 6305. (11.53) 

It follows immediately from the definitions of c; and c, that 
mm (11.54) 
de 


where d; is the dimensionality of the adjoint representation of the gauge group 
to which the gauge fields belong and d, is the dimensionality of the irreducible 
representation to which the fermions belong. To isolate the pole term from 
diagram 5, we may put m=0 in the denominator of the integrand, and use the 
integrals of Appendix A. The result is 

2ij?c4Ó i 


J 
l6x?c 


(diagram 5)= (£f — (3 - £ml)g, t... (11.55) 


where we have used the identities 
YY 72201 (11.56) 
and 
Mo?" =2(1 —a)y,. (11.57) 
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The fermion wave function and mass renormalisation counter terms may now 
be derived using (11.50) and (11.6). 
Thus, in the Ms renormalisation scheme, 


219736; 


i(AZ,~—mK,,1)6 = Eom 43 Jt (£y — (3 4- £)ml) (11.58) 
and so 
2ó^c,€ 
AZ,- — lőn? (11.59) 
and 
2ó?c, 
Km 16:2; (3 - €). (11.60) 


Given that there is a single bare coupling constant, it will be sufficient to 
calculate one of the renormalisation constants K, i= 1,...,4. The other three 
are obtained from the one we choose to calculate by using (11.22), now that we 
have evaluated AZ, and AZ ,. For ease of evaluation we should choose either 
K, or K;. We select K;. (The diagrams needed to calculate K, or K, involve 
more gauge field internal lines.) The contributions at one-loop order to the op! 
Green function with two external fermion legs and one external gauge field leg 


are 
; (11.61) 


Consider first 


(diagram 6)= (11.62) 


With the propagators and vertices of §10.6, 
(diagram 6)=gĝ°M"(T,T,T,)j: 


q?’ 
5 lass ET DE(DLy,Se(p - L-- ayy,Se(Cp + DY, lp (11.63) 
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The group theory factor is easily obtained in terms of the group theoretical 
constants defined in (11.32) and (11.38) 


T,T,T, - (c5 —3c)T,. (11.64) 


To evaluate the pole term we may put m =0 because, as discussed in Chapter 7, 
the pole terms are independent of the renormalised mass. We may shorten the 
derivation further by noticing that the counter term for this vertex has no q 
dependence, and so the pole term can have no such dependence in a 
renormalisable theory. We may therefore set q =0 to calculate the pole term. 
We must not, however, also put p=0, because we would then run into trouble 
with infrared divergences. (An additional contribution to the pole in e would 
then appear which is only present at p=0. This should not be cancelled by the 
counter term, whose function is to cancel ultraviolet divergences, which are 
present for all values of p. The infrared divergences should remain after 
renormalisation, but should cancel when physical processes are calculated.) 

Carrying out the evaluation at m=0, q —0, with the aid of the integrals of 
Appendix A, we find the pole term, 


2igj" (cs —4e,)é 


(diagram 6)= — 1625: 


(T2, t - -- (11.65) 


which is independent of p, as expected. In arriving at this result we have used 
the identities for Dirac gamma matrices (11.57) and 


MVM” = —2y Pat 20 — yy (11.66) 


Finally, consider 


(diagram 7) — (11.67) 
With the Feynman rules of §10.6, 
(diagram 7)=igg?M ‘f(T Ts) ji 
d?l z x 
x fase D Se(p + Dy, ]g.Di*(q — DDz'(D) 
x [QI —3),9,, — (a + D,g,, + (24 —1),9,,]. (11.68) 


The group theory factor may be evaluated in terms of c, of (11.32) 


fa TTyo —5 ciTe: (1169) 


140 RENORMALISATION OF QCD AND QED AT ONE-LOOP ORDER 


Again the pole term is most easily evaluated by setting m=0, q=0. With the 
aid of the integrals of Appendix A we find the pole term 


3igj^c,(1 — 
(diagram 22299569 qe, a (11.70) 


which is again independent of p as expected. To confirm that the theory is 
indeed renormalisable (at one-loop order) we should calculate the q 
dependence of diagrams 6 and 7 by combining denominators in (11.63) and 
(11.68) and make sure that there is no q dependence in the pole term (problem 
11.4). 

We may now derive the renormalisation constant K,. Using (11.61), (11.6), 
(11.65) and (11.70), we find, in the Ms renormalisation scheme, 

22 


g 
K,= Fonte [3c, +(c, +4c3)€]. (11.71) 


The renormalisation constants K,, K, and K, are determined using (11.22). 
We now have at our disposal all the renormalisation counter terms necessary 
to renormalise the theory (to sufficient accuracy to carry out the 
renormalisation at one-loop order). 


11.3 The electron anomalous magnetic moment 


In this section, we specialise to the case of QED (Abelian gauge theory) and 
derive the electron anomalous magnetic moment. For convenience we shall 
work in Feynman gauge, č = 1. To one-loop order, the contributions to the 
appropriate oPr Green function are 


g 
p Kpa 
a 5B ii 


The final diagram of (11.61) does not contribute here because the gauge field 
self-interactions only occur in a non-Abelian theory. Thus, the only Feynman 
diagram we need to study is diagram 6 of (11.62). We make the transition to the 
Abelian case of Qep by the substitutions 


(11.72) 


T,=! c,=0 C,=c3,=1 


Q 
li 
& 


(11.73) 
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Thus, for QED, 


(diagram 6)= 


. d?*l - x 
= eM s DE(Ly,Se(p - L- a)y, Slp + DY) — (11.74) 


This time we shall focus on the finite part of the Feynman integral. Combining 
denominators with the aid of (7.33), we have 


1 x d?*l N 
> et err a2 € Ride op e S 
(diagram 6)= —2ee?M I dx i * [ae (FIP Tp (11.75) 


where 


P=(1+y—x)p+yq (11.76) 
-u =[(p+4)} -m ]y+(p - m) -x) (11.77) 

and 
N= (p++ +m" +i +m. (11.78) 


One is usually interested in situations where the electron—photon vertex finds 
itself sandwiched between Dirac spinors u( p+ q) and u(p) associated with on- 
mass-shell electrons. Then 


p?—m?=(p+q)?—m?=p’=0. (11.79) 


Also, the Dirac equation for the spinors allows us to simplify the numerator in 
(11.75), leading to 


-N z2(1—o)m^y, +4mo(p +), + 2mogy, + 2m[y,, 4] 
—2(d - Py Gh A+- (P - IH dv, P+) (11.80) 


where we have used (11.56), (11.57) and (11.66). The d?^/ integrations may be 
performed with the aid of (7.20), (7.21a) and (7.21b), and simplifications may be 
made by noticing that 


1 x 1 x 
| ax | dyo(x, y= | ax | dyg(1—y, 1— x) (11.81) 
0 o 0 0 


for any function. Everything may be expressed in terms of the covariants y, and 
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Jy, y,] by using the Gordon reduction for on-mass-shell electrons: 


(p +p) pulp) = 2mi(p')y,up) 4-3à( py, y,]u(pKp' —5) (11.82) 
together with the identity 


This leads to the anomalous magnetic moment term (associated with the 
coefficient of 4[y,, y,] at q?=0): 


2i 3 1 x 
(diagram 9- Ly,» af af dy[xy—(1—x)*](1+y—x)774.... 


(11.84) 
Carrying out the parameter integration, 
x ei 
i 6)-5——z was ; 
(diagram 6) 2505 Dw d+ (11.85) 


where the omitted terms are contributions to the coefficient of iD». yy] when 
q^ #0 and contributions to the coefficient of y,, and 
2 
e 
a=— 11.86 

4n ( ) 

is the fine structure constant. 
Thus, the anomalous magnetic moment of the electron zy is 


a e 
HAMM =n 2m (11.87) 


Strictly, we should define a in terms of the ‘physical’ electromagnetic coupling 
constant ej, Which is the coefficient of —iy, when q=0, with on-mass-shell 
electrons. However, ej, only differs from ein order &?, and we are working in 
lowest order perturbation theory. (The relation between e and e,,,, depends on 
the scale of mass M used in the renormalisation of e.) 

One may now proceed to calculate the coefficient of — iey, to order q7. (See 
problem 11.5.) The result of such a calculation exhibits a pole in e even after 
renormalisation. The reason for this is an infrared divergence. Such 
divergences, though present in individual Green functions, always cancel when 
physical processes are calculated, provided all relevant diagrams are included, 
and appropriate integrations over phase space are carried out. Thus, for 
example, when scattering of an electron off a Coulomb potential is studied, the 
infrared divergence in the electron- photon vertex mentioned here is cancelled 
by contributions where the electron emits a real photon. Both types of 
contributions are needed to describe the physical process, because any 
experimental apparatus has a finite energy resolution and the emission of a 
real photon of sufficiently low energy cannot be ruled out. 
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Problems 


11.1 Derive the criterion (11.1) for renormalisable inreractions involving 
derivatives, where the bosons have propagators with the high momentum 
behaviour (p?) !. 


11.2 By studying the renormalisation of all the vertices involved in a non- 
Abelian gauge theory, show that at one-loop order there is a single 
renormalised coupling constant if the bare Lagrangian is gauge invariant. 


11.3 Derive the renormalised opt Green function for a gauge field at one-loop 
order using the counter terms (11.42) and (11.43). 


11.4 Calculate the q dependence of diagrams 6 and 7, and check that there is 
no q dependence in the pole term in c. 


11.5 Calculate the coefficient of —iey, for the vertex of (11.78) to order q?, 
and show that a pole in ¢ remains after renormalisation. 
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12.1 The renormalisation group equation 


We have seen in Chapters 7 and 11 that renormalisation of a field theory 
depends on some mass M, and that the Green functions depend on this mass. 
(Of course scattering amplitudes and other directly observable quantities must 
be independent of M, which has no physical significance.) À question that may 
be asked is how do the Green functions of a gauge field theory change as the 
renormalisation scale M is varied? This question may be answered by recalling 
the connection between the renormalised and unrenormalised ori Green 
functions (in 2c dimensions). Let (p,,..., p,, g, č, m, M) bea normalised oPi 
Green function with a total of n external legs, n, of which are gauge fields and 
n, of which are fermions 


n-n,-cn,. (12.1) 


Here, j and é are the dimensionless renormalised gauge coupling constant and 
gauge parameter, and m is a renormalised fermion mass as in $11.1. Reference 
to the Lorentz indices of the gauge fields, to the spinor indices of the fermion 
fields, and to the gauge group indices, has been suppressed since these will have 
no bearing on the derivation which follows. Let the corresponding 
unrenormalised oer Green function be T'((p,,..., p, gg, £a, mg). A crucial 
point to notice is that l'(? does not depend on M, which only enters when 
renormalisation is carried out. The connection between the renormalised and 
unrenormalised Green functions is 


Pp, EI Du; 9; č, m, M)» ZV? Zw Ep, sees Dn» ga: ČB» mg) (12.2) 


where Z, and Z, are defined in (11.7) and (11.9). If we carry out the 
differentiation M(0/0M) holding gg, £g and mg fixed, we obtain 


0j ope Fale ar” d am ol» 
ôM 0j 0M àÉ ôM ôm 


ô 
— [o 
M3M +M 


n n, n = OZ n n n LET = 0Z n 
e Zw zu?7 1M 2M D ZyP ZZ M E ro 
(12.3) 


where M of "/0M denotes a differentiation at constant g, č and m, and 
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similarly for 0/0g, 0/0€ and 0/dm. Thus 


0 ô ô ô . 
(Mie et rens mtr (Pi, e» Das 9; & m, M)=0 


ôm 
(12.4) 
where the coefficients are defined by 
ag 
Bj ME (12.5) 
ô 
B.=M Ed (12.6) 
M ôm 
m=- 2M (12.7) 
ozi? 
1,7 Z4 M (12.8) 
Q. 1/2 
yy=Zy M a (12.9) 


In (12.5)-(12.9), differentiation is understood to be holding gp, £4 and mg 
constant. The essence of (12.4), called the renormalisation group equation, is 
that when the renormalisation scale M is changed, the corresponding changes 
in the renormalised quantities g, € and m are such that the unrenormalised 
Green function (which does not depend on M) does not change. 

The dimensionless coefficients in the renormalisation group equation 
depend in general on g and m/M. However, if we adopt a mass-independent 
renormalisation scheme, such as the Ms or Ms scheme, then the m/M 
dependence drops out, and the renormalisation group equation is 
considerably easier to use':??. Accordingly, we shall always assume that such 
a renormalisation scheme is used in what follows, so that the renormalisation 
group coefficients depend only on g. These coefficients may be computed in the 
MS scheme to one-loop order from the renormalisation constants of Chapter 
11 (see problem 12.1). The results are as follows: 


€, ^ 
B= —59— bó" (12.10) 
13 &Y. 4 yc 
JE E) ux a (12.11) 
3C8g2 
je Shy? (12.12) 
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_ B € ĝ? 
n=-|(2- -§)e.- rae (12.13) 


and 
&c5g? 
wer (12.14) 
where 


1 R 
b= malze rd) (12.15) 


We have assumed that the fermions belong to irreducible representations R of 
the gauge group, with values C5 of the group theory factor C,, and C^ of C,. 
The group theory factors C,, C; and C, are defined in (11.32), (11.38) and 
(11.53). In four dimensions the linear term in (12.10) vanishes. (We are 
assuming here that both chiral components of a fermion belong to the same 
irreducible representation R. This assumption may be relaxed when necessary, 
as in problem 16.2.) 

An important use of the renormalisation group equation is to discuss the 
behaviour of Green functions as the momenta of the external legs are scaled, 
i.e. when p,,..., p, are replaced by sp,,..., sp, where s is dimensionless. The 
Green function has energy dimensions (see problem 12.2) 


dr=2w * n4(1—0) n — o). (12.16) 


Since M\sp,,..., SPa, ĝ, č, m, M) is homogeneous of degree dp in p,, .. ., Pny m, 
M, we have 


ô ô - - 
(sem T AR —+M amy (Spi... . 5 Spy g, č; m, M) 
=d-T"(sp,,..., SPa, ĝ, £ m, M). (12.17) 
Combining (12.17) with the renormalisation group equation (12.4), we may 
eliminate M éf”/dM to obtain 
0 ô ð ô 
(si eig eg C mgn ntd) 


f(sp,,..., sp, d, č, m, M)=0. (12.18) 


This equation may be solved with the aid of running coupling constant, gauge 
parameter and mass g(s), &(s) and m(s), defined as the solutions of 


5290 — gio) (12.19) 


5 Sts ) 


&s) (12.20) 
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and 
sO 2 rs Go) EDNA (12.21) 
with the initial conditions 
g(1) =G(M)=9 (12.22) 
&)-&M)sc (12.23) 
and 
ri( 1) = m(M)zm. (12.24) 
Thus from (12.5), (12.6) and (12.7), we see that 
g(s) =g(sM) (12.25) 
&(s)=&(sM) (12.26) 
and 
m(s)=s~ !m(sM) (12.27) 


where g(sM), €(sM) and m(sM) are the renormalised quantities when the 
renormalisation scale is sM instead of M. The solution of (12.18) may now be 
written as 


Psp, ..., sp, 9, E, m, M) -se(- | 


1 


d u 
— Dur ts), Ei) 


novas), &n) TD, ..., p, Gs), ES), als), M) (1228) 


(see, for example, the book of Piaggio?) 
With the explicit expressions at one-loop order of (12.10)-(12.12) we may 
solve for g(s), €(s) and m(s). In four dimensions (¢=0), the solution for g(s) is 


g^ (s) g^(14-2bg? In s)! (12.292) 


or equivalently 
d *(s)2g ?-2bln s. (12.29b) 


Provided b » 0, we see that g?(s) decreases as s increases and tends to zero as 
s— oo. The theory approaches a free-field theory (logarithmically). This 
phenomenon? is spoken of as asymptotic freedom. Referring back to (12.28), 
we see that if we want to calculate Green functions at large momenta, then the 
solution is given in terms of a running coupling constant g(s) which is small. It 
should therefore be possible to use perturbation theory in g(s) for this purpose, 
despite the fact that in QcD we are dealing with the strong interactions, and 
perturbation theory in g (as opposed to g(s)) is not expected to be useful. 
Conversely, g^(s) increases as s decreases and so phenomena at small 
momenta should be described by a running coupling constant which is large. 
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Thus, perturbation theory is expected to be useless for ocp when long distance 
behaviour is studied. In particular, we do not expect quarks, which are fields in 
the free Lagrangian, to be asymptotic states of the theory before and after 
scattering. Rather, we expect to have to calculate what the asymptotic states 
are in a non-perturbative fashion, and hope to find the known hadrons if we do 
so. Such calculations tend to rely on lattice gauge theory methods and are 
outside the scope of this book. 

The restriction that b should be positive to obtain asymptotic freedom is not 
a very severe one for Qcp where the gauge group is colour SU(3). With N, 
flavours of quark, each belonging to the three dimensional fundamental 
representation of the colour group, we find from (12.15) that 


b=(11—4N,)/16n2. (12.30) 


Thus, provided there are not more than 16 flavours of quark, ocp is 
asymptotically free. 

However, for QED the situation is quite different. In that case, the gauge 
group is U(1) with coupling constant e, the gauge field does not couple to itself, 
so that C, =0, and C, is q? in units of e. With Ng generations of quarks and 
leptons, each generation containing a quark of charge 2, a quark of charge — 1, 
a lepton of charge — 1, and a lepton (neutrino) of charge 0, we have (instead of 
(12.30) 

56 Ng 
27 l6x? 


In any case, —b is always given by a sum of squares of quark and lepton 
charges, and so b is always negative. Thus, in QED e?(s) grows as s increases and 
the theory is not asymptotically free. (It appears from (12.29) that e?(s) will 
become infinite as 2be? In s ^ — 1, but this is not the case, because lowest order 
perturbation theory has broken down by this stage.) On the other hand, there 
is no difficulty in deciding what the asymptotic states of the theory are since 
&(s) decreases as s decreases so that the theory approaches a free-field theory 
at large distances. (There is, of course, the usual well understood problem 
associated with the long range nature of the electromagnetic interaction.) 
Scalar field theory resembles QED in these respects. (See problem 12.3.) 
Combining (12.20) and (12.11) we see that 


ag 3 8 4 J (s) 
29- [(2- 5e -: pct l e (12.32) 


In general, (s) will vary with s. This complication can be avoided by working 
in Landau gauge. Then the initial condition is 


&(1)=0 (12.33) 


4N 
b= — 37g (1t0+$+8)= — (12.31) 


and (12.32) shows that 
&s)=0 (12.34) 
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for all values of s. We shall always adopt Landau gauge in what follows. 

Apart from the (order g?(s)) correction from Ym, (12.21) shows that m(s) 
decreases like s^! for large values of s. Since m(s) decreases as a power of s, 
whereas g(s) decreases only as a logarithm, it is often a good enough 
approximation to put m(s) =0 in discussing the large momentum behaviour of 
QCD. (We shall discuss the effect of the running mass m(s) in $16.5 in the context 
of grand unified theories.) 

At asymptotically high momenta, in Landau gauge, (12.28) gives for the 
behaviour of the Green functions 


F'"(sp,,..., SPa, d, £—0, m, M) 


vs exp( nad | E pere. -< Dy GS), ES) 0, ris) 0, M) 
1 


(12.35) 
where we have written 
yagis), &s) =0)= — d,g^(s) (12.36) 
with (from 12.13)) 
d, Ze C, 3 » c) | 162?. (12.37) 


Using (12.29), we have (in four dimensions), 
P'sp,,..., sp, g, £—0, m, M) 
a: s4T(1 + 2bg? In sy'A4AP2*f 9p... |, Das g(s), &(s) 0, m(s) 20, M). 
(12.38) 


The behaviour is free-field behaviour, apart from the multiplicative power of 
1+2bg? In s and apart from an additive logarithmic correction if we expand 
P9(pi,..., Pas GS), &(s) 2 0, m(s) 2 0, M) about g?(s)=0. 


122 Deep inelastic electron-nucleon scattering 


An important process where tests of Qcp are possible is the inclusive process 
eN — eX where N denotes a nucleon, and X denotes an arbitrary unobserved 
final state. When the scattering is approximated by one-photon exchange (see 
figure 12.1) then the electron-photon vertex is just iey,, but the yNX vertex 
contains effects of the strong interactions. Thus, what we have to study using 
QCD is the total cross section yN — X or, because of the optical theorem, the 
absorptive part of the forward scattering amplitude for yN — yN, where the 
photon is off-mass-shell (47540). In the case where we do not have a spin 
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Figure 12.1 One-photon exchange contribution to eN — eX. 


polarised target, the object we need to describe eN — eX is 


1 n 
WD, q) "xà fes e^ "*N, p[j,G)| X» X|j,(O)|N, p> 
1 
= Jes e1 "QN, pj, OAN, p> 


1 l 
igi: Jes ef *(N, PILI,Ax), JOJN, p» (12.39) 


where p and q are the four-momenta of the nucleon and off-mass-shell photon, 
respectively, and j,(x) denotes the electromagnetic current operator. It is 
understood that the nucleon spin states are averaged over. (A proof that the 
product of currents may be replaced by the commutator may be found, for 
example, in §4.2.11 of reference 6.) The structure functions W, and W, are 
defined by the expansion in terms of covariants, 


p'd pd 
44 ( ar e) 
wano -ote m ETEEN A, 
q my 
(12.40) 
The forward scattering amplitude of yN — yN (the forward Compton 
amplitude) is determined by 


T, p. d) i Jes e**QN, p| TOCYN, p> (12.41) 
with the decomposition in covariants 


—(p:g/a? OE 
Tp. Qm (7a, 68r, e t n ct anl 


T, (1242) 


where again an average over the nucleon spin states is understood. Because of 
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the optical theorem, there is the connection 
1 
W- Im T, 9 — 1, 2. (12.43) 


In writing down (12.41) and (12.39), we are going somewhat beyond what we 
have found in Chapter 6 about scalar boson scattering amplitudes, and its 
generalisation to amplitudes involving photons. Inspection of (6.43) shows 
that scalar boson scattering amplitudes are obtained from Green functions by 
acting with Klein-Gordon operators, or, in the case of photon scattering, by 
acting with factors of C] „. Thus, essentially, scattering amplitudes are obtained 
from Green functions by replacing fields by currents. Such expressions are 
vacuum expectation values. What we are assuming here is that similar 
expressions for scattering amplitudes exist where not all the external particles 
occur as currents, but instead some external particles (the nucleons in (12.41)) 
occur as states in which the expectation value is taken. 

The kinematical region in which we shall be able to apply asymptotic 
freedom will turn out to be the region referred to as the Bjorken limit, 


g? > —o.,p:q oo X= fixed. (12.44) 


2p'q 


As we now show, the Bjorken limit corresponds to studying the light cone in 
coordinate space. To see this it is convenient to work in the laboratory frame in 
which 


p — (my, 9, 0, 0) q=(q°, 0, 0, q°) (12.45) 


with the z axis chosen along the direction of the momentum of the (virtual) 
photon. We next introduce the (light cone) variables 


q =0° 0? (12.46) 

and 
Xx xx cx (12.47) 

In terms of these variables, 

q!-4.4- (12.48) 
p: q—(my/2Y(q. +4-) (12.49) 

and 

—4«4- 

 mWq.q-) UM 


The Bjorken limit is thus the limit q , — oo with q — fixed (and negative), and 
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consequently, X = —q_/my. In (12.39), we may write 


eil teew(5.3- 1-2). (12.51) 


Because the exponential oscillates rapidly as q, — oo the only contribution to 
the integral in the Bjorken limit comes from the region 


x. z0. (12.52) 
Then 
x!zx,x.—xi—xix0. (12.53) 


However, (microscopic) causality means that the commutator in (12.39) 
vanishes for x? <0. Thus, the only contribution to the integral is from the light 
cone 


x20. (12.54) 


Consequently, to study deep inelastic electron-nucleon scattering in the 
Bjorken limit, we must study the product of two electromagnetic current 
operators on the light cone. This is a task which is facilitated by the Wilson 
operator product expansion. 


12.3 The Wilson operator product expansion 


Wilson" has shown that the product of two local operators A(x) and B(y) (for 
example, two electromagnetic or weak current operators) can be expanded in 
the form 

AG)BO) - X. Cx -»o( 7) (12.55) 
where O (x) are the local operators of the theory with the quantum numbers of 
AB, and the C;(x — y) are c-number coefficients. The result is not too difficult to 
prove in free-field theory (see problem 12.4). The importance of the Wilson 
operator product expansion is that the behaviour of the product A(x)B(y) at 
short distances, x — y — 0, is controlled by those local operators O; for which 
Cí(x—y) is most singular as x—y —0. If there were no dimensionful 
parameters in the theory then the coefficients C;(x — y) would involve a number 
of powers of x — y given by dimensional analysis and the (mass) dimensions of 
O,. Then, the most singular coefficients, C(x — y), would be those associated 
with operators O, with the lowest mass dimensions, and these operators would 
dominate the short distance behaviour of A(x)B(y). Our experience in §12.1 
suggests that this will be true for asymptotically free theories like QCD, apart 
from logarithmic corrections which bring in the renormalisation scale. We 
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shall see later that this is indeed the case, so that dimensional analysis enables 
us to isolate the leading contributions to the Wilson expansion in QCD. 

The Wilson expansion may be used in applications of asymptotic freedom 
to decay processes where the exchange of a heavy gauge boson requires us to 
study a product of vector or axial current operators at short distances. 
Examples of this are the AJ —3 rule for hadronic decays in electroweak theory, 
and the baryon- number-violating decay of a proton in grand unified theory. 

For present purposes, we are not so much interested in short distances, 
x— y 2 0, as in the vicinity of the light cone, (x — y)? > 0. Let us choose local 
operators O; of definite spin I; and let us consider for definiteness the product of 
two electromagnetic currents, j,. Then the Wilson expansion (for y=0) for the 
time ordered product is of the form 


iT(,09j,0) = LG, in a 0 700). (12.56) 


(To reach this form we have first expanded Of": about x —0 and then 
regrouped the coefficients using the fact that the derivatives of a particular O; 
are other O,’s in the series.) When O^" has definite spin l;, we may write 


Cia, aX) = —al(x?)g,x,, ..- Xu, 
+ bi(x?) " 
n (12.57) 


Here, we are using the fact that Of ^": is traceless to drop terms involving gp, 
etc, and the fact that it is symmetric to condense a collection of terms into the 
b'(x?) term. There are other possible covariants of the form x,x,x, ... x,, and 
(gu, X,, Xu, + (4 v)). However, it will be sufficient to retain only those 
terms shown explicitly in (12.57) in order to identify the contributions to T, 
and T, in (12.42). A term of the type ¢,,,x 1x, eX. is forbidden by the 
symmetry of (12.41) under u v, x e — x. In the absence of dimensionful 
parameters, the coefficients a'(x?) and b'(x?) involve a single power of x? which 
is dictated by the mass dimensions of the operator O; and by the number of 
factors x, ...x,, which increase the mass dimensions available to a'(x?) and 
b'(x?). Thus, the leading terms on the light cone are those for which the twist 


Ium Ivu: Xus X 


t,=d,—l, (12.58) 


is smallest, where d; is the mass dimension of O;, and l; is the spin of O,. 
We now see that asymptotic freedom is relevant to the Bjorken limit. To 
study the operator product of currents on the light cone, it suffices to study the 
behaviour of the functions a'(x?) and b'(x*) for x? 5 0. Since a'(x?) and P(x?) 
are scalar functions of x? alone, all we need do is study them for x > 0, i.e. at 
short distances, where asymptotic freedom will allow us to do a reliable 
calculation. We will be able to identify the leading contributions on the light 
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cone as those of lowest twist. This is because our experience in §12.1 with 
asymptotically free ocp is that at short distances dimensionful quantities enter 
only through logarithmic corrections involving the renormalisation scale M. 
To derive the logarithmic corrections for the coefficients a'(x?) and b'(x?), it is 
necessary to derive renormalisation group equations for Green functions 
involving composite local operators built from the fundamental field 
operators. This we shall do in §12.5. 


12.4 Wilson coefficients and moments of structure functions 


In this section, we establish a connection between the structure functions for 
eN > eX, defined in $122, and the coefficients in the Wilson operator product 
expansion, defined in §12.3. In the next section, we shall use asymptotic 
freedom to calculate the behaviour of the Wilson coefficients in Qcp. First 
rewrite (12.57) as 


Ci, (m —(—D! Gyn Oy, 0, A?) 
C 1779, Irma 0, B(x?) 


T... (12.59) 
where 
(— 12^ is s. A'(x?) « a(x?) (12.60) 
and 
h- 
(—1y7?2^7? dix dew z B'(x?) - b'(x?). (12.61) 


Taking the matrix element of (12.56) between spin-averaged nucleon states, 
and performing the Fourier transform f dx e^ '*,to reconstruct (12.41), we see 
that 


T, (p. D=} Kil — gp: QA (47) + pp, (p: a) B(q?)] 4... 


(12.62) 


where 
Ha?) as ei “= Ai(x?) (12.63) 


B'a?) = f d*x e* * Bx?) (12.64) 
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and 
<N, plop MN, p» = Kip^ ... p+... (12.65) 


where K; is some (in general unknown) constant. In (12.65), the omitted terms 
involve at least one factor of the type g"'^*. As can be seen from (12.57), these 
terms produce at least one extra factor of x?, and are thus less singular on the 
light cone, and may be dropped. On dimensional grounds, we may write, 


A'(q?) -( - q?) ^ A(q?) (12.66) 
and 
B'(q?) -( 47) * 1 B(q?) (12.67) 


where A'(q?) and B'(q?) are dimensionless functions. (In ocp, they will be 
logarithmic functions of q?/M?, where M is the renormalisation scale.) We 
may now write (12.62) as 


TAP D=} KL—9,,2X) ÂG) + p,p(p:4) !QX) "* BG?) +... 


(12.68) 
with the variable X as defined in (12.44). 
Comparing with (12.42) we see that 
T,(p, =>, K(2X) " Aq?) (12.69) 
i 
and 
vTX(p, q) =m >, K(2X) "* ! B(q?) (12.70) 
where 
v=p-q/my. (12.71) 


Thus, apart from the factors A'(q?) and B'(g?), T,(p,q) and vT;(p,q) are 
functions of the variable X, alone. (This is referred to as Bjorken scaling.) In 
ac, the factors A'(q?) and B'(q?) produce slowly varying corrections? to 
Bjorken scaling, which are logarithmic in q?/M? where M is the 
renormalisation scale. (There will also be contributions of order m2/q? from 
the operators of higher twist in the operator product expansion.) 

It remains to make the connection with the structure functions W, and W, 
for deep inelastic electroproduction. The connection is given in the physical 
region 0 « X « 1 by (12.43). However, in this region for X sufficiently close to 0, 
the series (12.69) and (12.70) diverge. It is therefore necessary to use an analytic 
continuation in the variable X, and to isolate individual terms in the Laurent 
series. Taking a large circular counter-clockwise contour € in the X plane, we 


156 QCD AND ASYMPTOTIC FREEDOM 


obtain for the coefficients in the Laurent expansion 


1 1 AN 
— | dX XT, => K, A(q? 12.72 
xil 1 2! p t (a^) ( ) 
and 
1 l-2 2 
peo K,B: 12.7 
mi | Ax n-y E KB. (12:73) 


(In (12.72) and (12.73), the sum over i is now a sum over only those operators 
which have the same spin /; —/.) The contour integrals may be obtained as 
integrals along a branch cut running between X = + 1 with the discontinuity 
across the cut obtained from (12.43). 


Thus 
1 1 
x; [2o = af dX X'W, (12.74) 
2ni 0 
and 
1 
x dXX'-?yT, =2 ! dX X'-?vW,. (12.75) 
Ti Je 0 
Consequently, 
f axx Ig; = gn 2 K,A,(q?) (12.76) 
il- 
and 
1 
| dXX w,- T PES ;Bíq?). (12.77) 
0 i=l 


We see that it is the moments of the structure functions (integrals with 
powers of X) that are related to the Fourier transforms of coefficients in the 
operator product expansion, Aq?) and Bq?) defined in (12.66), (12.67), 
(12.63), (12.64) and (12.59). There also enter the (in general) unknown 
coefficients K;, which are matrix elements between nucleon states of operators 
Q? ^"! as defined in (12.65). In an asymptotically free theory, we will expect 
Aq’) and C(q?) to depend logarithmically on q?/M?7. In general (12.76) and 
(12.77) will be difficult to test because more than one logarithmic term will be 
involved, with unknown coefficients K;, whenever there is more than one 
operator O^": for a given spin /;— |. We shall see later that, by studying 
combinations of structure functions which are non-singlet with respect to 
SU(3) of flavour, we shall be able to ensure that only a single logarithmic term 
occurs?. Then experimental tests are feasible. Our next step is to calculate the 
behaviour of the coefficients À;(q4?) and B(q7) in ocp, using renormalisation 
group equations for Green functions involving composite local operators. 
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125 Renormalisation group equation for Wilson coefficients 


In this section, we shall derive renormalisation group equations for the 
coefficients in the Wilson operator product expansion by first obtaining 
renormalisation group equations for Green functions involving some legs 
which are composite operators (like j“ and OP ^"). For succinctness, we shall 
denote a composite operator O^! ^^: by O;, for the moment. Green functions 
with composite operator legs may be defined formally by adding source terms 
J(x)O(x) to the Lagrangian and setting up generating functionals, in the way 
discussed for ordinary Green functions in Chapter 4. In general, the 
relationship between bare operators (O;), and penormalised operators O; is the 
matrix one, 


(0; jp=Z ij 0; (12.78) 


when there is more than one operator O, in the operator product expansion 
with the same quantum numbers, including spin. (We shall see in $12.6 how the 
renormalisation constants Z;; may be computed from Feynman diagrams for 
Green functions with composite operator legs.) In exact analogy with $12.1, we 
introduce the notation f° ox Pi» - -< Py ĝ, 6, m, M) for a renormalised opi Green 
function, with n external legs which are ordinary fields, n, of which are gauge 
fields, and n, of which are fermions, and, additionally, one external leg with 
zero four momentum which is a composite operator O;. Such Green functions 
are referred to as inserted Green functions. More than one composite external 
leg introduces no further difficulties, other than notational. The connection 
between the bare and renormalised inserted Green functions is 


Top, tto Pus Pm 9, Š, m, M)-Z4Z 7 ^ Zw" TSP o P» 9p: ep: mp). 
(12.79) 


Carrying out the differentiation M0/0M with gg, £g and my held fixed, just as in 
812.1, a the renormalisation group equation 


ô 
[au ait Past Bea Ym a Nava a) 
x Pop, ped. E, M, M)=0 (12.80) 


where 


OZ; 
WM ZU (12.81) 
and the other coefficients are as in (12.5)-(12.9). 

A renormalisation group equation for the Wilson coefficients may now be 
derived by utilising (12.80). We first multiply the operator product expansion 
(12.56) by n, factors of gauge fields and n, factors of fermion fields, time order, 
and Fourier transform to momentum space. This gives (see problem 12.5) the 
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relationship between inserted op1 Green functions 
i5, (4, —4 Pis- +- Pa) = È CMT opi. Pa) (12.82) 


where the left-hand side denotes an opt Green function, as in §12.1, but with 
two additional external legs which are composite operators j , and j, with four- 
momenta q and — q, respectively. On the right-hand side of (12.82) we have 
suppressed the indices 4, v and 4,,..., uj. (The relationship is, in the first 
instance, one between ordinary Green functions, but can be made one between 
opi Green functions because the subsets of Feynman diagrams which are 
disconnected or one-particle-reducible are in one-to-one correspondence on 
the two sides of the equation.) The Green function ro |? obeys exactly the same 
renormalisation group equation (12.4) as T, because the conserved current j, 
requires no renormalisation as may be checked directly at one-loop order by 
calculating Feynman diagrams. Substituting (12.82) into the renormalisation 
group equation for pw and using the renormalisation group equation for ro, 
we obtain 


ô Ó ô 0 
| (ois + Baga tm) eoe (12.83) 


This is the required renormalisation group equation for the Wilson 
coefficients. It involves the so-called anomalous dimensions matrix y , defined 
through (12.81) and (12.78). Reintroducing the Lorentz indices in the operator 
product expansion, and defining the independent covariants as in $12.4, we see 
that A‘(q?) and B'(q?) obey the renormalisation group equations 


ô ð ô ô N 
d M— +B; = 4 Aq?) : 
EC am + Bi ag * Pe a Ymm +n | (q*)=0 (12.84) 


and 
ð ð ô 6 " 
AM — 4 B.— Eu Boh J Ita? 
| 86M ag + Bagg + Be a 1n.) |B (q*)=0. (12.85) 


Here, the sum over j is over operators with some fixed value of spin 1;=1. 

Life is particularly simple if there is only one operator Of ^"^ (of lowest 
twist) for the given value of spin /;,. (We see later that this happens if we take a 
flavour singlet combination of structure functions.) Then, we no longer need a 
matrix of anomalous dimensions y;; and we may write 


7ij = ToO; (12.86) 


The renormalisation group equations are now diagonal, and have a solution, 
when q is scaled by a factor s, exactly analogous to that of (12.28) 


A. *ds " Ra = 
A'(s?q?, g,m, M )-ew[ | T Yo(&(s), zo) x Ai(q?, g(s), &(s), m(s), M). (12.87) 
1 


12.6 CALCULATION OF ANOMALOUS DIMENSIONS 159 


(Since 4! is dimensionless, there is no factor like st.) At asymptotically high 
momentum, and in Landau gauge, we will have, in analogy with (12.38), 
A'(s?q?, g, £ =0, m, M) 
z (1 -- 2bg? In s)~ 4/?* A'(g?, g(s), £(s) —0, (s) 20, M) (12.88) 
where we have defined d; by 
Yoíg, 6 —0)— —d,g? + Olg’). (12.89) 
Thus 
A'(s?q?) — (In s) -*/?*. (12.90) 
(The dependence of A'(q?, g(s), Ks) —0, m(s) =0, M) on g(s) is additive, and gives 
a non-leading term.) If q? — — M? is adopted as a reference momentum, 
A'(q?) ~ [(In(— q?/M?)] 4^ (12.91) 


and similarly for B‘(q2). As promised in §12.4, the Wilson coefficients A‘(q”) and 
B'(q?), and so the moments of structure functions, depend logarithmically on 
q?/M?. The final step, which is the content of the next section, is to evaluate the 
anomalous dimensions. 


12.6 Calculation of anomalous dimensions 


For ocp, when we analyse the Wilson operator product expansion for a 
product of two electromagnetic currents, the gauge invariant operators of 
lowest twist, d —1, have twist 2. The operators which are non-singlet under 
SU(3) of flavour are 
i! -1 = . 
On-^ ES (VA y D"... D^y + permutations) — (trace terms) (12.92) 


for «= 1,...,8, where y denotes a quark field operator which is a triplet under 
colour SU(3), and also under SU(3) of flavour. (The c, b and t quarks do not 
need to be considered for moderate energies of scattering.) The Gell-Mann 
matrix A* is a matrix in the flavour space, and D" is the covariant derivative 


D'y= (zio 2 Ay (12.93) 


where 4^ is a matrix in colour space, and A{ are the colour gluons. 
There are also flavour singlet operators 


41-1 


Of" M (y^ D^»... D^y + permutations) — (trace terms) (12.94) 
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and 


1-2 
O^ -j Y (FADA... D^-(F) + permutations) 


— (trace terms) (12.95) 


where the covariant derivative acting on quark fields is as in (12.93), the 
covariant derivative acting on gauge fields is 


D^ AY = At — gf ioe ALAY (12.96) 


and F*" is the covariant curl as in (9.30). 

If we consider a combination of structure functions which is flavour non- 
singlet, then we need only consider an operator of the type (12.92) and the 
anomalous dimensions matrix will be diagonal. (The simplest case is to 
consider the difference of vW, with a proton target and vW, with a neutron 
target.) The renormalisation constant for C, , (suppressing the Lorentz indices 
on the operator) will be denoted by Z,,. It may be determined by considering 
the renormalisation of the Green function f? with two quark external legs 
and one O,, external leg. From (12.79), 


faz, Zr. (12.97) 


At one loop order, this Green function is given by 


AAAA 
AA nm 


where the two parallel fermion lines leaving and entering a black blob are 
being used to denote an O, , external line, and a cross to denote a counter-term. 
The zeroth order term and counter term are 


1 . 
= -,0^p^ ... p" 4 permutations)4'ó;; —(trace terms) 
j y 


p (12.99) 
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and 


_ —(AZ,+AZ,,,.) 
p I! 
—(trace terms) (12.100) 


(y"p*? ... p" + permutations)A"6,; 
i 
p 
where we have written 
Zi,7 1+AZ,, (12.101) 
and (as in §11.1) 
Zy,=1+AZ,. (12.102) 
Calculating the non-trivial diagrams in Feynman gauge (for this gauge 
invariant® object) gives 


(diagram 1)= 


... p" + permutations) 


—(trace terms) (12.103) 


where g is the dimensionless coupling constant and M is the renormalisation 
scale, as in Chapter 11, and the group theory factor C, is defined in (11.53). 


(diagram 2)= 


^ 16n2¢ 


—(trace terms). (12.104) 


LAI ; 
X P jy 0" p^... p^ + permutations) 


=2 


Also 


(diagram 3)= =(diagram 2). (12.105) 
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Returning to (12.98), and using (12.99)-(12.105), we obtain for the 
renormalisation constant in the ms scheme 


29°C,/ 2 4 
zt e 12.1 
AA TEE ET E (as p t5. (12.108) 


Taking the fermion wave function renormalisation counter term AZ,, from 
(11.59), we find 


29°C, 2 AE 
» echt. pet 12.107 
AZ. e ipe ts (12107 
and 
Z,, 1 AZ, (12.108) 


Following (12.81) and (12.86), we obtain the anomalous dimension for O, , 
from 


F 
Jo, =M 5,4. In(1+ AZ). (12.109) 


Thus, using (12.107), and the renormalisation mass dependence of à given in 
(11.23), we find 


29°C, 2 A 
LEM s Se ah Sta: 
To, mal 2542; Seu 
In the notation of (12.89), 
2C, 2 b] 
= joey 
dus ist (x1 xij uen 


and from (12.91) and (12.92) we see that 


1 
f dX X! ?vW, ~ [In( -q?/M?)] ^«^ (12.112) 
0 

with b as in (12.30), and the appropriate flavour non-singlet combination of 
structure functions understood (e.g. the difference of vW, off protons and vW, 
off neutrons). 

Similar calculations may be carried out for the flavour singlet structure 
functions? using the operators of (12.94) and (12.95). In that case, there is a 
2x2 matrix of anomalous dimensions, and, in general, the moments of 
structure functions depend on two distinct powers of In(—4?/M?) with 
unknown coefficients K; (as in (12.76) and (12.77)). The calculations of this 
chapter may also be extended to deep inelastic neutrino production?, where 
moments of structure functions which involve a single power of In( — 4?/M?) 
may be found, with the aid of charge conjugation invariance, without 
considering different targets. 
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12.7 Comparison with experiment, and Agcp 


To compare with experiment the prediction (12.112) for the variation with q? 
of the moments of flavour non-singlet structure functions, it is convenient to 
take logarithms. Thus 


In M(q?)= In —4?/M ?) - constant (12.113) 
where the /th moment is 


1 
Mq) = I dXX" vW, (12.114) 
0 


and d,, and b are as in (12.111) and (12.30). If we now plot In M((q) against 
In M,.(q?), where | and /' refer to two different moments of the structure 
function, the slope of the plot is d,,/d;, 


di, 
d, ^a 


Since the d, , areas in (12.111), there is a clean prediction, which is in quite good 
agreement with experiment. 

The alert reader will have noticed that, following on from (12.91), we have 
written the prediction for thestructure function moment, (12.112), in terms ofa 
reference mass M which is entirely arbitrary. Moreover, we have not yet fixed 
the value of the ocp coupling constant g in (12.29), defined as the value of the 
renormalised coupling constant for renormalisation scale M. The reason for 
this is that (12.29) is only valid when 2bg? In s is very much greater than one 
(otherwise g?(s) is not necessarily small, and expansion in powers of g(s) in 
B,{g(s)) is not valid) and then, to leading order, g^ divides out. 
Correspondingly, (12.112) is only valid when In( — 4?/M?) is very much greater 
than one, at which stage In( — 3?) >In M? (so to speak) and the scale M cannot 
be determined reliably. However, by going to next-to-leading order in the 
coupling strength g?, in performing the ocp calculations and comparing with 
experiment, it is possible to determine the scale on which g?, and consequently 
the structure function moments, vary. We may introduce this scale in the 
following way. In the leading order expression (12.29) take 


In M(q?) - 


In M, (q?) 4 constant. (12.115) 


s=M/M (12.116) 
where M is some new renormalisation mass. Then, 


g(M/M)- g*(M)- g?/[1-- 2bg? In(M/M)] (12.117) 
where we have used (12.25), and 
g=g9(M). (12.118) 
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We may rewrite (12.117) in the form 


g?(M) = [2b In(M/Agcp)]! (12.119) 
valid for M>Agcp where Agcp is defined by 
In(Agep/M)= — (2bg?) !. (12.120) 


The value of the coupling constant g(M) at the new renormalisation scale 
M cannot depend on the original renormalisation scale M. Thus (12.119) 
must be independent of M, and Agcp must be independent of M (the M 
dependence cancelling between In M and g=g(M)). The acp coupling 
constant at the Z mass g(mz) as determined from comparison with 
experiment of next-to-leading-order QCD calculations is given by 


a, (mz) = 0.113 mz = 91.18 GeV (12.121) 


where 
a (M) = g7(M)/4n. (12.122) 


With b as in (12.30) with 5 flavours of quark operative in the range of energy 
up to the Z mass, the corresponding value of the QCD scale parameter Agcp is 


Aqcp 7 0.065 GeV. (12.123) 


We may determine g?(M) for any renormalisation scale M from this value 
of Aocp. 
The coupling constant for QED may be treated in a similar way by writing 


e?(M) = —[2bIn(Aggp/M)] ! (12.124) 


valid for M « Agen. In this case b is negative, which accounts for the slight 
difference in form (12.124) and (12.119), and, for M in the range of energy 
up to the Z mass, we take b to be given by (12.31) with two complete 
generations and the top quark contribution of 4/9 omitted for the third 
generation. Then Aggp may be determined from the known value of e?uys/4x 
where épyys is the coupling constant for on-mass-shell electrons. 

From §11.3, we see that e?(M) for M = m,, the electron mass, differs from 
ezuys by less than 1%, so we write 


a(M) = 1/137 = 7.3 x 107? M=m, (12.125) 
where 


a(M) = e?(M)/4z. (12.126) 
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Using (12.124) we then find 
Agen = 2.5 x 1066m, (12.127) 


This is such an enormous number that e? (M) grows exceedingly slowly with 
M. Thus, for example, 


e? (mz)/e? (m,) = 1.09 (12.128) 
so that 


a !(m;) = 126.1. (12.129) 


128 ete” annihilation 


The total cross section into hadrons for the inclusive process 
ete 2X (12.130) 


where X is an arbitrary unobserved hadronic final state, provides another test?° 
of ocp. Treating the process to lowest order in the electromagnetic interaction, 
what we have to study is the total cross section for a photon to produce 
hadrons (see figure 12.2). One way to approach this problem is to use the 
optical theorem to relate the required cross section to the opi Green function 
fortwo photon fields, and then to use the renormalisation group equation with 
two running coupling constants, e and g, because both the electromagnetic 
coupling constant e, and the ocp coupling constant g enter the diagrams. The 
variation of the electromagnetic coupling constant with renormalisation scale 
is extremely slow (see §12.7) and to a good approximation only the Qcp 
coupling constant need be allowed to run. This approach is described in detail 
in the review of Politzer!!. 


Figure 12.2 Electron-positron annihilation into hadrons. 


There is an alternative less rigorous approach, which has the virtue that it 
can be extended to study the differential cross section for quark or gluon jets, 
as well as the total cross section for e*e~ annihilation. It can also be extended 
to other situations where the operator product expansion is not applicable. In 
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this approach, one calculates (zero- and) one-loop diagrams for e*e7 
annihilation into hadrons of figure 12.2. We have to include not only diagrams 
fore*e~ — qq (where q is a quark) but also diagrams for e*e~ — qqg (where g 
is a gluon), because, as a matter of principle, any apparatus used for 
observations has a finite energy resolution, and there is no way of excluding 
the possibility that a sufficiently low energy gluon has been emitted. Because of 
the zero mass of the gluon, there are infrared divergences in the diagrams of 
figure 12.2(5), (c) and (d) which appear in dimensional regularisation as poles 
in € which remain after the counter terms have been subtracted using the 
diagrams of figure 12.4. However, after integrations over phase space have 
been made to obtain observable cross sections, these infrared divergences are 
cancelled by the infrared divergences in the diagrams of figures 12.3(e) and 
12.3(b). This is true in particular of the total cross section for e*e^ 
annihilation. Thus, when all diagrams of figures 12.3 and 12.4 are included, a 
finite result is obtained for the total cross section into hadrons for virtual 
photon four-momentum, namely, 


2 
olete” -9-23 r)i ra ,) (12.131) 
f 


where the sum over f is a sum over the charges squared of all (active) quark 
flavours, the preceding factor of 3 is from the three quark colours, and the 
group theory factor c, (as defined in (11.53)) is for the 3 of colour SU(3), and so 
has the value $. As observed earlier, the electromagnetic coupling constant 
varies only very slowly with renormalisation scale, and the fine structure 


(F) q 


Figure 12.3 One-loop diagrams for e*e^ — qd and e*e^ — qqg. 
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(c) 


Figure 12.4 Counter term diagrams for e*e^ — qq. 


constant « in (12.131) may be taken to be 1/137. The QcD fine structure 
constant a, must be allowed to run, and is given by (12.119). More detail 
of this calculation, together with extensions of the method to eN — eX and 
other processes may be found in the reviews of Pennington’? and Sachrajda!?. 


Problems 


12.1 Calculate the renormalisation group coefficients of (12.10)-(12.14) from 
the renormalisation constants of Chapter 11. 


12.2 Show that the energy dimensions of the n-point opi Green functions are 
as in (12.16). 


12.3 Derive the renormalisation group equation for opt Green functions in 
scalar field theory with 49* interaction, and find the behaviour of the running 
coupling constant A(s) as a function of s. 
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12.4 Derive the operator product expansion (12.55) for two electromagnetic 
currents in free-field theory. 


12.5 Derive the relation (12.82) between Green functions with 
electromagnetic currents as external legs and inserted Green functions. 
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SPONTANEOUS SYMMETRY BREAKING 


DOI: 10.1201/9780203750100-13 
13.1 Introduction 


We have seen in Chapter 9 that the local gauge invariance of QED requires the 
vector field A, (x) — the gauge field —to be massless (since a mass term m2A, A" 
is not invariant under the transformation (9.7). A, determines the 
electromagnetic field whose quantum, the photon, is indeed massless. So in 
this respect, and in many others too numerous to detail here, experiment is 
consistent with the predictions derived from gauge invariance. 

This masslessness is, of course, intimately related to the long (infinite) range 
of electromagnetic interactions. With the exception of gravitational 
interactions, which are not discussed in this book, these are the only long- 
range forces found in nature. In particular, the weak interactions are known to 
have a very short range. We shall see in Chapter 14 that the fermion currents 
observed in weak processes have precisely the form which follows from a non- 
Abelian gauge invariance based on the group SU(2) x U(1). It is therefore 
tempting to suppose that a gauge field theory may be responsible for both 
weak and electromagnetic interactions. However, the gauge invariance 
requires, as before, that the associated gauge fields are massless, as noted in 
Chapter 9, and this masslessness implies a long-range weak interaction which 
is not in accord with experiment. Some of the quanta of the weak fields have 
electric charge, as we shall see, and 'charged photons' are simply not seen. So 
the immediate obstacle to implementing gauge invariance in weak interactions 
is to reconcile it with the massive gauge particles needed to generate the short- 
range force actually observed. This is the objective of this chapter. 

However, it is not immediately apparent that we must reconcile these two 
facets of the weak interactions. Why do we not simply add the gauge invariant 
Lagrangian to whatever (non-invariant) mass terms are needed to make the 
interaction sufficiently short-range? The answer is that if we do, the resulting 
field theory is not renormalisable. Renormalisability was discussed in $7.1, but 
the essence is that in an unrenormalisable theory the infinities which occur 
cannot be removed by the renormalisation of only the parameters and fields of 
the bare Lagrangian. Their removal requires the introduction of an infinite 
number of unpredicted but measurable quantities. Such theories therefore lack 
predictive power and we shall not discuss them further. The reason why the 
field theory described above is unrenormalisable is because its divergences are 
*worse' than those which appear in the massless gauge invariant theory. The 
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difference between the two stems from the form of the gauge field’s propagator 
in the two cases. 

We start by deriving the propagator of the massive vector field. If we simply 
add a mass term to the Lagrangian for a free vector field A,, given in (3.12), we 
obtain 


9 = —X0,A, — 0, A," A’ — 0° A") -3m2 A, A". (13.1) 


The first term is invariant under the gauge transformation (9.7), while the 
second term is not. The Euler-Lagrange equations (3.8) now give 


—à (9 A' —' A") = m2 A’. (13.2) 
Thus 
à,4'-0 (13.3) 
since m2 x 0, and substituting back we find 
(0,0 -- m2) 4" 0. (134) 


So A, now describes a particle of mass m,, as anticipated, and the Lorentz 
condition (3.121) is a consequence of the field equations; it does not have to be 
imposed, as it was in the massless case. There is therefore no necessity for a 
gauge fixing term, as in (3.130). This is because the Lagrangian is no longer 
gauge invariant, so the field A, in this case is uniquely specified. The derivation 
of the propagator is now straightforward. We write 


[arse = je dx 1A'(x^)C, (x', x) A"(x) (13.5a) 


where 


d -ip(x' —x| 
C, x x)= | Da e Pe 79 (m — p?)g,, + p, Po]. (13.5b) 
The inverse is easily found (as in Chapter 4) to be 


se , dp -ip(x'—x| 
C, (x, x)= h Ae (p) er 79 (13.6a) 
where iA, (p) is the massive vector boson propagator 


$ —i c — PpPo / m3) 
iA =— eee 

Fool P) pom kie (13.6b) 
This may be compared with the propagator derived in (10.68) for the massless 
(gauge-invariant) case: 


—i[g,, - (€ = Dp, p, /p?] f 


ibo (p) T p $ ic 


(13.7) 
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The divergences which arise in the integration over loop momenta are 
determined by the large (Euclidean) momentum behaviour of the propagators 
and vertices appearing in any Feynman diagram. In the massless case we see 
that 


Dp) ~ |p? (13.8) 


whereas in the massive case we have 


A«(p) —- | pj. (13.9) 


In general, therefore, we shall expect that some diagrams which are convergent 
with massless vector boson propagators will be divergent when massive vector 
boson propagators are substituted. This is why we say that the divergences are 
*worse' in the massive case. 

The difference is easily seen to arise from the difference between the 
numerators in the two cases; the p, p, /m2 term in the massive case removes the 
|p|~? supplied by the denominator. The numerator is in fact the sum over 
polarisation vectors 


3 
Y, e&Xp)e2(p)— Ip + p,p. [má (13.10) 


A=1 
where the sum is over the three orthonormal space-like vectors transverse to p: 


go cg (13.11a) 
pe? —-0. (13.11b) 


Recall that in $3.5 we showed that in the massless case the 'time-like' and 
‘longitudinal’ modes cancel and that we may choose a gauge in which only the 
two 'transverse' modes appear. In the massive case a third polarisation state, 
with a (longitudinal) component parallel to p, exists. In fact 


ej Xp) - m; ! (pl. Pod) 


D, m, 


(m, Do * |p| 
~p,/m, aS po, |p| > œ. (13.12) 


Thus the p, p, /m; term in the numerator of Ae p)isjust the contribution from 
this longitudinal mode, at least in the large p limit. 

Of course it may happen that this longitudinal mode is not coupled by any 
of the interactions in the theory, in which case the massive theory is no worse 
than the massless one. This happens, for example, in ‘massive QED’, in which we 
simply give the photon a mass. But in general, and for the weak interactions in 
particular, this prescription leads to an unrenormalisable theory. 


(1, p) 
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13.2 Spontaneous symmetry breaking in a ferromagnet 


In order to implement gauge invariance in weak interactions, we have to find 
some method of generating gauge vector boson masses without destroying the 
renormalisability of the gauge theory. Any such mass terms break the (gauge) 
symmetry, and the only known method of doing so in a renormalisable 
manner is called ‘spontaneous’ symmetry breaking, although it has been 
observed! that the symmetry is not so much ‘broken’ as ‘secret’, or ‘hidden’. 

The inspiration of the technique is to be found in the collective behaviour of 
certain many-body systems. Consider, for example, a ferromagnetic material 
in zero external magnetic field. Its properties are well understood in terms of 
the Heisenberg nearest-neighbour spin-spin interaction model with a 
Hamiltonian 


=-J Yero, (13.13) 
‘i 
where the sum is over all nearest-neighbour sites (i, j) and o; is the spin on the 


site i. Clearly H is rotationally invariant, so the unitary operator U(R) 
describing a rotation R commutes with H: 


U(R)H = HU(R). (13.14) 


However, the energy eigenstates are not always rotationally invariant. In fact, 
it is well known that (below the Curie temperature To) the ground state of the 
system has a non-zero magnetisation M, which is clearly not rotationally 
invariant. The invariance expressed by (13.14) merely implies that the ground 
state |M) and the state |M’), where 


Mi- RM; (13.15) 


are degenerate. That is to say that the state with magnetisation M has the same 
energy as that in which M has been rotated into some other direction M'. 
Indeed, if the ferromagnet is heated up above T. (at which point M vanishes), 
and is then cooled down to the original temperature, still in zero external field, 
then in general the ground state will have a magnetisation M' M. Thus the 
symmetry resides in the degeneracy of the ground state; any particular ground 
state is not symmetric since the magnetisation points in a definite direction. 
This direction is selected ‘spontaneously’ by the system as it cools, and this is 
why the symmetry is said to be ‘spontaneously broken’. 

In Landau’s mean-field theory the free energy functional F of the system has 
a form reminiscent of (4.77) 


F= | d?*x[Z(M) AK (MYV- MY. KS {MV ^. My +...) (13.16a) 
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where 


T-T, 
amn 5 M eI.) (13.16b) 
C 
with N a (density of states) normalisation, T the temperature and fi positive. In 
(13.162) the dots indicate terms involving more than two derivatives, while in 
(13.16b) they stand for higher powers of M?. The ground state of the system has 
no dependence upon spatial position 


M(x) - M (13.17) 


so we may drop all derivative terms, and then F is a function only of M? 
(because of the rotational invariance). Clearly, therefore, if M is non-zero we 
cannot predict its direction, and the symmetry will be spontaneously broken. 
|M] is found by minimising 

T 


F= va( IMP AME) (13.18) 


where V is the volume of the system and we have dropped the higher powers 
(M is small). It is clear from figure 13.1, or directly, that when T > Te F has a 
minimum when M=0, while for T « Tc the minimum is when M is non-zero. 
Thus in the first case the ground state is (rotationally) symmetric, but in the 
second case the symmetry is spontaneously broken. 


Figure 13.1 Free energy functional of a ferromagnet. 


13.3 Spontaneous breaking of a discrete symmetry 


The task then is to apply this technique to a (particle physics) field theory at 
zero temperature, and to apply it not to break rotational symmetry but some 
other (internal) symmetry. The analogue of the ground state of a many-body 
system is, of course, the vacuum in particle physics?. We must take the 


174 SPONTANEOUS SYMMETRY BREAKING 


Hamiltonian (Lagrangian) of the field theory to be invariant under the 
symmetry, but the vacuum to be characterised by some field which is (non-zero 
and) not invariant under the symmetry transformation. If the field in question 
were a spinor or vector field, for example, then the vacuum would be 
characterised by a non-zero angular momentum J(=1/2 or 1), and the 
rotational invariance would have been broken. The particle physics vacuum is 
observed to be rotationally invariant, so it is clear that the internal symmetry 
with which we are concerned must be broken by a scalar field having a non- 
zero value in the vacuum. 

This scalar field is called the Higgs field, and, although it has never been 
measured in the way that M has, we are postulating its existence in order to 
break the internal symmetry spontaneously. Saying that it has a non-zero 
value in the vacuum means that there is a non-zero classical field in vacuo. 
Thus in the language of §4.4 we are saying that there is a scalar field operator 
@(x) having a non-zero vacuum expectation value (vev) in the absence of any 
source : 

<0|G(x)|0> = ex) #0 (13.19) 


where @,(x) is the field measured in the vacuum. Since the vacuum is observed 
to be translation invariant, when there is no source, we require qx) to be 
independent of x: 


PLx) = Pe. (13.20) 


It is clear from (4.5, 4.43) that the vev of @ is zero in every order of 
perturbation theory, at least in the Ag* theory considered there. So 
spontaneous symmetry breaking must be a non-perturbative effect. We saw in 
(4.79) that o, is determined by minimising the effective potential. Further, if we 
ignore quantum effects temporarily, the effective potential is simply given by 
the potential V(g). This is apparent from (6.35), which, as already noted, 
reduces to the (classical) field equation (3.35) when the source J is absent and 
the quantum effect A,A,;(0) dropped. The field theory discussed in Chapters 3 
and 4 is described by the Lagrangian density 


L —X(0,0Y0" o) — Vig) (13.21a) 
with 


1 1 
Vig)=5 u*o* *  Ào*. (13.21b) 


The only symmetry of this simple model is the invariance under the discrete 
transformation 


ox) ^ e'(x) = — (x). (13.22) 
Obviously V will only have an absolute minimum if 


A20 (13.23) 
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and in any case this is required to ensure the convergence of the functional 
integral. When x? is positive V has a minimum only at g =0 and p is the mass 
of the field o. V does have a minimum at a non-zero value of o provided 


u2<0 (13.24) 


and then 
9,7 t(—642/1)! 2. (13.25) 


This, of course, does not fix which sign of o, is actually selected by the system, 
because of the symmetry, but whichever one is chosen breaks the symmetry, 
since neither is invariant under (13.22). It is easy enough to define a new field 
which does have zero vev. We let 


E-P (13.26a) 
so that, using (13.19, 13.20), 
<0|g|0> =0. (13.26b) 


When X is expressed as a function of ĝ it will obviously not possess the 
reflection symmetry $ > —@, since @ measures fluctuations about the - 
asymmetric point 9 — q,. Using (13.25) we find 


jor mt FOU Er 1 
2-j [((2,9X0" 9) --2u?9?] En (9*-49?o,) E uie. — (1327) 


The cubic term à? shows that the symmetry is spontaneously ‘broken’, as 
expected, although since this is the same Lagrangian as the symmetric (13.21) 
we can see why some! prefer to describe the symmetry as ‘secret’; it is secret 
because only with the particular coefficient of the à? term given in (13.27) can 
the Lagrangian be recast in a symmetric form. Note that, since q, is 
proportional to 4~'/?, the spontaneous symmetry breaking is indeed non- 
perturbative, as anticipated. Also, the mass squared of the field à is clearly 
—2y?, which is just the second derivative anticipated in (3.38) 


(13.28) 


13.4 Spontaneous breaking of a continuous global symmetry 


The real scalar field theory (13.21) discussed so far has only the discrete 
symmetry (13.22) whereas we are concerned with a continuous gauge 
symmetry. The spontaneous breaking of a continuous symmetry exhibits 
novel features which do not arise in the discrete case. For this reason we shall 
discuss the complex scalar field theory introduced in (3.61). The Lagrangian 


L — (0,90 o*) — Vlo, o*) (13.29) 
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is invariant under a global U(1) gauge transformation 


glx) > o'(x) &e ^ "^ o(x) (13.302) 
(x)* + e'(x)* 2 e*^o(x)* (13.30b) 

(with q, A real and constant) provided 
Vie, 9*) — V(oo*). (13.31) 


If we restrict our attention to renormalisable theories, then (13.31) implies that 
V has the form 


V(o, 9*) - u?oo* --34(99*)* (13.32) 


analogous to (13.21b). As before we require 4 to be positive, and then if „° is 
positive V has an absolute minimum only at 9 —0. When 4? is negative V 
acquires a minimum at a non-zero value q, of œ which satisfies 


led? = —2p?/d. (13.33) 


However, in this case there is a circle of degenerate minima, since (13.33) 
obviously does not fix the phase of q,, because of the gauge invariance (13.30). 
Thus we have a situation analogous to that of the ferromagnetic system 
discussed in 813.2. Any particular choice of qo, breaks the symmetry 
spontaneously, since under a gauge transformation (13.30) the ground state 
lo.» is transformed into a different ground state e^ "^o, ». The novel feature 
which arises when we break a continuous symmetry emerges when we define a 
new field having zero vev. Let the phase of q, be ô, so that 


T: 
Q,——2- ve? (13.34a) 


JB 


v= +(—4p2/ay¥2 (13.34b) 


with 


and similarly for ĝ. 
Then we may express ¢ in terms of two real fields 9,, 9; by 


1 ; iô 
Since 
«0|ó|0» — o. (13.36) 
it follows from (13.34) and (13.35) that only @, has a non-zero vev: 
(0|9,]05 = và; (i— 1, 2). (13.37) 


Thus we define new fields ; having zero vev 


$,2 0; — vô (i2 1,2). (13.38) 
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Figure 13.2 The gauge invariant potential (13.32). 


Evidently 6, and ø, measure deviations from the asymmetric point P (see 
figure 13.2) in the directions radial and tangential to the circle of degenerate 
minima passing through P. 

The quadratic terms of the Lagrangian (13.32) are diagonalised by these 
variables and we find 


L -3[(9,04)(0" 91) + (0,92)0* Go) + 2 (6, 

—FAL(G,)? + CAR —ł44vð, K8)? +(G2)7] — 470. (13.39) 
Obviously the symmetry is spontaneously broken, as expected, and the field 
@, has a (positive) mass squared of — 2p? as before. This is because V has a true 
minimum at P in the plane ¢,=0 

eV 


p --—2yu?. (13.40) 


(91,92) - (v0) 


The novel feature is that the field @, is massless. This too could have been 
anticipated as 
ev 
09; 
since 9; (= $;) measures deviations in the direction in which V is flat, because 
of the gauge symmetry. Such massless modes, which arise from the degeneracy 
of the ground state after spontaneous symmetry breaking, are called 
‘Goldstone bosons’. 
In fact Goldstone bosons are a general consequence of the spontaneous 
breaking of a continuous global symmetry?. To see this consider a general 
non-Abelian gauge symmetry G, defined in (9.13), and some scalar fields 


=0 (13.41) 


(91.92) =(v,0) 
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transforming as some (possibly reducible) representation of G. Without loss of 
generality we may express these in terms of n (say) real scalar fields 


9,69) 
Ws um (13.42) 
P(x) 
Under an infinitesimal global gauge transformation 
Q(x) > e(x) = e(x) + óo(x) (13.43a) 
with 
óq(x) = —igT"A^o(x) (13.43b) 


where g, A’ are real, and T^ (a= 1,..., N) are the n x n matrices satisfying the 
Lie algebra (9.21); since iT^ is real and T^ is Hermitian, T^ must be 
antisymmetric. If Z is invariant under the gauge transformation (13.43), as 
shown in (3.33), there is a conserved Noether current 


ja n Ji T^o(x) (a=1,...,N) (13.44a) 
where 
OL 
=—_— i=1,...,n). . 

Tpi Fp (i n) (13.44b) 

The Euler-Lagrange equations (3.8) give 

Of 

O"m, = je (13.45) 


and current conservation then implies that 


aZ\' . . 
(5) iT^o t ni Top =0. (13.46) 


In the field theories with which we are concerned the Lagrangian has the form 


£ —-X(0,0) (0) — Vig) (13.47) 
- 
n,—0,9 (13.482) 
aya 
oe (13.48b) 


It follows from (13.48a) that the second term of (13.46) vanishes, since T? is 
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antisymmetric, and we deduce that V satisfies 


os T*o-0 (13.49) 
for all p, as a consequence of the symmetry. 

The masses of the various modes are controlled by the behaviour of V in the 
vicinity of its minimum. Since we are considering a spontaneously broken 
symmetry, V has its minimum at some value v of q which fixes the vev of the 
field operators. Thus 


<0|G(x)|0> =v (13.502) 
where 
LA (13.50b) 
09 |p= 


Further, the ground state described by v is not in general invariant under a 
gauge transformation, which means that 


(1 —igA"T^)uz v (13.51) 
for all choices of the infinitesimals A^. So, for at least one a, 
iT^vsc 0. (13.52) 
We now define fields 
$2$-—v (13.53) 
having zero vEv 
«020» =0 (13.54) 


and express .Z in terms of @. Then using (13.47) and (13.50b) 


_! 008 6) - 66 0 V OG? 1 
ral uP: MOP; 56 30, )- (vp) +O(@"). (13.55) 


P=, 


Clearly the masses of the fields ø; are the eigenvalues of the mass matrix 


ey 
21 = 
Je e 13.56 
uir roy 
Differentiating (13.49) with respect to g and evaluating at p=v, we find 
(u2)iT^v-0 (a=1,..., N) (13.57) 


using (13.50b). It follows from (13.52) that 4? has at least one eigenvector with 
zero eigenvalue, and consequently that the linear combination @'iT’v is a 
Goldstone boson. 

Now suppose that the ground state |» is left invariant under gauge 
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transformations belonging to some (maximal) subgroup S of G. Then we may 
choose generators T? (a= 1,. .., N) of G such that T^ (a= 1,..., M) generate S. 
Since lv» is invariant under the transformations belonging to S, 


T'»-0 (a2 1,..., M) (13.582) 
but 
T'vz0 (a=M+1,...,N). (13.58b) 


The N — M vectors T*v (a= M +1,..., N)areclearly linearly independent, and 
it follows that there are N — M Goldstone bosons. 


13.5 The Higgs mechanism 


We are now in a position to attack the main objective of the chapter, namely 
the generation of masses for the gauge vector boson fields in a way which does 
not destroy the renormalisability of locally gauge invariant theories. In $13.1 
we saw that the breaking of a local gauge invariance by the addition of gauge 
boson mass terms, which explicitly break the symmetry, leads in general to an 
unrenormalisable theory. We have also seen, in the following sections, how the 
global invariance of a field theory may be broken (or ‘hidden’) by the ground 
state (vacuum) spontaneously selecting one of the degenerate minima of the 
potential. This suggests that we study the effect of breaking a local gauge 
invariance spontaneously, in the hope that the breaking will induce gauge 
boson masses, while the (hidden) symmetry will protect the renormalisability. 

In fact this is precisely what happens. We illustrate the mechanism (now 
called the Higgs mechanism) by applying it to the locally gauge invariant 
version of the model discussed in §13.4. This model has the Lagrangian of 
‘scalar electrodynamics’, but when it is spontaneously broken it is called the 
‘Higgs model’*. Thus we start with 


L —-(D,9D"o*) — u*oo* —14(po*)! —LF,,F" (13.592) 
where 
D,9 z (0,  igA,)o (13.59b) 
D,o* z(0, —igA,)o* (13.59c) 
are the U(1) gauge covariant derivatives defined in (9.6), and 
F,,270,4,—0,A, (13.59d) 


is the gauge invariant field tensor, defined in (9.10). The last term is the 
Lagrangian density for the electromagnetic field (3.12) without an external 
source j,. When x? is positive the U(1) invariance is unbroken and (13.592) 
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evidently describes a scalar particle of mass u and charge q interacting with a 
massless electromagnetic field; hence the name scalar electrodynamics. 

We are concerned with the case when u? «0, so the symmetry is broken 
spontaneously and $ acquires a VEV 


1 
Coac 77v e (13.60) 
where v is given in (13.34b) and 6 is arbitrary. As before we change variables 
and use the fields ĝ; (i= 1, 2), defined in (13.35) and (13.38), which do have zero 
vevs. In terms of these variables the covariant derivative becomes: 
id 


"HZ ~ 1452 . ~ te 
D,@ B [0,94 ti(0,9, +qvA,)+igA(P; +iĝ2)]. (13.61) 


Notice that the erstwhile Goldstone boson @, is inextricably attached to the 
hitherto massless gauge field A,. Indeed, aside from interaction terms, 6, and 
A, enter the Lagrangian only in the combination 


l,. 
ATA EA (13.62) 


In other words, because of the spontaneous symmetry breaking the gauge field 
is mixed with the Goldstone mode $;, which in momentum space provides a 
longitudinal degree of freedom. From our discussion at the end of §13.1 this 
suggests that the field A), has a non-zero mass. This is indeed the case. If we 
eliminate A, in favour of A, in (13.59a), we find a mass term for the field 4; as 
in (13.1), with 


m( A’) = qv (13.63) 


and we see that the mass requires both the spontaneous symmetry breaking 
(v0) and the coupling of the gauge field to the scalar field (q¢0), as 
anticipated. We shall not exhibit the precise form of # as a function of Aj, à, 
and @,, because @, can be eliminated from the Lagrangian. We can see this by 
exploiting the gauge invariance of & (Remember any gauge transformation 
leaves # invariant.) Comparing (13.62) with (9.7) we notice that A, may be 
obtained from A, by a particular gauge transformation, namely one with 


1. 
A(x) =— @2(x). (13.64) 
qv 
This suggests that the whole of the dependence of Z upon $, might be 


absorbable into a (different) gauge transformation. From (13.35) and (13.38) 
we have that 


v4 9, t ió;) e". (13.65) 


1 
"A 


182 SPONTANEOUS SYMMETRY BREAKING 


Under a gauge transformation 


p> g =e" o (13.66) 
1 : 
=% (v - 9, - i95) e?. (13.67) 
So by choosing 
q^ —arctan 9: (13.68) 
Uc $i 
we can arrange that 
Q^, 0. (13.69) 
In this gauge we denote ø, by H, so that 
1 
9x) > LENT: [v - H()] (13.70) 
and using (13.61) this gives 
ió 
D,9 > (D, 0) == (0,H +iqvA', + iqA,H) (13.71) 


JA 


where now A, is the field A, gauge-transformed using (13.68). Since X is gauge 
invariant we may evaluate it in any gauge, and in this gauge we obtain from 
(13.59) using (13.70) and (13.71) 


1 1 
L=5 (0, HXH) +5 q^ A, A"(v +H)? 


1 à 1 
ex pu? 2_— A(y+H)* —— FF” 13.72 
js rH) 16 (v +H) 4 wE ( a) 


where 
Fy = 0,4, —0,A;. (13.72b) 


We may simplify (13.72) using the fact, expressed by (13.34b), that v/ /2 
minimises the potential, and finally we have 


1 
f [(0,H)(O“H) + 2u?H?] 
l 22. ^ (ga 3 
—4H v ig H +4vH”) 


1 1 
=a FoF" +3 q^ A, A"(v?+20H - H?). (13.73) 
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The Goldstone mode has been completely ‘eaten’ by the gauge-transformed 
boson A’, which has a mass qv, as in (13.63). There is one remaining scalar field, 
the Higgs field H, which is real, having a mass (—2y7)!/?. Thus the total 
number (four) of degrees of freedom is unaltered. Instead of a massless gauge 
boson, having two (transverse) modes, plus a complex field @ composed of two 
real fields, we now have a massive vector field A, having three modes (two 
transverse and one longitudinal), plus one real scalar field H. Clearly the gauge 
invariance is completely broken, since 4, is massive and H is real. However, 
the renormalisability of the theory, if it has been preserved, is not manifest, 
because of the problems with massive vector bosons discussed in $13.1. 

To verify the renormalisability we work in a different gauge from that 
specified in (13.68). The gauge given in (13.68) is called the 'unitary' gauge, since 
it demonstrates that the Goldstone mode may be eliminated, (13.69), while the 
surviving fields H, A, are perfectly normal fields having the normal 
propagators for massive scalar and vector particles. In other words the only 
poles occurring in Green functions and Feynman diagrams are those deriving 
from real particles. In all other gauges, and in particular in the R; gauges which 
we shall shortly define, there are spurious vector and scalar poles which must 
cancel from S-matrix elements since they are absent in the unitary gauge. (See 
Appendix B.) In other words, the R, gauges are not manifestly unitary. 
However they are manifestly renormalisable; the ultraviolet divergences 
encountered are no ‘worse’ than those occurring in QED. The R; gauge is 
specified by imposing a condition in the gauge field. For example in $3.5 we 
demonstrated that the addition of a gauge-fixing term to the Lagrangian 


Lor= -z (3, A")? (13.74) 


ensures that the gauge field A, may be made to satisfy the Lorentz condition 
0, A" —0. (3.116) 


In the present context it is useful to use a different gauge-fixing Lagrangian, 
first suggested by 't Hooft?: 

1 

26 


This ensures that A, can be chosen so that 


Lor= (0, A" — Equ@,)?. (13.75) 


0, A" =qu@>. (13.76) 


Provided qv is non-zero, we see that this reduces to (13.69) in the limit £ — oo. 
Thus we shall expect the unitary gauge to be a limiting case of the R; gauge. 
The advantage of the 't Hooft gauge fixing is that it removes the bilinear 
mixing of A, and p3. We recall that this derives from the D, 9D" o* term of Z, 
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and from (13.61) we see that this contains a quadratic term 


HOPA” G2) + 2qvA"(0, 0) + (qv)? A, A") 

=} ð) — 2qv(0, A^)9; + (qv)? A, A^] - avô (A^ ;). (13.77) 
The total divergence may be dropped, since it does not contribute to the 
action, and the cross term now cancels that in (13.75) precisely. As explained in 
810.5, there is no necessity to introduce ghost fields into this theory since it is 


based on an Abelian group U(1). The full Lagrangian of the Higgs model in the 
R; gauge is therefore Z + Zor which gives 


- z K 1 
[(0,01X0" 91) -20?91] ci uv? 


1 
S iges 75 


1 
+5 [6,928 6:)— &m1ó] 
+ [A — £7 A0, 4"? — (0, A,((0" A") - m2 A, A"] 


"PR 
x [406 (67 + 63) - (62 + 63)] 


1 
+qA"G, €); +5 q^ A, A" Q1 4- q?vA, A" 9, (13.782) 
where 
m,-qv. (13.78b) 


Thus the $, field has a mass squared u? + 34v? = —2p? and the (unphysical) 
erstwhile Goldstone boson mode $; now has mass squared £m. The 
propagator of the vector field may be found, as in $10.6, and we find 


_ ies t 6 — Up, pp? — Emi) 

iA, (p) —i PUDE (13.79) 
As anticipated, this yields the ordinary propagator (13.6b) of a massive vector 
boson in the unitary limit € — oo, and the associated ultraviolet behaviour 
(13.9). However for all finite values of č the behaviour as the (Euclidean) 


momentum p — oo is 


App) ~| p|? (13.80) 


just as in the massless case (13.7). It is for this reason that the R; gauge is 
‘manifestly renormalisable’. To demonstrate that the theory really is sensible it 
is necessary to show that the poles at p? = £m? cancel from S-matrix elements. 
This was done by 't Hooft?. 
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13.6 The Higgs mechanism in non-Abelian theories 


We have seen that when the local U(1) invariance of scalar electrodynamics is 
spontaneously broken the gauge boson acquires a mass by ‘eating’ the 
Goldstone boson associated with the global symmetry, while the 
renormalisability of the theory is preserved. A similar phenomenon occurs 
when a local non-Abelian gauge invariance is spontaneously broken. Since 
electroweak theory is believed to be just such a theory, it is worthwhile to 
explore the general case in a little detail. 

As in (13.42) we consider a general non-Abelian gauge symmetry G and n 
real scalar fields p(x). We are now concerned with a local gauge invariance so 
we must replace the derivative ô, in (13.47) by the covariant derivative (matrix) 
(9.15) 


D, zl, - igT^ 4? (13.81) 


where I is the unit n x n matrix, g is the coupling constant, T° (a= 1,..., N) are 
then x n matrices satisfying the Lie algebra (9.2 1) of the group G, and A; are the 
gauge vector fields. Adding the (locally gauge invariant) Yang—Mills 
Lagrangian (9.33) for these gauge fields leads us to the non-Abelian analogue 
of (13.592): 


L —XD,o)' (D^o) — Vio) -AF;, F"" (13.822) 
where 
Fi, = 0,4; —0,A; — gf ™ Ap AS (13.82b) 


and V(@) satisfies (13.49) as a consequence of the symmetry. When the 

symmetry is spontaneously broken some or all of the fields @ acquire vEvs, as 

in (13.50). As before, (13.53), we define new fields í 
ĝ=ĝ—v (13.83) 


all of which have zero vevs. Expressed in terms of these fields 
(D,9)' (D^o) = (0^9)' (0p) + 2g(6,6" iT*vA™ 
 g? AL AVV TT +... (13.84) 


where ... denotes cubic and quartic interaction terms. (In deriving (13.84) we 
have used the antisymmetry of the matrices T^ deduced in §13.4.) Suppose we 
choose the generators T^, as in $13.4, so that the first M generate the maximal 
subgroup S of G which is left invariant after the spontaneous symmetry 
breaking. Then (13.58) is satisfied and we see from (13.84) that the N — M 
Goldstone modes @'iT*v (a= M +1,..., N) are mixed with the corresponding 
gauge bosons. We therefore anticipate that the vector fields Af (a=1,..., M) 
remain massless, as they are not mixed with Goldstone bosons, while the 
remaining N — M vector fields acquire masses. This is clear if we presume the 
existence of a unitary gauge, as before, in which the Goldstone modes are 
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transformed to zero. In other words, we assume that by an appropriate non- 
Abelian gauge transformation we can arrange that 


(x) ^ p(x) (13.852) 
where 


$"iT^v—-0 (a M +1,...,N). (13.85b) 


In this gauge it follows from (13.84) that the surviving n — N -- M Higgs scalar 
fields are unmixed with gauge bosons. The third term of (13.84) is the vector 
bosons' mass term. The actual masses are found by diagonalising the mass 
matrix 


(M2y*zg?v'T'T*o (a, b=1,..., N). (13.86) 
Since the matrices T^ satisfy (13.58a), it is clear that 
(M2)? =0 for (a,b=1,...,M) 


so that the gauge bosons A; (a= 1,..., M) are indeed massless as anticipated. 
Further, if we restirct a, b to values larger than M, the resulting (N — M) x 
(N — M) sub-matrix (M2)^* is positive definite. To see this we note first that 
(M2y* is symmetric (exercise). It follows that it may be diagonalised using a 
real orthogonal transformation O. Thus 


[0(M2)O" ]^^ = 425% (no summation). (13.87) 
Using (13.86) this gives 


N 
a= Y (gO"T'v (gO^iT*v). (13.88) 
pq=M+i1 

Since any linear combination gO"'iT?o of the linearly independent (real) 
vectors iT?» must be non-zero, it follows that 4" is positive and we have N — M 
massive vector particles, as anticipated. It remains only to justify the assumed 
existence of a unitary gauge. The proof is elegant? but something of an aside, so 
we omit it. 

The unitary gauge is unsuitable for calculations because the presence of 
massive gauge bosons means that the theory is not manifestly renormalisable. 
Itis desirable to perform calculations in a guage in which the renormalisability 
is manifest, so that the divergences encountered are no worse than QED, for 
example. As before, this is the case in 't Hooft’s R; gauge, analogous to (13.76). 
In the general case the gauge-fixing Lagrangian is taken to be 


Lor= E (0, A" — £go iT^vo)? (13.89) 


so that the cross term ô, A“g@"iT“v cancels the corresponding term in (13.84), 
after dropping a total divergence. Then in the quadratic terms the gauge fields 
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A; are decoupled from the scalars. The choice (13.89) corresponds to the gauge 
conditions 


F,20,A" —cgé'iT^v— f(x) -0 (13.90) 


instead of (10.31). This means that the functional derivative 6F,(x’)/6A,(x) is 
different from that derived in (10.55), and consequently that the Fadeev- 
Popov Lagrangian will differ from (10.58). 

Before discussing these modifications we derive the Feynman rules (in the 
gauge boson and scalar sectors) which follow from the addition of the gauge 
fixing Lagrangian Yo, to Z given in (13.82). Identifying the terms which are 
quadratic in the gauge fields we have 


1 
L(quadratic, A7) — —5 (0,49 A" — A") 


1 
-zg 0A" + An) Am (13.91) 


where (M2)" is given in (13.86). Thus the massless gauge bosons A? 
(a=1,...,M) each have the propagator D,,,(p) given in (10.68) and the 
corresponding Feynman rule (10.69). As shown in (13.88), the remaining 
modes Aj (a=M 4 1,..., N) yield N — M massive vector fields. We denote the 
mass eigenstates by 

B:=0%4} (13.92) 


where O is the orthogonal matrix diagonalising this sector M2 of the mass 
matrix M4, as in (13.87). The eigenvalues 4? may be written 


A z(M* (13.93) 
since we have verified their positivity. Then the propagator for each mode B; is 
— 9ps t (1 —Op, P Lp? - &(M*]! 


»M*)= 13.94; 
Asp M ) p? — (M*y? +ie ( a) 
as in (13.79), and the corresponding Feynman rule 
Bid AREAS UT 3 id” A, p, M°) (no summation). (13.94b) 
B 


The terms in the augmented Lagrangian which are quadratic in the (shifted) 
scalar fields @ are 
L(quadratic, 9) - 30,9) (2^9) -10 uA- tég oiT) (13.95) 


where (u°) is the scalar mass matrix defined in (13.56). The scalar fields @ may 
be decomposed into the (unphysical) Goldstone modes G and the surviving 
Higgs scalars H 


$-G-H (13.96) 
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as follows. Using (13.87) and (13.93) we see that the real vectors 
(a,b=M+1,...,N) 


e =F » gripe (no summation) doom 
are orthonormal: 
eT eh = nh, (13.98) 
Since 
(e -0 (13.99) 


(from (13.57)), it is clear that the set (e^ a=M + 1, ..., N} provides a basis for 
the (zero-mass) Goldstone modes. The remaining scalar mass eigenstates all 
have positive eigenvalues of (u°), since o — v is a minimum of V. Further, we 
may choose the eigenvectors (f*: b= 1,...,n — N + M} to be orthonormal and 
orthogonal to the Goldstone basis (e^). The decomposition (13.96) is then 
defined by 


G=} e'(e" à) z Y eG (13.1002) 
H-Yf'("9)sY PH'. (13.100b) 
b b 


Using the orthogonality of O, it follows from (13.97) that 


@TigT*v= Y, M’O™G? (13.101) 


b 


and we see that the last term of (13.95) involves only the Goldstone modes. We 
may rewrite (13.95) as 


S (quadratic, 9) =ð H"(0"H*) —1 > (u*? H*H* 
b 


*X(0,G*Y(0" G^) —4 Y £M")? G'G" (13. 102a) 
where 
(wf =YP. (13.102b) 
The Goldstone mode G“ thus has a propagator 
A,(p, / € M*) - [p? — (M*)? ic]! (13.103) 


with the corresponding Feynman rule 


bees + a :  id*A,(p, ae M*) (no summation). (13.104) 
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Similarly the Higgs scalar H^ has a propagator 
Alp, u*) - [p? — (4^? ie] * 
with the corresponding Feynman rule 
c e-t ab : dó*AQp,u5. (13.105) 
The remaining terms of the augmented Lagrangian characterise the 
interactions of the scalar particles and vector particles: 
L(interaction, $, A)=(3,¢" lig T $9 A^" - g^ 9 T"T'vA; A" 
+g O TT oA; A^ 
4Agf "0, At — 0, A2) A" Ae 
—Ag?f ef ode Ab Ac ata Ae’ 
— (HG) -+0 v6] (13.106) 


where f/(o) is obtained from V(g) by the substitution of v+@ for q. This 
expression can be made even more complicated by casting it in terms of the 
mass eigenstates AQ (a=1,...,M), B; (a« M +1,..., N) defined in (13.91), G^, 
H* defined in (13.100). We shall forego this pleasure until we consider the 
specific spontaneous symmetry breaking required for the standard model (see 
$14.2). 

There remains the question of the Faddeev-Popov ghost Lagrangian which 
is required by our gauge choice (13.90). This is controlled by the matrix B, 
defined in (10.52). With the present gauge condition 


FAx’) = F(An(x), 9" (x) 
= Oy A" (x^) — £g (xi T^v — f(x’) (13.107) 
where A3", 9" are the (infinitesimally) gauge-transformed fields 
A?! U(x/) = A?" (x^) + A(x’) + gf "*A*(x") A" (x') (13.1082) 
9G) e") —v 
= e(x) —igT^A'(x)o(x) —v 
= G(x’) -igT°A(x)[v+ H(x’)]. (13.108b) 
Thus 


OF x’) _ 
5A%(x) | 


Bux (LO 5" + gf AMX) A(x’ —2)] 


t £g" (v! + o'x T T vsx — x). (13.109) 
Proceeding as before we find that the Faddeev-Popov ghost Lagrangian is now 
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given by 
ep — (0,11 (O^) + gf *(0,0"*)n* A" 
ES &g"*(M3y* b ég’ *nt oT T". (13. 1 10) 


Evidently the ghost fields 5^ (a= 1,..., M) remain massless and have the 
propagator (10.70) with the associated Feynman rule (10.71). The remaining 
ghost fields have a mass matrix ¢(M2) proportional to that of the 
corresponding gauge fields. Thus the mass eigenstates y^ are given by the same 
orthogonal matrix O as appears in (13.87) 


y so" (a, b M t 1,..., N) (13.111) 

and the corresponding eigenvalues are Et M”, where M" is defined in (13.92). 
The propagator for this mode is therefore 

Ag*"(p, /E M*) - [p? — (M? + ie]! (13.112) 


and the corresponding Feynman rule is 


* ere Rus : id” Ag" p, JEM’). (13.113) 


The remaining (interaction) terms of (13.110) may be recast in terms of 7 
(a=1,...,M),x°(a=M+1,...,N), Ai (a=1,...,M), Bi (a=M +1,...,.N), G°, 
H*. Again, we shall not write down the precise Feynman rules until we turn to a 
specific example. 


13.7 Fermion masses from spontaneous symmetry breaking 


The gauge theories we have encountered so far, namely QED and Qcp, have all 
been invariant under the operation of parity, in which 


P 


xo-x (13.114) 


In consequence the left and right chiral components of the fermion fields must 
transform in the same way under gauge transformations. To see this we group 
all the fermion fields into a column vector Ņ and then decompose y into its left 
and right chiral components L and R as follows: 


W=L+R (13.115a) 
where 

L=a,y (13.115b) 

R=a,w (13.115c) 
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with 
a, =pl Eys). (13.115d) 
Then L and R are eigenstates of a chirality transformation e*'5 since 
R—e"5R-—e"R (13.1162) 
L> L= "L. (13.116b) 


Now suppose that under a gauge transformation U 
L — exp(—igT{A%)L (13.117a) 
R > exp(—igTRA%)R (13.117b) 


with Tz, TR characterising the (possibly different) transformation properties of 
L and R, and consider the kinetic part of the Lagrangian 


4 z Ly(id, —gT? A2)L + Ry"(id, —gT A9)R. (13.118) 


By construction Xx is gauge invariant, and it follows from (13.116) that it is 
also invariant under the chiral transformation. However .Z is in general not 
invariant under the parity transformation, basically because parity 
interchanges the left and right chiral components. We can see this as follows. 
Under the parity transformation 


y 5 oi (13.1192) 
with 
le|- 1 (13.119b) 
and 
At A, (13.120) 
Then 
P 
L — eyoR (13.1212) 
P 
R > eyo (13.121b) 


and Y, is parity invariant if and only if 
Ti=TR=T". (13.122) 


In other words L and R transform identically under a gauge transformation. 
Now consider the mass term 


Lu=—}Mpry. (13.123) 
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It is never invariant under the chiral transformation (13.116), but it is gauge 
invariant if (13.122) is satisfied and if 


[M;, T^] - 0. (13.124) 


In the case of acp, for example, parity invariance ensures that (13.122) is 
satisfied and (13.123) requires all colours of a given flavour to have the same 
mass, as in (9.35). 

It is well known that the weak interactions are not invariant under parity. 
Thus when we construct the electroweak gauge theory in Chapter 14 it should 
come as no surprise to find that the left and right chiral components of the 
fermion fields behave differently under gauge transformations, as envisaged in 
(13.117). Then Zy given in (13.123) is not gauge invariant. If we demand gauge 
invariance, the fermions are massless and the fermionic Lagrangian is chirally 
invariant. Clearly we must break these invariances, since with the exception of 
the neutrinos all fermions are known to have masses. 

We have seen that it is possible to break the gauge invariance 
(spontaneously) by introducing scalar fields which acquire non-zero vEvs. 
However this does not of itself induce the chiral symmetry breaking which is 
essential if the fermions are to acquire masses. What is needed is an interaction 
ofthe fermion which is chirally non-invariant but gauge invariant. Then, when 
the gauge invariance is spontaneously broken, we shall expect fermion masses 
to emerge, since both invariances will have been broken. This may be achieved 
by including a Yukawa coupling of the fermions to the n real scalar fields 
91... ., Øn aS follows. We take 


4, — LY,Ro,- RYLLo, (13.125) 


where Y, (p— 1,...,m) are matrices chosen so that Zy is gauge invariant. The 
chiral non-invariance follows immediately from (13.116), and the gauge 
invariance requires that 


TiY, —- Y, T& - (T2), Y, (13.126) 
where Tt, T$ are defined in (13.117) and under the same gauge transformation 
9 > gy —exp(  igT; A^)o. (13.127) 


When the symmetry is spontaneously broken we must re-express y in terms 
of the field @, as in (13.83). Then 


4, — LY,R(v, +G,) + RY,L(v, + G,) (13.128) 


and we see that the symmetry breaking has generated mass terms for the 
fermions, as required and anticipated. The mass matrix M, in (13.123) is given 
by 


Y'-o2 Y-v= -Mr (13.129) 
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138 Magnetic monopoles 


We have now derived the techniques necessary to apply spontaneous 
symmetry breaking to the case of actual interest. However, before doing so it is 
irresistible to note some further consequences which arise at the classical level 
when a non-Abelian gauge invariance is spontaneously broken. 

As we have already said, spontaneous symmetry breaking occurs when 
some scalar fields w(x) acquire non-zero vEvs: 


«0|oG9)J0» =v (13.130) 


and we argued that v is independent of x because the vacuum is observed to be 
spatially homogeneous. We might therefore wonder whether other states of 
finite energy might exist in which the scalar fields have spatially varying 
expectation values. Let us call such a state M. Then we want 


<M|6(x)|M> = eux) (13.131) 


and @,,(x) to describe a state of finite energy. We consider first a continuous 
global symmetry, such as that discussed in §13.4. The energy density T for a 
single scalar field g(x) was derived in (3.45). In the present case we have 


T$ = 3099 (Go) + 3(0,97)(0,9) + Vig) (13.132) 
where to be definite we take 
V(e) -3a(o! —v?)?. (13.133) 


Since we require the state |M> to have finite energy, it is clear that the density 
T$ must approach zero as rz |x| — oo. In particular this requires that V > 0, 
so 


Ou Pu > v? as r— oo. (13.134) 


This does not necessarily require that py approaches a constant, since (13.134) 
requires only that the magnitude of py approaches a constant; its orientation 
is arbitrary. We might therefore hope that it would be possible to arrange that 
(um is tied to a non-trivial topological structure as r > oo. For example in an 
SO(3) symmetric theory in which the fields o constitute a three-dimensional 
representation we might hope to find a field configuration ,, in which 


Qu > UF as r>o. (13.135) 


Unfortunately any such field configurations have infinite energy’. We can see 
this as follows. For large values of r we may approximate py by the form 


Pul, 0, o, t) -vi(0, p, t). (13.136) 
Then 
Oy! opo 1 dW’ dw 
0 
(Ove vu) ~ al 30 "sin! 6 ap E) 


=0(r7?). (13.137) 
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It follows from (13.132) that the energy is given by 


E= Jexrt- [exaeinee =00 (13.138) 


since d?x =r? dr dQ and the radial integration is divergent. 
In any case it is easy to see that any such static solution having finite energy 
is unstable. The energy of a static solution is given from (13.132) by 


E=T{oul+V[ou] (13.139a) 
where 
Tipul = |d^xX0; 910,0.) (13.139b) 
and 
V[ou]- |d?xV(o,) (13.139c) 


with D( = 3) the number of spatial dimensions. We denote by gy,,(x) the scale- 
transformed solution 


9x) 7 eux). (13.140) 
Then 
Pux) — A0, 9 (Ax) (13.141) 
and it follows, changing integration variables from x to Ax, that’ 
T(9y;17 2^ Tipu] (13.142) 
and 
V[9y;]—4 Vipu]. (13.143) 
Since E must be stationary with respect to variation of A we have 
SiL. "07 0-DT-DY. (13.144) 


For the solution to be stable we also require that E is a local minimum with 
respect to variation of 4. So 


d?E 


0< 


=(2—D)(1—D)T+D(D+ )V 


PES 


=(2—D)2T (13.145) 


using (13.144). Since T is always positive, we see that in D=3 dimensions 
(13.145) is not satisfied, and any such static solution is consequently unstable. 
This is ‘Derrick’s theorem’®. 
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However, if we consider a local, rather than a global, symmetry, we must 
amend the above argument to include the effects of the gauge fields. We leave 
this as an exercise, and merely quote the results. Requiring that E isa minimum 
with respect to variation of the scale parameter 4 now gives 


(2 — D)T, - (4 — DT, - DV—0 (13.1462) 
(2 — D(1— D)T, + (4 — D(3 - DT, - D(D+ V »0 (13.146b) 


where now 
E=T,+T,+V (13.146c) 
with 
T,= [eooo (13.146d) 
T,= [arr (13.146e) 


and V is given in (13.139c). Eliminating V and putting D=3 gives 
T,>4T° >0 (13.147) 


which can be satisfied. 

All that is happening is that the decrease in T, and V as Ais increased is being 
(more than) compensated for by the increase in T,. The inclusion of the gauge 
fields also enables us to avoid the infinite energy of the purely scalar 
configuration. This is because we can arrange a cancellation so that although 
10:@y|=O(r-') and |Ajy|=O(r~') as r— oo, the covariant derivative 
|[D;eu|=O(r~ 2), which is sufficient to ensure the convergence of T,. 

To see how, we consider the particular case? already mentioned when the 
symmetry is SO(3) and the scalar fields « transform as a three-dimensional 
representation. We further assume that a spherically symmetric configuration 
exists and that Øy is radial everywhere, not just as r > oo as in (13.138). Thus 
we assume Py has the form 


9yr) = vrdXr). (13.148) 


Since v is the only dimensionful scale in the system it must scale the r 
dependence. Further, since the r dependence is controlled by the covariant 
derivative D,, it is clear that ®(r) is a function of gr. Thus without loss of 
generality we may write instead of (13.148) 


H 1 
Py(r) = v£ “en = PE H(vgr)r (13.149) 


and we insist that 
& !1H()51 as £— oo (13.150) 
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so that (13.135) is satisfied. As before, 0,9,,=O(r‘) for large r, so this 
potentially divergent behaviour must be cancelled by the gauge field 
contribution to 


D;9yu — 90m —9Aim ^ Pu (13.151) 
where we have used (13.81) and the fact that 
(Tj; — ie; (13.152) 


in the regular representation of SO(3). To achieve the cancellation A;,, must 
have some component perpendicular to o,, and we assume that 


Adr) - — Eau = [1— K(vgr)]. (13.153) 
Then it follows that 


1 T: 
D,o jr) = H(vgr)K(ogr) ae (öyr? — rir) + [vgrH (vgr) — H(vgr)] a (13.154) 


and provided 


d 
a dz [E7 H(] +0 as £o (13.1552) 
and 
¢K(¢) > 0 as $—oc (13.155b) 
we see that D;9;, — O(r ~?) for large r, as required. The gauge field tensor Ffy, 


may be calculated, directly using (13.153), or from the commutator [D;, D n 
using (9.28). We find 


a Ua [E121 K' K?-1 
Fim 797 "| a 0a ur T ue Jupls'; Ejaprpri) | (13.156) 


Then substituting (13.149) and (13.156) into (13.146) gives the energy of the 
configuration as a functional of H and K: 


E[H, K] an dé ec (CH' - Hy - H*K? 
0 
1 
+(EK’)? +5 (Ris P+ gz (H? -ey) (13.157) 


Minimising with respect to variation of H and K, or directly from the Euler— 
Lagrange equations, gives 


EK" = KH? + K(K?— 1) (13.158a) 


a 
oi ae B= (13.158b) 
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which must be solved subject to the boundary conditions (13.155). Further, in 
order that the integral in (13.157) is convergent at €=0 we require the 
boundary conditions 


H(5) <O(¢) as £20 (13.1592) 
and 
K(&)-1«0O(£) as £50. (13.159b) 


In general the functions H and K satisfying (13.158) must be found 
numerically, and the energy of the field configuration (interpreted as its mass) 
then has the form: 


m= =) (13.160) 
where f is found to be a slowly varying function satisfying (for example) 
f(0)21 (13.1612) 
f(0.5) - 1.42 (13.161b) 
f(10) 2 1.44. (13.161c) 


The first of these values may be verified directly, since in the limit that x > 0 
(and u? — 0, so that v #0) (13.158) has the analytic solution 


A(é)=€ coth €-1 K(é)=€ cosech č (13.162) 


discovered by Prasad and Sommerfield!?. 

We should emphasise that the field configurations (13.149) and (13.153) we 
have discovered are purely classical. The ‘mass’ calculated in (13.160) is just the 
energy of this classical field configuration and is not (except in conjecture! !) 
the mass of any field quantum. We can however think of the field configuration 
as describing a localised system with the energy concentrated in a region 
around the origin. In fact for large values of é, H ~ € from (13.150), so (13.1582) 
gives 


K’~K (13.163) 
since K — 0, from (13.155b). Thus the asymptotic form of K is 
K~e ze 7% (13.164) 


and we see that the field energy is essentially concentrated in the sphere of 
radius (gv) ! centred at the origin. It is easy to see (from (13.160), for example) 


that 
2 


g 
=gvo~— 13.1 
ma=gvo~z M (13.165) 


is just the mass of the (transverse) vector field which acquires mass by the 
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spontaneous symmetry breaking. Thus the size of the field configuration we 
have been discussing is just the Compton wavelength of this massive vector 
field, and not the Compton wavelength associated with its ‘mass’. 

At distances which are large compared with m; ! the SO(3) local symmetry 
is broken, according to (13.135), and the residual symmetry is just the U(1) 
group of rotations about the radial direction £. If SO(3) had been the 
electroweak symmetry, which it is not (see Chapter 14), this surviving U(1) 
gauge symmetry would have been the electromagnetic gauge invariance, and 


presumably g — e. In this limit the surviving gauge field tensor Fi,» is 


papa 


-1 
r iMY £j!" (evr » 1) (13.166) 
which corresponds to a magnetic field 
B~— P. (13.167) 


Thus the field configuration we have been discussing is that of a magnetic 
monopole, since at large distances the field in everywhere radial. In fact the 
total magnetic charge of the monopole configuration is 


f B-ndi= —4n/e (13.168) 
z 


where nis normal to the surface È enclosing the origin, all points of which have 
er » 1. 

The monopole configuration(s) are of no great importance in the context of 
electroweak theory, because they do not arise in what is now the generally 
accepted electroweak symmetry. However, they do occur in the grand unified 
theories (Guts) which will be discussed in Chapter 16. To see why this is so we 
must first appreciate that the field configuration (texture) which has been 
developed is important not just because it has finite energy, but also because of 
its topological stability. We noted at the outset that @,, was tied to a non- 
trivial topological structure as r — oo. This means that the asymptotic form 
(13.135) of gy cannot be continuously deformed to the trivial texture 


Pu=v (13.169) 


for example. Another reflection of this is that the magnetic charge (13.168) is 
‘topologically conserved’—in fact its value must be an integral multiple of 
4n/e, for purely geometric reasons. We can see this as follows. For large 
r(evr > De(r) defines a mapping 


9: X M° (13.170) 


where È is any closed surface enclosing the origin, and on all points of which r 
is large, and .#° is the manifold of all values of g which minimise V(g). In the 
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present case V(g) is given by (13.133) and .#° is the surface of the three- 
dimensional sphere 

9:97. (13.171) 

Thus in this case .//?^—S?. Now suppose that the points on E are 
parametrised by u and w 

E-r(u, w): ueU,weW). (13.172) 


This gives the mapping o in terms of the parameters u, w. The normal a, to S? 
is given in terms of the partial derivatives «, and q,, by 


9, ^ 9,, du dw — n, dS? (13.173) 
where dS? is the element of area on S?. It follows that 
9*9,^ 9, du dw=v dS?. (13.174) 


As (u, w) covers U x W, r(u, w) covers the closed surface X, and o(r(u, w)) must 
also cover a closed surface which must be contained in S?. Evidently this can 
only be S? itself, or an integral multiple of S?. Thus 


awn =[ 9*9, ^ Py du dw (13.175) 
UxW 


where N is an integer. Precisely because N is an integer it cannot be varied 
continuously. Thus continuous deformation of ọ leaves N invariant, which is 
why we say that N is a topologically conserved quantum number. 

Finally we must demonstrate the connection between the topological 
charge and the magnetic charge. This is done by transforming (13.175) to an 
integral over X. If the normal to = is a, then as in (13.173) 


n dx =r, ^r, du dw (13.176) 
which implies 
Eix; am Fete du dw. (13.177) 
Also 
Pu ^ 9.5 jo Ad a E l (13.178) 
Substituting these into (13.175) gives 
4nv?N = [isnt AG, dX. (13.179) 


On X we have already noted (13.171) that g-g = v?, and that D,g = O(r~?). In 
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fact because of the exponential fall off we can set 

D,o=0. (13.180) 
Then solving (13.151) we can find the component of A; perpendicular to ø: 


1 1 
egi PPT aD (13.181) 


where a; is arbitrary. Then, as before, the field tensor F;, is parallel to the axis p 
of the residual U(1) symmetry and we find 


1 1 
V9 Fn TS 90,9 ^ 0,9 - 0ja,0,a; (13.182) 
and the magnetic field is 
1 
B= E" £i Fg. (13.183) 


Then substituting into (13.179) gives 
4n)? N = -Í dX n,[B; + (curl a);]gv?. (13.184) 
>» 


The unknown curl a does not contribute and we see that the magnetic charge 


f B:ndz- -n() (13.185) 


remembering that g =e. Thus the topological charge measures the magnetic 
charge in units of (—4z/e), and the magnetic charge is conserved because of 
topological reasons. 


13.9 The effective potential in one-loop order 


We have seen in §13.3 and the following sections that spontaneous symmetry 
breaking requires that some scalar field develops a vacuum expectation value 
(vEv). Thisvev is determined by the minimisation of the effective potential as 
was shown in (4.79). (In the case that the classical field (x) varies in space, as 
was the case in §13.8, it is obtained by minimising the effective action T [4,].) 
So far in this chapter we have ignored quantum effects, so that the effective 
potential is given entirely by the potential V which appears in the Lagrangian. 
(It was for this reason that we minimised the expressions (13.21b) and (13.32), 
for example. We could of course include some of the neglected terms by 
working to some (finite) order in perturbation theory. However, spontaneous 
symmetry breaking is a non-perturbative effect, as we have already observed. 
Thus some other expansion parameter is needed if we are to improve upon the 
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calculations we have done so far. One of the few available alternatives is the 
loop expansion. 

We start with the generating functional X[J] of the connected Green 
functions in a scalar field theory, defined in (4.58) and (4.25), and insert a factor 
h^!,so that 


W[J] «exp ih ^! X(J] 
-N' [o exp ih? fae +J9) (13.186) 


where N’ is chosen so that 
W[(0]21 (X [0] 2 0). (13.187) 


(We have hitherto set ^ — 1, so this insertion makes no differences to the 
calculations we have already performed.) Since the h^! on the second line of 
(13.185) multiplies the whole Lagrangian, not just the interaction part, each of 
the V vertices in a diagram will carry a factor h ^!, while each of the J internal 
lines will carry a factor h. In calculating the connected Green function GÓP, with 
E externa lines, as in $6.2, each of the external lines has a propagator. Thus 
overall we have a factor 


(A) -Vt +E = (R)-*!-5 (13.188) 


using (7.7), and any diagram in the expansion of ^! X[J] has a factor (A) *. 
The one-particle-irreducible (oPr) Green functions I? are generated by the 
effective action I'[g,] via (4.73). As we found in Chapter 6 the op: Green 
functions f? have no propagators associated with the E external legs, so these 
Green functions are multiplied by a factor (A). In other words the power of hin 
I counts the number of loops. With no loops (L=0) the only non-zero opt 
Green functions are 


Pp, —p)- p? —u? (13.189) 
and 
Mp, P2> P3> P4)= =À. (13.190) 


Then from (4.81) we can write down the corresponding approximation to 
V(o: 


1 1 
Vol.) 7 5 Moe +a Ae (13.191) 


which is precisely the ‘classical’ potential (13.2 1b) which was expected. In this 
connection it is perhaps worth emphasising that the insertion of h is purely 
conventional. We do not have to assume that Å is ‘small’, and it is introduced 
merely as an expansion parameter. Indeed, we can write down I[g,] in the 
same approximation by using (6.36). The terms involving A,(0) derive from 
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(divergent) loop integrations, so they do not contribute in zeroth order. Thus 
1 2 
To[o.]— —5 | dxe.69(2,0" +H PAX) 


= À faston (13.192) 


since N= 1 so that T[0]=0. 

We now wish to proceed beyond this approximation and to calculate the 
effective potential V and the effective action I accurate to order A, i.e. at the 
one-loop order. First we shift the functional integration variable ¢ in (13.186) 
by writing 


9(x) = Po(x) + G(x) (13.193) 


where o, is the zeroth order approximation to ø.. It therefore satisfies 
2 A 3 
(0,0" + n^)eo(x) tz Po(x) = J(x). (13.194) 


Using the Lagrangian density given in (3.34) 


1 


_! ED 2_1 4 
L(—)=5 (0,9)(0^) ;49 aj ^? (3.34) 


and the change of variables (13.193), it follows that 
f d'u£4J9- | d*x( £00) + Jo) 
4 aw u 2x 1 ~ 3 ~ 
+ | d°x| (0,90 09) -u PPa — AGHA + IG 


i 1 Loi 
+ [ats] 2. 9o) — c 4^ 9o E aa | (13.195a) 
where 
uad: Po) = Ap) mb —-lioió? (13. 195b) 


contains all the terms quadratic in ó after the shift. The term which is linear in 
ĝin (13.1952) vanishes by virtue of (13.194) (this merely reflects the fact that 9o 
minimises the classical action). Next we rescale the new functional integration 
variable by 


=h (13.196) 
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and substituting back into (13.186) gives 


W[JJ=N' exp ih ' Jatstzioo Jod 


À 1 
x | Do expi | d^x (zo) -in “99° ziho) 


(13.197) 


The terms proportional to h/? and h in (13.197) may be neglected, if we only 
want to retain the first-order corrections, and this leaves a functional 
integration which may be continued to the Gaussian integral already 
encountered in Chapters 1 and 4. Writing 


[ate 9o)7 —4 Jes d'x'o(x)A(x', x, oo)o(x) (13.198) 


where 
A(x’, x, Po) = E— ôx 3k + u^ + AG] 5(x’ — x) (13.199) 
the result is that 


W[J]zN'expih ! Jetzt) ct Joo] 


x exp[ —3 Tr In A(x’, x, @o)]. (13.200) 
Using (13.187) we have that 
W[0]212N' ew( -; Tr In A(x’, x, 0) (13.201) 
since 
9o[0] =0. (13.202) 


Then comparing with (13.186) we find 


Xo[J]= Jestzto) +J@o] (13.203) 
i 
2 


where A is defined in (13.199). Of course, to go beyond this first-order 
approximation we should have to retain the O(h!/) and O(h) terms in (13.202). 
Finally we can compute the effective action 


ITo.] ^ Vo[o.] + Al, Le] (13.205) 


X1[J] 75 Tr In[A(’, x, 99)/ A(x, x, 0)] (13.204) 
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in the same approximation of neglecting O(h?). From (4.64) we have that 


e Po(x) + Olh). (13.206) 


bX 
{x)= zJ 


Thus using (4.68) we have 


Tole] =X ol] -f *xJ@o 
= fse (99) 


1 1 1 
< 4 vl 63 7-22 22.- oe 4 
- | d SE (0,0. X0" v^) 2! 9: —3 iet) (13.207) 
in agreement with (13.192). Next we have 


AY, Le] 7 Xo[J] - 'oLo.] — | d*xJo.-- hX,UJ] 


- | d*x[.Z (oo) + Jao] - fatzo *Je] 


ih 
2 
The difference on the second line is of order (o, — q,)? = O(h?) since o satisfies 


(13.194), and in the last term we may replace o, by o, at the required accuracy. 
Hence 


+= Tr In[A(x’, x, 99)/ A(x', x, 0)]. (13.208) 


llo] =; Tr In[ A(x’, x, q.)/ A(x', x, 0)]. (13.209) 


The effective potential V(o,;) is obtained from T'[o,] by taking p. to be 
constant. Then 


T[o]« - f d*xV(o,). l (13.210) 


Now with o, constant we can evaluate I',, and thereby V,. To define the 
logarithm in (13.209) we must first diagonalise A(x’, x, @,): . 


A(x’, x, P) =(— ôx +u? ripi — x) 
d^k "y 
= le ( Y Oxy Or +p? +442) er i 


d*k 2 2 112,52 eik ~x) 
Ez: One (-* +u +3Agz) e 
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= f d*k d*k[Qz) -? eJ ~k? +u? ig) —k)] 


x [Qz) e7]. (13.211) 
Thus 


In A(x’, x, 9.) | d*k d^k'[Qz) ? e**] In( —k? +u? -3492)6(K' —k) 


x[Q2z) ?e-*] (13.212) 


and 
Trin A= Jes d^x'ó(x' — x) In A(x’, x, P.) 
= |d*x E Cc ob ados] (13.213) 
(2n)* x f 


Thus from (13.209), (13.210) the one-loop order contribution to the effective 
potential is given by 


—i fdk | (—k? +p? Ag? 
V9.) 7 Gn?! (AER) (13.214) 
and to this order the effective potential is 
Vp.) = Vol.) + Vlo.) 
1 1 i, ( d^k 14o2 
uso nd. se 4 7 odor LL 27 Te 
=5 0792 eq Aot 7h sy in( 1 eu) (13.215) 


The last term is ultraviolet divergent, so we regularise the integral by 
evaluating it in 2w-dimensional space-time, as in $7.2. Also, the parameters 1’, 
A, Q9, which appear in the expression are those of the original bare Lagrangian 
(3.34). They should more carefully have been written as u2, Ag, Q5, as we did in 
(7.3) and subsequently. When we express V in terms of the renormalised 
quantities defined in (7.40), (7.42) and (7.43) we obtain 


1 1 1 1 
EE PY Y PS MS AE 4 


i, [dk Jig 
-jh gae (es) (13.216) 


where now y’, A, Q9, are the renormalised parameters, defined as in $7.5 by 
imposing boundary conditions upon V. In the single loop order to which we 
are working the k integration yields only simple poles in 2 — w. Thus in (7.70) 
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we have 
a,=0=b, (v> 1). (13.217) 
The poles in 2—w are cancelled by taking 
‘ees a b= = A (13.2182) 
327 327 
where 
AzAM?»-* (13.218b) 


as in $7.5. The remaining expression is finite as w — 2 giving 


1 2:2. À 3 , 
Vo)—5n ed retis (ze ram 4n 
1 342 (3 
i he +r(+indr) | 


KS a(t tee) NE 


In the Ms scheme the counter terms remove only the poles in w —2, so 

MS .. bMS — 0 (13.220) 
and the counter terms are identical to those in (7.74a). (This could have been 
anticipated, since although they were derived perturbatively the expressions 


are cid the only one-loop contributions.) In the Ms scheme we also take as 


and bMS as given in (7.76) and (7.77), so as to remove the I (1) - In 4z factors. 
We may also renormalise V(~,) by expressing it in terms of the ‘physical’ 
mass and coupling constant. This is done by choosing a?" and bes such that 


aad 2 (13.22 1a) 

—— = : a 

do? e.-0 ^ 

d*^V 

dos... =A. (13.22 1b) 
€ loc 


We leave this as an exercise, and quote the result only in the case that u? is 
*small'. It may then happen that the radiative corrections significantly modify 
the tree contributions to the effective potential. For example, it is possible that 
the radiative corrections can generate spontaneous symmetry breaking when 
this is not present in Vo. Clearly this requires x? to be small. Using the physical 
renormalisation (13.221) we find 


2 


Moe (, o 25 
25623 (0-5) (13.222) 


1 A 
V(o)75 i) +7 ve + 
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where 
i) «lio (13.222b) 


in the radiative corrections. The parameter M may be eliminated in favour of 
the value v of p, at the minimum of V(g,): 


V'(v) 0. (13.223) 
This gives!? 
1 292 1 44 naj Pe 
V(og,) - B z% Q: -4 0*2 toin po (13.224) 
where 
A? p? 
= 756n2 X Bo (13.225) 
Then the mass my of the physical Higgs particle is given by 
d?V 
m= do? S COMM (13.226) 


(which is positive provided u? is small enough). For V(v) to be the global 
minimum we require V(v)<0 which is satisfied if «<2. 

The foregoing example is really only of academic interest, since, if the single- 
loop contributions (which are of order 4?) are large enough to modify the tree 
contributions to the effective potential (of order 4), then presumably the two- 
and higher-order loop contributions, which have been neglected, are of equal 
importance. As an example of a model which is not open to this objection we 
consider next the Abelian Higgs model, which has already been explored in 
some detail in §13.5. 

The Lagrangian is Z + Lo, where X is given in (13.59) and the gauge fixing 
Lagrangian Zop is given in (13.75). We first shift the (complex) field g(x) by a 
constant amount which, without loss of generality, we take to be real. Then, as 
in (13.193), after the approximation (13.205), we have 


w=- [oe + (x) + i9;(x)]. (13.227) 


Next we rescale the U(1) gauge field A, as well as the scalar fields @, (i= 1, 2) by 
the factor 4!/? as in (13.196). In the one-loop approximation we need retain 
only the terms Z uaa(#c) in the Lagrangian which are quadratic in the rescaled 
fields. Then the one-loop contribution V,(@,) to the effective potential is now 
given by 


exp( —i [es rie)- [2024 ev(i | d'a) (13.228) 
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The choice of Zop ensured that there are no GA" cross terms so we may write 


Jesse = -i ave d*x[p(x)Ailx’, x, Po) (x) 


+ Ax )B"(x', x, )A(x)] (13.229) 
where A,; is diagonal and (without summation over i) 
Aifx', x, 9) [7 Oy, + MSp) jA —x) (13.230) 
with 
M$,(9)) — 1^ - A2 (13.23 1a) 
M3.(9,)=H? +4A@2 + 97 92. (13.231b) 
Similarly 


B"(x' x, o) = [(E~* — NOL 0, + g"0,,0:—a^o2g"]o(x — x). (13.232) 


(As a check, note that when we set 9,— v and use (13.34b) we retrieve the 
masses given in (13.78).) The functional integral may be evaluated as before 
and we find 


| d*xV,(e.) = E [Tr In 4(9,)/4(0) - Tr In B(o,)/B(0)] | (13.233) 


where the trace is now with respect to the internal symmetry labels (i, j) and 
Lorentz labels (u, v) as well as the space-time labels (x', x). This aspect is 
easily handled by diagonalising the mass matrices and we find 


i d^k k? — u? —3102 k? —u? — 41? — ég’ o? 
-— l e yp a eA e 
ViP.) 2 (2x)* ( k? —y? R k2 —p? 
2.22.2 k? — £g?o2 
+31n ES in e), (13.234) 


In the Landau gauge (6 =0), in which we shall now work, the coefficients of the 
surviving terms count the number of helicity states; one for each scalar mode, 
and three for each (massive) vector mode. The integrals are all of the form 
already encountered in (13.214), and if we again take u? <A@? in the radiative 
corrections we have 


l 2 241 154 aly, Pe 25 
Vío) 77 n9: tc Age + Bye | Ina; —c (13.235) 
using the renormalisation scheme 
d?V 4 
pri a (13.236 
dg? e, =0 z ) 
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d*v 3 
==A (13.237) 
do? c —- M 2 
analogous to (13.221), and now 
B- : > 4243 x (13.238) 
CéMm g^ 74 y l 


If we assume 4 is of order q^, and small, it is legitimate to neglect the order 4? 
contributions to B, but not, of course, the order q* contribution. Thus in the 
case of a gauge theory the quantum effects can easily modify the tree 
contributions to the effective potential. As before, we may eliminate M in 
favour of the value v of o, at the minimum of V(q,). This gives the form (13.224) 
with B given now by (13.238). The mass m of the physical Higgs particle is 
given by (13.226), which implies 


mi24Bv? (13.239) 
since «<2. Neglecting 2? compared with q^ this gives 
34 
mod n (13.2402) 
where 
m,-—qv (13.240b) 


is the mass of the vector particle. In the particular case u? —0, so «=0, (13.226) 
yields 


NT m, (13.241) 


This feature, that we are able to bound, or, in the case that u? = 0, to predict the 
ratio of the Higgs boson to vector boson masses, is common to all gauge 
theories. 

The generalisation of this technique to the non-Abelian gauge theories, 
which are our principal concern, is straightforward. The generalisation of 
(13.227) is now 


q(x)- o. + G(x) (13.242) 
where (x) are the real scalar fields defined in §13.6. The only novelty is that the 
functional integral in (13.228) must be generalised to include integration over 
the Fadeev-Popov ghost fields 5^, n°* which are inescapable in a non-Abelian 


theory, and the fermion fields y, V, as well as the scalar fields @ and the gauge 
fields 47. The upshot is that (13.233) is generalised to 


| d*xVW(o,)— -5 [Tr In A(g,)/AO) + Tr B(o.)/B(0) 


—2 Tr In C(g,)/C(0) —2 Tr in D(g,)/D(0)} (13.243) 
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where the matrices A, B, C, D specify the contributions to %,,,4(@,) from the 
scalar, vector, ghost and fermion fields respectively. The extra factor of —2 
from the ghost and fermion fields is because these fields are complex 
Grassmann variables, as explained in (8.17) of §8.1. It follows from (13.95) that 
the (ij) element of A(x’, x, o) is 


Aix", x, P) =C firk + MXP) Jl —x) (13.244) 
with the scalar mass matrix given by 
8^ y, 
M$(o9;;— SLE +ég (To. 91 T^); (13.245) 
09,09; T 9j 9-9. 


and V,(g) the tree graph approximation to the effective potential. Similarly 
from (13.90) 


BRO, x, Po) = [bax 7 1050, — 0,05 + g"0,.,0:) — GM (Pan — x) 
(13.246) 
with 
Mi(9Ja, 7 g^ Pe V T. (13.247) 
The ghost contribution follows from (13.110): 
Cal's x, 9) = [7 Fax + EM A( Pedal — x). (13.248) 
Finally the fermion contribution, from (13.118) and (13.139), is 


D(x’, x, P.) = Lil" 0,, + Me(@,)]6(x’ — x) (13.249) 
where l is the unit matrix and the fermion mass matrix 
Mp.) = Y'o.. (13.250) 


Evaluating the required traces gives the following generalisation of (13.234): 


d^k k*— 3 €. 
V(o)- lage Pee 


(2x)* 
-mi(o.) —émi(9.) 
«(^ In ri dans TO ) 
=F n m -4Ym ES (13251) 


where m2(,), m2(o,), m,(q,) are respectively the eigenvalues of M2(o.), M2(o.), 
M,(@,), and the sums are over all eigenvalues. As before, in the Landau gauge 
the coefficients of the surviving terms count the number of helicity states; the 
four for each spin 1/2 fermion mode is because there are two helicity states for 
both particle and antiparticle. Also as before, the effective potential may be 
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cast in the form (13.222) or (13.235) by writing 
9.7 q.v lv (13.252) 


where v is the value of », which minimises V(g,), and neglecting the 
contributions to m2(@,) which are independent of p.. Then 


4 gz 25 
Vie) — Vol.) + Bez| In 27; —— (13.253) 
M? 6 
with 
1 
B= sg (Lent -Xeent) (13.254) 


where gg = 1, 3 for the scalar, vector boson modes, and gp —4 for the spin 1/2 
fermion modes; mz = m2(v), m2(v) for the scalar, vector fields, and mp = mp(v). If 
we again assume that the masses of the vector fields dominate B then the 
bound (13.240) on the mass of the Higgs scalar is generalised to 


JA at!” 
25 j ` 
Du (x må) (13.255) 
In the special case u? —0 the generalisation of (13.241) is 


(s. q^ 
m= (Smt) f (13.256) 


In this special case there is another interesting effect which we note. Since 
u? =0 we may write 


1 
Vo) 7 1, Age. (13.257) 
Then V(g,) can also be written in the form (13.224) (with «=0) so 
"LC 
Ves.) = Bo: | In 777 (13.258) 
with B now given by (13.254). Comparing (13.253) with (13.258) gives 
1 25 1 M? 
aA x B=B( -3+0 1r) (13.259) 


(which is just the condition (13.223)). Now if we choose the renormalisation 
scale 


M =v (13.260) 
this gives 
à li 


11 


where the last equality follows if we again assume that the vector field 
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contributions dominate B. Thus we are able to eliminate the dimensionless 
coupling constant 4 in favour of the dimensionful quantity v, with the result 
that the effective potential (13.258) involves only g and v. 

This phenomenom has been called ‘dimensional transmutation’ by 
Coleman and Weinberg! ?, and it is an inevitable consequence of symmetry 
breaking in a massless theory. In its original formulation the theory was 
described by two parameters (g and 4), ignoring the fermion couplings. Since 
the spontaneous symmetry breakdown necessarily generates a mass scale v, we 
must be able to trade in one of the original parameters in favour of v, as we 
have done in (13.258). 


13.10 Instantons 


We have seen in $13.8 that spontaneously broken non-Abelian gauge theories 
may possess topologically non-trivial magnetic monopole solutions, although 
these do not arise in the standard electroweak theory. However a rather 
similar (topologically non-trivial) classical gauge field configuration does 
occur in QCD, which is not a spontaneously broken gauge symmetry. The 
existence of these solutions seriously affects our view of the QCD vacuum, 
and this in turn is stringently constrained by phenomenology, as we shall 
see. In the attempt to circumvent these constraints in a natural way we are 
led to the existence of pseudoscalar ‘axion’ particles. 

The gauge field configurations with which we are concerned are called 
‘instantons’ and were discovered first as solutions of the classical pure gauge 
field equations in four-dimensional Euclidean space!? 


D, Fe” =0 (13.262) 
which follows from (9.42) in the absence of the fermion fields y. In 


four-dimensional Euclidean space the action of the gauge field ML CORREA 
is given, as in (4.29), by 


Se= fosar ed dd (13.263a) 


= | d4xh Fur Fev (13.2635) 


where the dual field strength tensor F! is given by 


Fav = 4er Fee (13.264) 
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with z^'^" the totally anti-symmetric rank 4 tensor. It follows that 


Se= T iPeyr iater 21i (13.265) 


Jer 


and that the bound is saturated by self-dual or anti-self-dual gauge field 
strength configurations 


Fey = + Fey, (13.266) 


As before in order to get a finite action we require that F^" vanishes fast 
enough as r = |x| — oo. It follows that the vector potential must approach a 
pure (vacuum) gauge transformation, i.e. 


A" = A"(x)T, ~ —ig 1U(x)d“U T !(x) 
=ig !o"U(x)U-!(x) (13.267) 


as r > oo, using the notation of (9.27). Although such a vector potential can 
always be transformed locally to zero, it may not be possible to do so globally 
if it has a non-trivial topological structure. The instanton solutions have 
finite and non-zero action just because they are supported topologically. 
Indeed the right-hand side of (13.265) is proportional to the ‘Pontryagin 
index' of the configuration. To see this we use the notation of (9.28) to write 


AFERY = te( rv po) (13.268) 
where 

FY = F'"T, = 0^ A" — 0" A^ + ig[ A^, A’ (13.269a) 
and 

o — Lgrvoo poo. (13.2695) 
Then 


tr(F^"F?") = 29? tr[(0^ A" + ig A" A" (0^ A* + ig A? A*)] 
= 2g? tr[ (^ A"Y(0^ A7) + 2ig(O" A")(A^ 47)] 
= Qougioe uf e(r + “6 arae) | 


zo K" (13.270a) 
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where 
K" = e° tr[ A" (F?" — 21g A’ A7]. (13.270b) 


In deriving this we have made extensive use of the cyclic property of the trace, 
as well as the total antisymmetry of c^", Using Gauss’ theorem we may 
then express the integral on the right-hand side of (13.265) in terms of the 
integral of K" over the surface sphere S? of the four-dimensional volume V 


| d*x mr) = | d3Sn"K# 
y s? 
= — ige" f d?Sm"tr(4A"4^A") (13271) 
S3 


provided we choose the sphere S? with r large enough that the contribution 
from F^^S? is negligible. Then, using the asymptotic form (13.267) for the 
vector potential, we get 


| d*x tr(F" Fr) = — 162?q/g? (13.272a) 
Vv 
where 
^7 e| d'$n^ u[U(2"U" UU (GU )U("U :)] 
= -— 1 s? 
24n? , 7 l 
= a farsen tr[U(GFU-)U(HU-)UGU-*)]  (13.272b) 
7 


is the Pontryagin index (winding number) for the map 
U:$25G (13.272c) 


and in the last expression the derivatives are with respect to the three 
coordinates (e.g. Euler angles) used to parametrise $°. It is the four- 
dimensional generalisation of the three-dimensional result (13.175) used to 
demonstrate (topological) conservation of the magnetic charge. To see that 
q also has this property it may be shown that it is invariant under infinitesimal 
(and therefore continuous, finite) deformations (problem 13.11). We may 
also check that the prefactor is correct by verifying that q gives the winding 
number in the case when G is the group SU(2). 
The general element g € SU(2) can be written uniquely in the form 


g =a + ibit, (13.273a) 
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with c; (i = 1, 2, 3) the usual Pauli matrices, a, b; real and 
a? + bjb;c1 (13.273b) 


ensures that g is unitary and has unit determinant. Thus the parameter space 
of SU(2) is the unit three-sphere. If we choose 


U(x) = (x4 + ix;7,)/r (13.274a) 
where 
r= (x? +x3 + x3 + x2)? (13.274b) 
then we have 
U: S? > S? (13.275) 


maps the Euclidean space-time three-sphere $? in (1, 1) correspondence with 
the elements of the group SU(2). In this case we expect the winding number 
to be unity 


q—1. (13.276) 


To verify that our formula (13.272b) does give this value we note first that 
the mapping (13.275) is spherically symmetric so gives a constant integrand 
in (13.272b). To find this constant value it suffices to evaluate it at any point 
of the Euclidean space-time surface S*, for example at 


xt=r xi — 0. (13.277) 
At this point we may as well choose x, >, to be three coordinates, so 
U(U T!) = —iz/r (13.278) 


and the integrand has the value — 12r?. Then using the result (7.15) that the 
surface area of S? is 2n?r? we obtain the anticipated value (13.276) for the 
winding number. 

The consequence of all this is that the self-dual or anti-self-dual solutions 
which saturate (13.265) have actions 


Se = 8n7\q\/9’. (13.279) 


It follows that the instantons (with q # 0) cannot have F"" vanishingly small 
inside the surface sphere S°. However at large distances they are supported 
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by vacuum gauge vector potential configurations having Pontryagin index 
q. In this chapter we are not especially concerned with the precise instanton 
gauge field configurations which solve the (classical) field equations. The 
important point for our purposes is that there are a countable infinity of 
topologically distinct vacua labelled by the index q, not merely the trivial 
vacuum which is globally equivalent to A, — 0. 

The consequence of this observation is that we need to reconsider our 
path integral treatment of QCD: our previous treatment, in chapter 9, tacitly 
assumed that the ground state, the particle physics vacuum, is unique. Instead 
we now find that there are infinitely many classical vacua, which we denote 
by Iq», with q an integer. The fact that the instanton configurations have 
finite action means that there is a finite non-zero (quantum mechanical) 
transition amplitude of order e^** connecting the different vacua. It follows 
that the true vacuum is a linear combination of the |q) vacua. Now consider 
a gauge transformation U having unit winding number. Applying this to the 
iq» vacuum gives 


Ulq> — |q + 15. (13.280) 


Further, gauge invariance means that the Hamiltonian is invariant so 
UHUt=H (13.281) 
or 


[U, H] - 0. (13.282) 


It follows that the true (quantum mechanical) vacuum [05 is an eigenstate!* 
of U with an eigenvalue which we can write as e!*: 


U|0» = 10). (13.283) 
It is easy to check that the required linear combination is given by 


10> =F Igy, (13.284) 


Just such a situation arises in condensed state physics when, as in a crystal, 
there is a periodic potential. The true ground state (13.284) is the so-called 
Bloch wave. Different values of 0, corresponding to different U, label different, 
inaccessible sectors of the theory. The |@> to |0'» transition amplitude (in 
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the presence of a source J) must therefore have the form 


(005 , = ô(0 — 0')1,(8) 
= Z ett qn, 
4,4 


= y eiae gia’ [oar - exp fares, ^ (13.285) 


aq 


Thus 
I,(0) 2 Y, e foar, expi f d'x(Z + J,A") 

=> | (24^), exp i fata + J,A") (13.286a) 

where we have written 
; g? 
e^"* — exp ið —— | d*x tr(F^" F^") (13.286b) 
16x? 

using (13.272a), so the effective QcD Lagrangian is 


6g? 
Lou = L+— EL Fe Fey, (13.287) 


The extra @ term is charge conjugation (C) and time-reversal (T) 
non-invariant. Although we have already shown in (13.270) that it may be 
expressed as the divergence of a current, it contributes to the action because 
of the topologically non-trivial instanton gauge field configurations, which 
provide a non-vanishing contribution at infinity. 

The actual value of 0 in our vacuum is not determined by the theory. 
Furthermore, as it stands it is not even observable since it can be altered by 
a global (axial) U(1) transformation of all quark fields. It is this connection 
with the ‘axial U(1) problem’ to which we now turn!>. 


1311 Axions 


Suppose then that we have N flavours of massless quarks. Then the QCD 
Lagrangian posesses a U(N), x U(N), global symmetry, besides the local 


218 SPONTANEOUS SYMMETRY BREAKING 


colour gauge invariance. Explicitly “cp is invariant under the transformations 
qui ^ Ni 7 (Ud; (13.288a) 
Gri > dg; = (Up): 4p; (13.2885) 
where U, 4 are arbitrary N x N unitary matrices, and i, j label the flavours. 
Besides the SU(N), x SU(N), symmetry generated by the matrices U, r, 


having unit determinant, is the U(1), x U(1)y symmetry generated by a 
simultaneous phase change of all (chiral) fields 


Ua e "^q, (13.289a) 
U()g: gri > €^ gg; (13.289b) 
where 
0,—-^—a (13.289c) 
0g — Aca (13.2894) 


give the chiral phases in terms of the U(1), and U(1), (vector and axial U(1)s): 
U(1)y:q; > e "^q; (13.290a) 
U(0)4:4; > e ""q;. (13.290b) 


All of these symmetries are symmetries of the classical (massless) QCD 
Lagrangian. Of course, since the quarks are not massless we do not expect 
to see an exact version of the symmetry in the hadron spectrum. What we 
do see is an approximate SU(N), x SU(N), symmetry, and an exact U(1), 
symmetry, corresponding to conservation of baryon number. However there 
is no version of the U(1), symmetry; for example, the (light) pions are 
regarded as the Goldstone bosons associated with the spontaneous breaking 
of the SU(2), generated by the light u, d quarks, but there is no light n meson 
associated with the spontaneous breakdown of the U(1),. The observed n 
is just too heavy. 

From a theoretical perspective, what distinguishes the U(1), symmetry is 
that, even in the massless case, it is broken in the full quantum theory. The 
way in which this occurs is analysed in $15.5, but it is this non-conservation 
which relates it to the 6 vacua. We can express the non-conservation as a 
divergence of the axial current 


N 
jac È dosi (13.291) 


i=1 
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with the i labelling quark flavours, as above. Then for massless quarks 


i Ng? a Fauv 
Oi EP (13.292) 


is the QcD analogue of the U(1) result given in (15.175). We see that the 
non-invariance of the (quantum) QCD Lagrangian under a U(1), trans- 
formation of the quark fields is controlled by a term proportional to that 
which generates the 0 vacua. The change in the Lagrangian caused by the 
transformation (13.2905) is given, from (15.174), by 


Fe Foo. (13.293) 


Comparing this with the change (13.287) caused by the 0 vacua, we see that 
by choosing 
= —0/2N (13.294) 


the effect of the 0 vacua can be removed. 

However, in reality, the quarks are not massless so the U(1), 
transformation (15.2905) induces more than just the change (13.293) in the 
Lagrangian. Consider first the case of a single quark flavour (N = 1). Then 
the chiral transformation changes the mass term. 


máq — mg e 7'*’5g = m cos 2agq — m sin 2agiy sq (13.295) 
and the second term violates time-reversal invariance, just as the original 0 
term did. Thus for massive quarks the T non-invariance is a real effect. A 
general mass term for the quarks can be written as 


La —dyMijqa; + HC (13.296) 


where M is an N x N (mass) matrix. The effect of a U(1), transformation 
is that 


Moe ?*"M (13.297) 


so 


arg det M — arg det M — 2aN. (13.298) 
We see that the combination 


J=6+ arg det M (13.299) 
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is invariant under U(1),, and can in principle generate observable T-violating 
effects. The most severe constraint on @ is obtained by comparing the 
theoretically predicted value of the electric dipole moment of the neutron 
with that measured experimentally. 

As it stands in (13.287) it is not so obvious how the 0 term contributes 
to the neutron's electric dipole moment. The result above, however, shows 
that, by a chiral transformation, we can move the whole effect into the quark 
mass matrix M. So suppose that the flavour q undergoes a chiral 
transformation 


qe "59 (13.300) 
with the effect that, as in (13.295), the mass Lagrangian £, is transformed as 


— L, =} m,ĝq > ,m,cos2a,qq —i }, m,sin2a qysq. (13.301) 
q q q 


We need to specify the phases a, so that the 0 term is removed. To do this 
we note first that, since the @ term is a flavour group singlet, then so too 
must be the cp-violating part of (13.301). This requires that for all flavours 


m, sin 2a, = x (13.302) 


with x a constant independent of q. Also the required U(1), transformation 
has 


Y22, = —6. (13.303) 


4 


It is simple to solve these in the case that a, and 9 are infinitesimal: 


x= -0(5 m, 7 (13.304) 


so that the cP-violating part of £, is 


m (Em) 


1 
Y àvsa- (13.305) 
q 


In the case that there are just two light flavours u, d we get 


m,m, 


Z = —i8 (üysu + dy,d). (13.306) 


m, d 
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We leave it as an exercise (exercise 13.13) to solve for x in the general case 
that a,, 0 are finite. 


It is clear now that Y will generate a CP-violating pion-nucleon interaction 
described by the effective Lagrangian 


Lenn = Qaa Ni Nm (13.307) 


where :^ (a = 1, 2, 3) are the SU(2) isospin flavour group Pauli matrices and 
the coupling constant is estimated as!$ 


mm, 1 ma—my 


(13.308) 


8 = — 
inn m, + m, f, 2m, — M, — Ma 


This cp-violating vertex contributes to the neutron’s electric dipole moment 
via the diagrams shown in figure 13.3. 
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Figure 13.3 Contributions to neutron’s dipole moment from cP-violating pion-nucleon 
interaction. 
The estimate for the dipole moment is then 

d, = 5.2 x 1071+60 e cm (13.309) 
whereas the experimental data!” give 

d, « 12 x 107 ?6 e cm (13.310) 
which shows that 

ð « 2 x 107°. (13.311) 

It is clear from our derivation that 0 is the vacuum angle in the basis where 
all quark masses are real, positive and y;-free, which is why we have replaced 
0 by 0, the U(1), invariant quantity. 


We need dwell no longer on the technicalities of this estimate, nor on 
whether other estimates are superior. The important point is that 6 is 
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extremely small. We have already noted that it is not predicted by the theory, 
so it is only aesthetic considerations which demand that we explain why 9 
is so small. 

The clue to understanding why, is to note that if the lightest of the quarks 
(the u quark) happened to be massless then the effect would disappear, as 
is apparent in (13.306). This was already clear in (13.299) since when det M 
is zero its argument is indeterminate, and can be chosen to cancel arbitrary 
6. However, the masses in (13.306) are the current quark masses, and the 
success of chiral perturbation theory in explaining so much low energy 
phenomenology points irrefutably to the fact that m, is non-zero!®, in fact 
about 5 MeV. The solution of the ‘strong cp problem’ proposed by Peccei 
and Quinn !? is to extend the standard model so that there is a new anomalous 
axial symmetry even with non-zero masses; then the new symmetry can be 
used to transform 6 to zero, just as described above. We shall see in the next 
chapter that the quark mass terms in the standard model arise from the 
coupling of the quark fields to scalar fields in a gauge invariant way; the 
spontaneous breaking of the symmetry breaks it to SU(3), x U(1).,, and 
generates non-zero masses for the gauge bosons and matter fermions. For 
our purposes all we need is the U(1) symmetry already discussed. 

The left chiral components of the quark fields belong to SU(2) doublets 
Qj, = (Up, dp.) where f = 1, 2, 3 labels the three generations. The right chiral 
components are SU(2) singlets denoted Ur, Dpr. The scalar fields also 
form a doublet denoted p. The mass terms then arise from Yukawa coupling 


— 4 = Qr X 50D T Qr YU Ua + HC (13.312) 
(as in (14.145)) where X, Y are matrices, and 
y =it7o*. (13.313) 


The first term generates masses for the down-like quarks when the scalar 
doublet develops a non-zero VEV 


0 
«0|[oJ0» -—( i, (13.314) 
1 
Similarly the second term generates masses for the up-like quarks because 


1 fv, ei: 
oly = —1 ? ) 13.315 
«0|y10» ^ o ( ) 


with 
vi = v2 ô, mE — ô, (13.316) 
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by virtue of (13.313). It follows that the determinant of the mass matrix M, 


appearing in (13.296), is given by 


det M = ae v, e^ x e (—- v; ei^ r) 
Jt Ja 


= g3i01*22 L(y 5,5 det(XY) (13.317) 
so 
arg det M = 3(6, + 6,) + arg det(XY). (13.318) 


In the standard model (13.316) holds, so arg det M is given entirely by the 
matrices X, Y. 

The solution of the strong cP problem which is proposed by Peccei and 
Quinn is to drop the requirement (13.313); in other words we make a 
(minimal) extension of the standard electroweak theory and introduce 
independent scalar doublets o, v. Then the vevs are no longer related by 
(13.316). Provided we are free to adjust the phases ó, and 6, so that 


3(6, + 62) = —arg det(X Y) — 0 (13.319) 

then 
6=6+arg det M=0 (13.320) 
and the strong cp problem is solved. Of course we have to ensure that the 


required rephasing is a U(1)pg symmetry of the theory. Since ọ, are 
independent, suppose that 


ial: 


Q >i o y — eit: y (13.321) 


where Ti, I; are the Peccei-Quinn (PQ) charges of o, y. Under the same 
transformation, suppose 


Q, > eT? Q, Ug > eT" UR Dae 4 Dg. (13.322) 
Then (13.312) is invariant under the U(1)pọ, provided 
Thus provided 


T +m x20 T 20 (13.324) 
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is non-zero, then by a suitable choice of the angle « we can adjust 6, + 6, 
so as to satisfy (13.319). For example, we may choose 


n2zLn2-Le--IH-l (13.325) 


(We may not choose the Peccei-Quinn charge to be the weak hypercharge 
Y, since necessarily o, Y have opposite values of Y.) We still need to ensure 
that the rest of the Lagrangian is U(1)pg invariant. It is easy to choose the 
PQ charges of the leptons so that this is so. For the scalar potential, the 
invariance limits the terms allowed in V(qo,wv). For example, a term 
proportional to git?y conserves Y, but not the Peccei-Quinn charge. 

The (extra) U(1)pg invariance is spontaneously broken when 9, y acquire 
their vevs (13.314), (13.315). Since U(1)pg is not a gauge symmetry, the 
spontaneous symmetry breaking yields a massless Goldstone boson, called 
the axion and denoted a. As in $13.4 the Goldstone boson is associated with 
the phase angle of the field acquiring the vEv. We write the neutral 
components °, V? of o and y as 


oo = v, + p1(x)) et (13.326a) 


1 
—( 
V 
y= = (vy + po(x)) e1202, (13.326b) 


JA 


Then the axion field is associated with the phase of p°°, so 


a(x)  k[0, (X)/v, + 05(x)/v;] 
= [v2,(x) + v,0,(x)]/v (13.3274) 


where 
v = (v2 + v2)!2. (13.327b) 
The orthogonal combination 
x(x) = [— 0,9, (x) + v20,(x)]/v (13.328) 
is ‘eaten’ during the spontaneous electroweak symmetry breakdown and 
generates a non-zero Z-boson mass, as we shall see in chapter 14. It is now 


straightforward to determine the interactions of the axion with the matter 
fields. We expand the neutral fields o°, Y° as 


29? =v, + p, (x) + iv~ [vja(x) —v,x(x)] - --- — (13.329a) 
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Jy? = V2 + Po(x) iv! [v,a(x) + v2x(x)] + -+ (13.3296) 


and then substituting into (13.312) gives the quark—axion Yukawa coupling 


-gy1 re ndisd +" mia. (13.330) 
v U v2 


1 


We shall see in the next chapter that the quantity v is determined by the 
weak interaction data to have the value 


v ~ 246 GeV. (13.331) 


In fact the axion is mot massless; it acquires a mass by virtue of 
(non-perturbative) instanton effects. This can be understood qualitatively as 
follows. The introduction of the axion field a(x) amounts to making the 7 
parameter a dynamical field. Then the consequent Ü — 0 corresponds to a 
minimum of the axion's scalar potential V(a) at a value a = 0. However this 
potential is non-trivial, in fact?? 


V(a) oc 1 — cosa (13.332) 


which reflects the required periodicity property of (13.284) that the physics 
is invariant under 


065 8-- 2n. (13.333) 


The mass of the axion has been calculated?! as 


m, = (2+ 3L keV. (13.334) 


U; "Ui 


However, it seems that such a particle does not exist. Despite extensive 
searches in kaon and y decays, in reactor and beam damp experiments, as 
well as in astrophysics, no axion has been found??. 

Nevertheless, this is not the end of the story. The scale v which 
controls the strength of the axion coupling in (13.330) is the electroweak 
scale (13.331). In a grand unified theory, such as will be discussed in chapter 
16, the properties of the axion may be significantly altered??. Suppose that 
in such a theory there is a complex scalar field £ which is a singlet under 
the SU(3) x SU) x U(1) gauge group. Then the scalar potential may 
include a term 


VE = Agit YE + He. (13.335) 
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This is also U(1)pg invariant provided X has PQ charge 
Ij2-I-I, (13.336) 


Now suppose that X acquires a VEV 


«0]xj0» = V. V e. (13.337) 
2 
Then writing 
z6)- 7 (V+ R(x) ete (13.338) 
2 


we can see that V? generates a mass term for a linear combination of the 
fields 0,, 62, 0 


2 
Vo ore e) ; (13.339) 
v 


In this case the axion field a(x) must be orthogonal to this massive 
combination, as well as to the combination x(x) given in (13.328), which is 
eaten by the Z. Thus 


A(x) ac (x) — A a(x) (13.340) 


where a(x) is the (original axion) field (13.327). The relevance to grand unified 
theories is that in such theories the vev V of È is of order 10!? GeV, so that 


V» 04, 0>. (13.341) 


Then the axion field à is essentially aligned with 0(x), and its coupling to 
the quark fields is reduced by a factor v,v,/vV. It is therefore essentially 
decoupled from the light states, and has consequently been called the ‘invisible 
axion’. Nevertheless it is essential that the axion can decay rapidly enough 
to avoid dominating the energy density of the universe. This astrophysical 
bound requires?^ 


V «0(10!! GeV). (13.342) 
Although such a vev for X can be arranged it does require fine tuning of the 


parameters of the effective potential. However this is a story which must 
await another book. 
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Problems 


131 Prove (13.10). 


13.2 Show that the N — M vectors T^v (a=M +1,..., N) (defined in (13.58), 
are linearly independent. 


133 Verify (13.79). 
134 Verify (13.98). 


135 Show that the mass term (13.123) is not invariant under the chiral 
transformation (13.116). 


136 Verify that gauge invariance of the Yukawa interaction (13.125) leads to 
(13.126). 


137 Verify (13.146). 


138 Solve (13.158) in the Prasad-Sommerfield limit that 1 — 0, and show 
that the energy of the resulting field configuration is 4zv/g. 


13.9 Show that the right-hand side of (13.175) is indeed invariant under an 
infinitesimal change of g. 


13.10 Find the effective potential (to one-loop order) when the 
renormalisation conditions (13.221) are imposed. 


13.11 Show that q, defined in (13.272), is invariant under infinitesimal 
deformations ôU which may (always) be written as 


dU (x) = U(x)óA"(x)T* 


where T^ are the matrix generators. 
13.12 Verify that the configuration (13.274) has q = 1, as claimed. 
1313 Show that for two flavours and finite 6 the prefactor in equation 
(13.306) becomes 
m,m, sin 0 
(2m,m, cos 0 + m2 + m2)? 
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141 SU(2) x U(1) invariance and electroweak interactions 


The spectacular success of quantum electrodynamics (QED) in calculating the 
Lamb shift and the anomalous magnetic moment of the electron and muon, 
for example, stimulated many attempts to develop a quantum field theory of 
weak interactions. After all, low energy weak processes are characterised by 
the Fermi weak coupling constant Gp, which satisfies 


Grm? = 107° (14.1) 


so we might reasonably hope that perturbation theory with this parameter 
would be at least as good as perturbative QED, in which the expansion 
parameter is 


e 1 


=n Cs a (14.2) 


Indeed, there are similarities between weak and electromagnetic interactions 
which suggest how one might proceed to construct a field theory of the weak 
interactions similar to QED. The principal similarity is that between the weak 
currents and the electromagnetic current. For the present we consider only the 
leptons (ve, e, v,, M, V,, T). It has been known for many years that the leptons 
enter the (effective) weak interaction in the combination known as the leptonic 
current L,, 


L,(x)= Y lou-y3v9) (14.3a) 


l=e,y,t 


and its hermitian conjugate 


Li)= Y 90-39) (14.3b) 
=e, 

where I(x), v(x) are the fields of | and v,. It is beyond the scope of this book to 
give any details of how this was derived! from the phenomenology of weak 
processes. (The interested reader is referred to Bailin?, and references therein, 
for a detailed account.) The currents (14.3) differ from the electromagnetic 
current (3.112) in that they are 'charged' currents; the neutrinos v, and 
antineutrinos y, are, of course, neutral, while the leptons l have charge — 1 (in 
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units of the proton charge) and their antiparticles | have charge + 1. Thus L, 
has charge 1 and Lt charge — 1, whereas j, in (3.112) has zero charge. It follows 
that any field theory of the weak interactions similar to QED will couple these 
charged currents to charged vector fields Wz, so as to conserve charge. In 
principle it is possible to proceed to construct a renormalisable theory of the 
weak interactions alone. However this is not sensible. Although we could 
calculate weak radiative corrections to arbitrary accuracy with such a theory, 
they would be small, at least at low energies, compared with the 
electromagnetic radiative corrections. So long as the only charged particles are 
leptons we know that these latter corrections may be calculated using QED. The 
trouble is that we now have in addition the charged vector fields W+ which 
must also interact with the electromagnetic field. It is known that these fields 
are not massless, and the result is that there are extra divergences, generated by 
their electromagnetic interactions, which make the theory unrenormalisable. 
Thus we would be unable to calculate the electromagnetic corrections to our 
renormalisable weak theory. For this reason the only sensible course is to 
construct a unified renormalisable theory of weak and electromagnetic 
corrections, as we shall now proceed to do. 

The weak currents involve only the left chiral components of the fields, 
whereas the electromagnetic current involves both components (since both 
spin states of the electron, say, have equal charge). We can make this explicit 
using the left and right chiral projection operators a, and ag 


a, zY1—y,) (14.42) 
ag £1 4 y;). (14.4b) 
For any field V we define 
W=a~ — Vacag. (14.5) 
Then 
P= Viyo War yo = Vas (14.6) 
using (3.75), (3.80) and (3.92). Similarly 
Va — Way. (14.7) 
It follows that 
AL, =È l Yaya (14.8a) 
ILI =} ny. (14.8b) 


The resemblance of these currents to the isospin raising and lowering 
operators suggests that we define a weak isospin, i.e. SU(2), group with the field 
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components v, and !, constituting a two-dimensional representation. Thus we 
define 


Ee(1) (=e, u, x) (14.9) 


and 


TisY E iy, iEn. (i= 1,2, 3) (14.10) 
i 


where q; (i= 1,2, 3) are the Pauli matrices, so that 

4L, =T!—iT? (14.1 1a) 
and 

ILi-T] iT? (14.11b) 


Thus the SU(2) group generates the weak currents (14.3) but not, of course, the 
electromagnetic current 


i= - Y, bl (14.12) 
l 


since j, involves both left and right chiral components. Thus any group which 
is to include the weak and electromagnetic currents must contain at least one 
generator in addition to those given in (14.10). The simplest possibility? 
(which, amazingly, turns out to be correct) is therefore to enlarge SU(2) to 
SU(2) x U(1) where the new U(1) is similar, but not identical, to the U(1) 
already encountered in QED. The current Y, associated with it must be 
invariant under SU(2); that is what is meant by SU(2) x U(1). Thus a priori it 
can be any linear combination 


Y,— Gu Ey, En + yday,lg) (14.13) 
1 


of SU(2) invariants. The first terms are SU(2) invariant because of the unit 2 x 2 
matrix I,, and the second terms involve only the right chiral components 
which, by assumption, are SU(2) invariant. (We adopt the view that the 
components vj ([— e, u, t) do not exist—otherwise they too could contribute 
to Y,) Using the notation of (14.6) and (14.7), we now.decompose the 
electromagnetic current (14.12) into isovector and isoscalar pieces 


=) EURAN a L? uli) 
1 


HTLV + ly.) —lay,ynl (14.14) 
=Ti+Y, (14.15) 
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where T} is given in (14.10) and Y, in (14.13) with the values 
y (14.16) 


(This is where any possible contribution from vj, would have disappeared had 
we included it) The notation (14.15) is reminiscent of the Gell-Mann- 
Nishijima formula, although we have dropped the conventional ‘}’ in front of 
Y,. Thus we say that v, , l, have ‘weak isospin’ 4 with T; respectively +4, —4, 
and ‘weak hypercharge’ —4, while lk are weak isoscalars with weak 
hypercharge — 1. 

The next step is straightforward. We have to write down a Lagrangian 
which is locally SU(2) x U(1) gauge invariant, just as QED is locally U(1) gauge 
invariant. We have already seen how do to this for a general non-Abelian 
gauge group in $9.2. For the U(1) gauge group we use $9.1 with the ‘charges’ of 
the fermions now being the weak hypercharge. The group SU(2) has three 
generators and therefore there are three gauge bosons Wg (a—1,2,3) 
associated with it. The gauge boson of the U(1) group is denoted B, to avoid 
confusion with the electromagnetic field A,, which will be identified later. Thus 
the SU(2) x U(1) gauge invariant Lagrangian containing the lepton fields with 
the weak isospin and hypercharges already assigned is 


L= X (En iy" D, E + liy"D, lg) 
I 


wer A 
Xp——3 


—AW;W'"—1B,B" (14.172) 
where we have used (9.11), (9.36) and 
D,E, — (0,  igkiW; —ig'5B,) E, (14.17b) 
D, — (0, — ig B,)ls (14.17c) 
W;,—0,W;—0,W; —ge" WW: (14.17d) 
B,,—0,B, —0,B,. (14.17e) 


The quantities g and g' are the coupling constants associated with the SU(2) 
and U(1) gauge groups respectively, and in (14.17d) we have used the fact that 
the structure constants of SU(2) are e*”, the totally antisymmetric rank 3 
tensor in three dimensions with 


atl (14.18) 


The most obvious difference between (14.17) and the examples given in 
Chapter 9 is the absence of mass terms for the fermion fields. It is easy to see 
that the addition of any such mass terms would violate the gauge invariance. 
For example 


ml = mille + ll) (14. 19) 


violates the invariance because lę is an isoscalar while |, has weak isospin 5. 
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(The reason for the appearance of such mass terms in Chapter 9 was the tacit 
assumption, in (9.16), that both chiral components behave in the same way 
under an infinitesimal gauge transformation.) This absence of mass terms for 
the neutrino fields v, is quite acceptable, since they are thought to be massless. 
However the charged leptons / are known not to be massless, which means that 
the SU(2) x U(1) symmetry must be broken. The absence of mass terms for the 
gauge bosons also follows from the gauge invariance, as explained in Chapter 
9. This is of course entirely acceptable for the electromagnetic field. However 
we have a total for four massless gauge fields, and there is ample evidence that 
no such massless weak bosons exist. Indeed the very short range of weak 
interactions (not to mention the recent discovery of massive vector particles) 
indicates that in this respect also the electroweak symmetry is known to be 
broken. 

It is easy to verify that the interaction of the leptons with the gauge fields 
contained in (14.17) does indeed couple the observed currents as anticipated, 
because, using (14.11) 


gT:W"' - g Y, Br - — 


2.72 
+(g sin 0yT3+4' cos 0, Y, ) A" 
+(g cos 0, T; —g' sin OyY,,)Z" (14.202) 


(L,W^" - LTW*") 


where 
(Wi iW?) (14.20b) 


and we choose 0, so that the electromagnetic field 
A, =cos OB, - sin 0w W3 (14.20c) 
and the orthogonal combination is 
Z, = —sin 6B, 4 cos Oy W;. (14.20d) 


The requirement that A" is coupled to the electromagnetic current j, given in 
(14.12) with strength e as in (9.1) gives 


g sin Oy =g" cos Oy =e (14.21) 


and then we may rewrite (14.20) as 


gT?W +g'Y B" = p Ww" LAW *») 
u u u u 


2/2 


+ej,A"+ g 


cos by 


(T3—sin? Oyj,)Z". (1422) 


It is now straightforward to write down the Feynman rules for the lepton— 
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gauge boson vertices just as we did in Chapter 10. The rules thus obtained are 
those we shall eventually obtain. However at this stage it is not clear that this is 
worthwhile, since the SU(2) x U(1) gauge invariant theory to which they apply 
is manifestly deficient in the respects previously described. We therefore 
postpone this exercise until we have a phenomenologically acceptable theory. 


14.2 Spontaneous breaking of SU(2) x U(1) local gauge invariance 


For the reasons discussed in Chapter 13 the only known method of breaking 
the SU(2) x U(1) local gauge invariance while maintaining renormalisability is 
to do so ‘spontaneously’. This requires the introduction of a scalar field which 
has a non-zero vacuum expectation value (vev) and which transforms non- 
trivially under the action of the group. In the present case the simplest choice, 
which, again amazingly, turns out to be correct ^, is that the scalar field has 
weak isospin 4. The group S which must be left invariant is of course the 
electromagnetic U(1) gauge invariance, which in our present notation is 
generated by T; + Y. Thus from (13.58) we deduce that if the field acquiring a 
vev has T4— —1, (by convention), then the isospin 4 multiplet to which it 
belongs must have weak hypercharge +4. We denote the scalar multiplet by 


Gt\ 1 
o=( p. tie;) (14.23) 


where qo, and e, are real two-component column vectors. Under an 
SU(2) x U(1) transformation parameterised by A"(x) (a= 1,2, 3) and A(x) 
(x) ^ expl —ight*A%(x) -ig303,AQ)19(9. (14.24) 


We now use the general treatment presented in §13.6. We define a four- 
component column vector ® of real scalar fields 


o=(%") (14.25) 
P2 
Then under the SU(2) x U(1) transformation (14.24) 

D(x) > expl —igt*A%(x) — ig 'YA(x)] (x) 


where t°, Y are 4x4 matrices generating the SU(2), U(1) groups in the 
representation (14.25). It is easy to see (problem 14.1) that 


Imt, Ret 
2 —1i i i 14. 
: Mc Im E Uem) 


Y -u( : 8 (14.27) 


-h 
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Thus in this case the SU(2) x U(1) covariant derivative is given by 


D,®=(0, + igt^W; +ig'YB,)® (14.28) 
and the SU(2) x U(1) gauge invariant Lagrangian analogous to (13.82) is 
L, =D, 0) (DD) -fu DO -AOD (14.29) 


(We have omitted the pure gauge field contributions, as they have already been 
written down in (14.17).) As before, spontaneous symmetry breaking occurs 
when 4? «0. With our choice of basis we require that the field ° in (14.23) 
acquires a VEV 


«0|ó*G9J0» LU (14.30) 


Jh 
That is, we assume that the ground state of the theory (when 4?«0) is 
characterised by a non-zero value v of 42, so that from (14.25) 


0 
«0609]0» =v= | " (14.31) 
0 
0 
where, as before, 
v—(—4gu?/2)!/?, (14.32) 
The invariant subgroup S — U(1),, is generated by 
T! zsin 0,Q — (t, + Y) sin Oy (14.33) 
using the notation of $13.6, and we can check from (14.26), (14.27) that 
T'v=0 (14.34) 


as required (by (13.58), for example). The constant of proportionality (sin Oy) is 
so that T! is coupled with strength g sin 6y, =e (from (14.21). The remaining 
three generators are, from (14.22), 


1 
T=t! D-eU T= (t? cos? ÓV-YsintAy) — (1435) 
WwW 


We define new (shifted) fields 
$z0-v (14.36) 


as in (13.83), which means that the three Goldstone modes ®'iT*v (a— 2,3,4) 
are just the fields 9,,, #21, 97; which do not acquire vevs. Thus in (14.23) G* 
and the imaginary piece of o? are the would-be Goldstone modes. They may 
be removed by a gauge transformation (to the unitary gauge) as in (13.85) and 
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are therefore unphysical fields. The fourth field is associated with the physical 
Higgs scalar. It is easy to see that in this basis the mass matrix (13.86) is already 
diagonal. 


(Mj)? =g TT» (a, b= 1,2,3,4). (13.86) 

The zero eigenvalue, for the photon mass, is associated with a= b= 1, while 
(M3)? =(M4)°? =4970? =my (14.37a) 

(M1)^* =4 sec? 0,920? = mi. (14.37b) 


Thus, as anticipated, the three remaining gauge fields have acquired masses, 
showing that the SU(2) x U(1) gauge symmetry is indeed broken. The gauge- 
fixing Lagrangian is chosen precisely as in (13.89), so the Feynman rules for the 
gauge particle propagators may be read off from (13.94). They are 


" PSY > ipti) ![-g,,(1—Op,p,/p?] (14.38) 

ber voi ipp mw) (14.39) 
p 

pen: dAg(pum;) (14.40) 


with 
Ag, (p, m) (p? —m? + ic) ! [7g,,--(1—&(p?—£m?) p,p] (14.41) 


as in (13.93). It is easy to verify from (13.97), remembering that 0%? = ô% in this 
case, that 


1 0 
e= esl? TM d (14.42) 
1 0 0 
0 0 1 
We therefore choose the remaining basis vector 
fis (14.43) 


© © - o 


and note that it is indeed an eigenvector of the matrix (u?), defined in (13.56), as 


238 FEYNMAN RULES FOR ELECTROWEAK THEORY 


demanded by (13.102b): 
(u?)=diag(0, —2y7, 0,0) (14.44) 


where we have used (14.32). Thus from (13.104) we obtain the Feynman rule for 
the Goldstone boson propagators 


p 
Ceo 030 d(h-émyti ~? (14.45) 
E ee i(p? —Emz + ie)! (14.46) 
G 


and from (13.105) the Feynman rule for the Higgs particle propagator is 
M NN DO d?-máei)! (14.47) 


with 

m2, = —2p? =4Av. (14.48) 
The Faddeev—Popov ghost propagators follow immediately from (13.112). 
Evidently there is a massless ghost associated with the photon mode (a= 1) 


and massive ghosts associated with W + and Z. Thus the Feynman rules for the 
ghost propagators are 


p 
p < ; 
cme i d€Yp^-Emleis) !. (14.51) 


(We remind the reader that (from Chapter 10), because the ghost fields are 
Grassmann variables, the closed loops in Feynman diagrams involving them 
will each have a minus sign associated with it.) 

Finally we have to use the spontaneous symmetry breaking to generate 
masses for the charged leptons I, using the technique developed in $13.7. From 
(13.128) we can write down a Yukawa interaction of the lepton multiplets Ej 
and J, with the real scalar fields b. Thus 


Ly = » En Y, lo, -- HC (14.52) 
Lp 


where the matrices Y,, are chosen so that Zy is SU(2) x U(1) invariant. This 
may be accomplished by imposing the condition (13.129). However in the 
present context it is more convenient to use the known transformation 
properties of the two-component (complex) column vector o defined in (14.23). 
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Since @ is a doublet with weak hypercharge +4, and lp is a singlet with weak 
hypercharge — 1, it follows that pl, transforms as a doublet with hypercharge 
—1 just like Ej. Thus Ej ql, is SU(2) x U(1) invariant and we take 
Ly = —Y G(Enoly +he'E,). (14.53) 
1 


When the symmetry is spontaneously broken, we write 


ox) = G* (14.54a) 
1 
—(v+H +iG) 
JA 

“5 v+ G(x) (14.54b) 

where 
va(?) v=(—4y?/A)1/? (14.55) 

and 

«0|9(x)|0» =0. (14.56) 


The fermion masses arise from the parts of (14.53) involving v. In fact using 
(14.9) and (14.55) we find the mass Lagrangian to be 


a hae v (vlg t+Tvl,). (14.57) 
Thus only the charged leptons acquire a mass 
m git v (14.58) 


ji 


and the lepton propagators are 


EGENT Do dis a, (14.59) 


M 
p : ; 
RE ME | i(f—-m +i)! (14.60) 


with m, given in (14.58). 
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14.3 Feynman rules for the vertices 


It remains only to extract the Feynman rules for the various vertices included 
in (14.17), (14.29), (13.110) and (14.52). We start with lepton-gauge boson 
vertices contained in (14.17). We have already expressed these interactions in 
terms of the gauge boson fields (Wz, Z,, A,) which remain mass eigenstates 
after the symmetry breaking. Thus using (14.22) and (14.8) we find the 


following vertices 


—ig 


t= 
2/2 Yul ys) 


1— 
2/2 Yul ys) 


iey, 


4 cos by Ya 


(1—73) 


MOM 


1g ( 
2 cos Oy MACIA Gays) 


(14.61) 


(14.62) 


(14.63) 


(14.64) 


(14.65a) 


(14.65b) 
(14.65c) 
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The remaining pieces of the Lagrangian (14.17) describe the self-interactions of 
the gauge vector bosons. The Feynman rules may be read off directly from 
(10.74) and (10.77). Evidently the only non-zero trilinear vertex involves the 
fields W}, W2and W}. It is straightforward to cast the rules (10.74) into a more 
practical form involving the charge eigenstates W*, W^ and Z, A. We find 
(using 14.21)) that the only non-zero vertices are 


ie[(r —4)9,, + (4 — P9), (P —,9,] (14.66) 


ig cos Óy[(r—a),9,,- (a —p),gu, - (p—r),gol. — (14.67) 


Itis also clear from (10.77) that the only non-zero quadrilinear vertices involve 
either four charged vector bosons or two charged and two neutrals. We find 


ig [295,95 = Gu FS m 949,1 ( 14.68) 


~ ie?[29,,9,; — Quà —9,,915] (14.69) 


= ig? cos? Ow (24 oD ua = GupIva 7 GuvG ip] 


(14.70) 
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~ leg cos Ow [29,,9, TES GupGva Y Iu Gio). ( 14.7 1) 


Besides generating the masses (14.37) for the W*, Z gauge bosons the scalar 
Lagrangian (14.29) also generates interactions between the scalar fields and 
these gauge particles, as well as the self-interactions of the scalars. We can read 
off the required vertices from the general formula given in (13.106), and the 
generators T^ given in (14.33) and (14.35). Alternatively we may rewrite Z, 
given in (14.29) in terms of the original complex doublet ¢ given in (14.23) 

£,=(D,9)'(D"9) -upp -ioo (14.72a) 

where 
D,o = (0, + ig T"^W? 4- ig'3B,)o. (14.72b) 
When the symmetry is broken we make the substitution (14.54). This gives 
cos 20, 
2 cos Oy 


+4|0,(H +iG°)+igW, G* —4ig sec 0yZ,(v + H -iG?)? 
—imáH? —LAvH[(G*G~ +4(G°? + H2] -LA[G*G~ +4(G°? + H?)]?. 
(14.73) 


As it must, this gives the same masses for the gauge bosons (and scalars) as we 
found in (14.37) from the general treatment. We may also use (14.73), instead of 
(13.106), to obtain the interaction vertices involving scalars, if we choose. 
Either way we obtain the same Feynman rules. We start with vertices 
involving two scalars and a gauge boson. 


2 
L£,=|8,G* +ig Z,G* +ieA,G* +4igW; (v+H +iG°) 


Y 
3 ! — ie p +q), (14.74) 
Wer 
u 
Z 
N -ig;- = 5, (0*9, (14.75) 
P EE a 
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u 
wt 
Jg(p *- a), (14.76) 
P <q 
u 
E 
:00 —Àg(p- 4), (14.77) 
p^ Na 
{oe aN 
u 
w* 
! —Jig(p +4), (14.78) 
PZ NG 
A N 
u 
w . 
|: —4ig(p+4), (14.79) 
e M 
"c 6* " Ns 
u 
Z 1 g 
E Io à, 0 * De (14.80) 
x^ X 
LH 69v. 


Notice that in the unitary gauge, in which the (unphysical) Goldstone modes 
G*,G° do not appear, none of these vertices occurs. Thus these vertices are 
only important when calculating radiative corrections (higher-order loop 
contributions), in which it is impossible to calculate in the unitary gauge. Next 
we consider vertices involving two gauge particles and a scalar. Using the mass 
formulae (14.37) we can write the Feynman rules in the following form: 


iemw9,, (14.81) 
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«| 
I 
—igmz sin? 0yg,, (14.82) 
wr 2 
u v 
l 
i. 
l 
DO dgmyg,, (14.83) 
wt w* 
u v 
| 
"y 
| . m 
ER D dg, (14.84) 
2 2 Ww 
u y 


Note that there are no vertices involving G?. We may also derive the Feynman 
rules for the vertices involving two gauge particles and two scalars. It is 
possibly easier to do this from (14.72) rather than (13.106). In view of the large 
number of such vertices we merely include them in Appendix C. 

Finally there are the vertices involving the Higgs scalar H and the 
Goldstone modes G+, G?. Using the formula (14.48) for mj as well as (14.37) 
the three-scalar vertices have the following Feynman rules 


"n 
| mi 
A : E m (14.85) 
/fs* Ge 
[| 
| 
H1 
f . må 
E D -Jig— (14.86) 
A. Me mw 
216 G G x 
t 
a1 i 
m 
A D tig —* (14.87) 
N my 
4G? 6° 
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t 

I 

| 

| à 
PR |: —3ig n (14.88) 
There are also six vertices involving four scalars with a strength proportional 
to 


"EN" 
—li- —iig mi (14.89) 


The rules for these are relegated to Appendix C. 

Next we extract the Feynman rules for vertices involving the Fadeev-Popov 
ghost particles. Their interactions are specified by the trilinear terms of 
(13.110). Thus 


£,p(interaction, n°, n"*, e) — gf **(0,1"*)n" A" 

— ëg n e*n o TTo. (14.90) 

In the first term the constants f*” are the structure constructs defined by the 
matrices T*: 

(12, T^] 2 i^" T* (14.91) 

where T" are defined in (14.33) and (14.35). We may either calculate the f*” 

directly, or else observe that they derive from the algebra of SU(2) x U(1). The 

SU(2) is generated by t! 2 T?, t? - T? and t?=sin wT! --cos OyT* and Y 

generates the U(1). Since U(1) is Abelian, there are of course no structure 

constants involving it. Thus the only gauge field combinations which can arise 

are Wt, from t! and t?, and sin 0, A + cos 0,Z, from t?. Similarly the only 

ghost combinations which interact with the gauge bosons are y*, sin Ovi + 


cos 05^, and their conjugates. Expressing (14.90) in terms of the mass 
eigenstates we find 


Lpp(interaction, n^, n°*, p) 
=ig(cos 0yZ" -- sin 0, A")(0,n*~4* —0,n*^n ) 
+ig(cos 0,,0,n*" -- sin 0,0,5*)(n W*"—g* W^") 
+ig(W,, 0n* * — Wi O"n* -)(cos Own” + sin Own’) 
—igémwH(n* n^ n* n* «sec? Own*?n7) 
+4gEmyiG(n**n~ —0* n+) —ečmy(Gn* - G^ n* +) 


EMT cos 20, 
ago cos Oy 


(G*n*^ - G^ n* yf, +4gémzn*7(G*n” +G~n*). 
(14.92) 
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This generates the following Feynman rules 


u 
‘ : —ieq, (14.93) 
Po “eq 
nt d 
u 
Y 
e : +ieq,. (14.94) 
ee 


u 
wt 
? Do —ieq, (14.95) 


= 
ANAA FE 


ieq,. (14.96) 


Dog 


The couplings to 77 in place of 7’ are obtained by replacing e by g cos Oy. 


u 
" 
? : ieq, (14.97) 
Bl E, 
XX nt nt 
m 
w- 
i : ~ieq,,. (14.98) 
By IP 
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Again couplings to 77 in place of y’ are obtained by replacing e by g cos 0, 


"| 
n —jigémy. (14.99) 


* 
ND uc 


The H has the same coupling to 4* instead of g^ and a coupling of 
—tiégmy sec? Oy if n7 replaces n+ 


l 
g’! 
i : —Àg£my (14.100) 
Mos 
a 
| 
b 4gémy, (14.101) 
| 
"d 
ES —ietmy (14.102) 
oy P. 
9 
i _ 4; COS 26y 
E RST ME émy (14.103) 
MU nt 
e 
| 
A ligém;. (14.104) 
*. A 
eq T S 


The couplings with G* replaced by G^ and ņn* +>ņ7 are identical. Note that 

all of the scalar-ghost couplings vanish in the Landau gauge (č — 0). 
Besides generating masses for the leptons, the Yukawa interaction (14.52) 

also generates (Yukawa) couplings of the scalars (G*, G?, H) to the leptons. 
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Using the mass formula (14.58) the Feynman rules for these can be written as 
follows. 


T 
| pu UU ay) (14.105) 
JA mw 
w CU 
| 
ary 
| 
.9g nm 
-i + (14.106 
mw * ys) ) 
Ü wv 
| 
"i 2-3 
: —ti9 (14.107) 
l l 
69 


n, 
i 14.108 
JA. 49 my Ys ( ) 
l l 


14.4 Tests of electroweak theory 


The electroweak theory which we have developed so far is incomplete because 
we still have to include the couplings of the hadrons (quarks). Thus we are not 
yet able to calculate the S-matrix elements for processes such as neutron decay 
or pion decay. Nevertheless there are a number of weak processes involving 
only leptons which may be used to test the consistency of the theory so far. 

At present we have introduced seven independent parameters into the 
theory. These are g and g', the two coupling constants associated with the 
SU(2) and U(1) gauge groups, the (negative) mass squared u? and the ọ4 
coupling constant 4, both of which appear in the scalar Lagrangian Z, in 
(14.29), and the three Yukawa coupling constants G, (l=e, p, t), which 
appear in (14.57). It follows from (14.21) that g and g’ are expressible in 
terms of e and Ow, and of course e is very precisely determined: 


e— /4na =0.302 822 1 (14.109) 


from data on the fine structure constant a. Thus only one of these two 
parameters (0w) is not immediately known. Also, using (14.32) and (14.48), we 


14.4 TESTS OF ELECTROWEAK THEORY 249 


can use the parameters mg and v, instead of u? and 4. Finally, from (14.58), it is 
apparent that, since v is already a parameter, we can use the three masses m, 
(l=e, u, x), rather than the Yukawa couplings G,, and these masses also are 
rather well determined: 


m, — 0.511003 4+0.0000014 MeV (14.1102) 
m, = 105.659 43 + 0.000 18 MeV (14.110b) 
m, — 17842 1 3.2 MeV. (14.110c) 


Now it is clear from (14.37) that the parameters 0, and v may be determined 
from knowledge of my and mz, since 


Dsi X (14.111a) 
mz 
2mw 2 2 1/2 
=— -— ; .111b 
v m (mz —mw) (14.111b) 


Z 


The discovery? of W* and Z in 1983 and the measurement of their masses 
mz=92.9+ 1.6 GeV (14.112a) 
my = 80.8 +2.7 GeV (14.112b) 


thus means that six of the seven parameters are completely determined 
without any direct recourse to weak interaction data: 


sin? Ow =0.2433 + 0.022 (14.113a) 
v=263+59 GeV. (14.113b) 


The remaining unknown, my, will have to await the discovery of the Higgs 
scalar H, which is the last major component of the theory needing 
experimental confirmation. Nevertheless, it turns out that the weak data 
available to date is remarkably insensitve to my, and it is possible to test alot of 
the theory knowing nothing about the mass of the Higgs particle. 

The purely leptonic process of muon decay, 


po e xv, (14.114) 


is an excellent illustration of this. It has been very carefully measured over 
many years, and the theory which we have described makes unambiguous 
predictions of both the energy spectrum of the electron in the final state, as well 
as the overall lifetime of the decay. 

The S-matrix element is 


S(u^ + e 9v.) = QnY'ó(u — e— 9, — Vp) M 


where without confusion we use the same letter to denote a particle and its 
four-momentum. The Lorentz invariant Æ is given by the following Feynman 
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diagrams 


=M + Mat... (14.115) 


The ... refers to higher order diagrams, involving loops. The Feynman rules 
derived in the previous section show that these diagrams give contributions 
which are smaller than those displayed by a factor of at least O(«). Thus, as 
a first approximation we need to calculate only the tree diagrams displayed 
above. Using the Feynman rules (14.39), (14.61) and (14.62) we have 


M= A tv, "(1 —y shuil p? — mi + ie)? 


x [-9,,* () -Op,p(p* Emi) X VA err.) (14.116) 


where, using energy-momentum conservation: 
psu-v,-ec y. (14.117) 
Using (14.45), (14.105) and (14.106) we find 


A (1n ae Me ik X1--ys)u(gii(p? — Em)? 


(ZA) 


Note that each term depends upon the gauge fixing parameter č. Physical 
quantities, such as S-matrix elements, must be independent of €. To see how 
this comes about consider the £-dependent part of the numerator of the W 
propagator in .“:(1—¢)p,p,(p? —Ems)~'. The p, is contracted with the y” 
matrix and 


u(e)(1 — y s)uv.). (14.118) 


p,iv,)y"(1.—ys)u(u) = (v, — y shula) 
= uv, )(A— ¥,)(1 —73u() 
= u(v,)(1-+y5)hu(u) 
-m,u(v,)(1-4-y )u(u) (14.119) 


where we have used (14.117) and the Dirac equation (3.88) for both a(v,) and 
u(u). Similarly 


p,u(eyy (1 — y v.) = m,ule)(1 — y s)v(v.). (14.120) 
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Substituting (14.119), (14.120) into (14.116), and combining with (14.118) gives 


M=M + My = tgp? my)! ios —ys)u(u)u(e)y (1 — (v) 


-i98)) (14.121) 


which is independent of v , as required. Since this expression is independent of 
mg, all of the parameters appearing above are known, and we can proceed to 
calculate the decay spectrum. The experimental values (14.110) and (14.112) 
mean that we may certainly neglect the term proportional to m,m, /ms,, since it 
is considerably smaller than the higher order diagrams already neglected. 
Similarly since p? = O(m2) we may neglect p? compared with m2. We therefore 
obtain 


Mar iv, yq —y uie), — y Jo.) (14.122) 


using g?/8m$, = (2?) ^! , which follows from (14.37). Proceeding as in 86.5 we 
find the transition rate for a single muon is 


d?e d?v, d?i, 
2eo 2v,o 2o. 


In practice neither v, nor v, is observed, so we may integrate d?v, d?v, over all 
of the available phase space. Also, the spin of the decaying muon and that of 
the final state electron are usually not measured. This means that we have to 
sum over the possible final spin states and average over the initial spin states. 
In these circumstances we may replace |4|? by 4 2s, |’, where the sum is 
over the two spin states of both muon and electron. The technicalities of 
performing the phase space integration, as well as such sums are adequately 
dealt with in many text books? so we shall not dwell upon them. Instead we 
merely quote the results. The differential spectrum is given by 


1 
dI(u — eñv) = Qn) * 5-0 e P o (14.123) 
o 


LM. ud m,E(E? —m2) 2(3W —2E —m2E~') (14.1242) 

dE 3Qay * x e : 
where E is the energy (e°) of the electron and W is its maximum allowed value 

1 2:152 
= y 14.124b 
Ww 2m, (m2 + m2) (14.124b) 
The total decay rate is 
5 
m, 3 4 2 

——— MÀ (1-8yT8y? — y*^—- 12y?1 ; 

Nu) = zgaga $T 9:8), -y - Dy Iny (14.1252) 


where 
yemm?. (14.125b) 
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The differential spectrum is entirely consistent with the measured spectrum 
shape, and using the values (14.110), (14.113) we predict the mean lifetime 


Tan = T(u) * =(2.9042.61)x 107$ s. (14.126) 
The value actually measured is 
Tyexp = 2-197 138 +0.000065 x 1076 s. (14.127) 


Thus, while our prediction is consistent with the data, the large errors on z,u 
means that this is hardly a rigorous test of the theory. These large errors stem 
from those in v in (14.113), since v enters t,,, via v*. It is only the recent 
determinations of m, and mz which allow such a test. Previously muon decay 
data was used as input leading to the determination of v. In fact using the data 
(14.127) as input gives 


v=246 GeV. (14.128) 


14.5 Inclusion of hadrons 


For simplicity, the only fermion fields we have so far included are those of the 
leptons. It is now time to rectify this deficiency. We now know that there are six 
quark flavours (u, d, c, s, t, b) and that their participation in electroweak 
interactions is similar, but not identical, to the way in which the six leptons 
participate. There are two principal differences. First, the electric charges of 
the quarks are not the same as those of the leptons. In fact, in units of e (the 
charge of the positron) 

Qu Pd M (14.1292) 


0,=9.=9,= — (14.129b) 


Second, all six of the quarks are massive, whereas three of the leptons (v, v,,, v.) 
are believed to be massless. We notice that the two distinct charge eigenvalues 
differ by one unit. So 


Q,—0,-70, -Q.- 1. (14.130) 


The difference between Q., And Q., say, reflects their different weak isospins; v, 
and e, have T, —1 and —4 respectively. It is therefore tempting to group the 
left chiral Components of the quark fields into doublets, just as we did the 
lepton fields in (14.9). In fact this is correct, since it has been known for many 
years that the charged hadronic weak currents are ‘left-handed’, just as the 
charged leptonic currents (14.3) are. However, when we attempt to construct 
doublets, some of the complications due to the second difference (the fact that 
all six quarks are massive) enter. The problem arises when we ask which (left 
chiral) quark field is to be the T, = —4 partner of (say) u,. It would have been 
nice, from the viewpoint of model building, if the answer involved a single 
quark flavour, d,, for example. However the weak decays of hadrons show 
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unambiguously that the partner of u, involves at least two flavours (d, and s, ). 
Thus, to be general, we shall suppose that the partner is an arbitrary super 
position of d,, s, and b,. We therefore take the three left-handed quark 
doublets to be 


oss (5/) (f212,3 (14.1312) 
where U, labels the charge 4 quarks 
U,=u U,=c U,-t (14.131b) 
and 
D'-=V,.D, (14.13 1c) 


with D, labelling the charge —4 quarks 
D,=d D,-s D,-b (14.131d) 


and V is an arbitrary 3 x 3 unitary matrix®. (The unitarity is so that the field 
combinations are orthogonal to one another.) As before, the suffix ‘L’ is to 
denote the left chiral component of the field. The reason it is not necessary to 
have such a complication in the leptonic sector is because the neutrinos are, by 
assumption, massless. Therefore any superposition of them is also massless, 
and v is defined as the partner of lj. Should the neutrinos be found to have 
non-zero (and therefore presumably non-degenerate) masses, a precisely 
analogous mixing will have to be involved. Since the quarks all have different 
masses, the particular combinations D', of mass eigenstates which enter the 
weak currents is something which can in principle be ascertained from 
experiment. Theother difference between the quarks and the leptons is that the 
quarks are coloured, while the leptons are not. However this presents only a 
trivial complication. Since the electroweak interactions are ‘colour-blind’ the 
matrix V does not mix colours, and the colour label of all of the three flavours 
involved in D; is the same, and the same as that of its T, — +4 partner. We 
therefore leave the colour label undisplayed; where necessary a sum over 
colour labels will be understood. 

The extra weak isodoublets of course mean extra contributions to the weak 
isospin currents. We denote these by 


gi zÜuykQ nm (i= 1,2, 3) (14.132) 


(summing over the repeated index f, and the suppressed colour label). Then 
the charged hadronic currents are f, and ¥ n where 


SL= UF 4172) = U y, (0 -y3V,D, (14.1332) 
I, =AT} iT V=D yy, (1 y V], V,. (14.133b) 
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The third weak isospin current is given by 
6 = HO py, Ua- D'Y, Di) 
=Ü Y U p -DaD pr) (14.134) 
since V is unitary’. Also, from (14.129) the hadronic electromagnetic current 
j.(a) =4U,y, U; —Dy,D, 
=F} +U, (14.135) 


where the hadronic contribution Y, to the weak hypercharge current is 
therefore given by 


Y= Q als +3U sey, U pr —4D pry D pn. (14.136) 


Thus the first difference between the leptonic and hadronic sectors, namely the 
different charges (14.129) possessed by the quarks, manifests itself in a different 
structure for the weak hypercharge current; in the hadronic sector the doublets 
all have weak hypercharge Y=}, whereas the lepton doublets have Y= —4. 
The hypercharges of the right chiral quark fields correspond to their actual 
electric charges, since they are all singlets with respect to the SU(2), group. It 
follows that the SU(2) x U(1) gauge invariant coupling of the quark field to the 
gauge fields (the analogue of (14.17)) is given by 


(quark) =O Liy" D, Q p+ Ü js" D,U ja +D priy" D,D x (14.1372) 


where f 
D, Qp = (0, t igk^W; + ig’$B,)Q pL (14.137b) 
D,U ja z (0, - ig 4B,)U pr (14.137c) 
D,D sr = (ô, ig ( 3)B,)D pr- (14.137d) 


As in (14.22), it is more useful to express the interactions in terms of the mass 
eigenstates 
gT1W +g'Y, B" =- (We g1W*") 
2/2 
; g 
A" + 
tej) A" +t CR 


(72 —sin? fwj (g)Z". (14.138) 


Then without further ado we may derive the Feynman rules for the quark— 
gauge boson vertices: 


. 9 
—i——— Vy Q0 — (14.139 
2/2 (m^! ys) ) 
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"- 
. 49 
~i — VfyO-y 
2/2 fgín 5 
U B 
u 
Y 
— ey, 
U, U, 
u 
Y 
Bey, 
D, D, 
u 
z 
. 9 U_U 
—] — — 
2 cos 8, 9” gays) 
U, U, 
where 
gí-i-$sn*Ó, —— gi-1 
Lee I D aD 
hos Ba Vv —94Y5) 
where 
gv= —3+4 sin? Ay Ga= —2 


255 


(14.140) 


(14.14 1a) 


(14.141b) 


(14, 142a) 


(14.142b) 


(14.143a) 


(14.143b) 


As before, we must also arrange that the spontaneous symmetry breaking 
generates masses for the fermions. The complication is that all six quarks are 
massive, which means that we must couple the doublets Q ,, to the singlets Ug 
and Dg. To achieve this we need to use not only the scalar doublet having 
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weak hypercharge +4, but also its charge conjugate y 
y zit9*. (14.144) 


We leave it as an exercise (problem 14.5) to verify that y does transform as a 
doublet having weak hypercharge —4 under an SU(2) x U(1) transformation. 
It follows that the most general SU(2) x U(1) invariant Yukawa coupling can 
be written 


H= -(QjX fo0 Dn t D,.9'X 40. 
+O iY VU, + Ü,YT0,) (14.145) 
where Xp, and Y,, are, for the moment, arbitrary matrices. When the 


symmetry is broken the fermion mass terms arise from <0|g|0)=o and 
<O|p|0> =it.v. We find that the mass Lagrangian is 


v ry n , 
gt E (Dy X j,Djs Dj Xf,D'z. 


+O Vs UA Uyn¥ ¥,U p1)- (14.146) 


Thus to ensure that the states U,, D, are mass eigenstates, as defined, the 
matrices X, Y and V must satisfy 


v v 
— VIX=— X'V=m(D 14.147a 
Fi Z (D) ( ) 
- Y-m(U) (14.147b) 
where m(U) and m(D) are the diagonal mass matrices 
m(U)- diag(m,, m., m.) (14.1482) 
m(D) = diag(m,, m,, m, ). (14.148b) 


The Feynman rules for the quark propagators are now trivial; for the quark 
flavour q, where q=u, c, t, d, s, b, it is 
—— Do i(p—m, tie)“. (14.149) 


It follows from (14.147) that 


X E Vm(D) xt 2 m(D)V! (14.1502) 


v- vi V2 mU) (14.150b) 


v 
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and therefore that the interaction part of Zy is 


£, (interaction) = H U[Vm(D)a, —m(U)Va,]DG* 
J2my 


+ D[m(D)V'a, — V'm(U)as] UG + ae Dm(D)DH 


JA 


iDm(D),DiG? —.- Um(U)y,UG °) 


JA 


Um(U)UH +—~ 


"A Z 


(14.151) 


Thus the Feynman rules are 


| 
U, D 

m is ([m(D)V! -V'm(U)],, —;s[m(O) V! - V'm(U)],j — (14.152) 
i 

2:5 Fa ((Vm)- m(U)V], 1-7 ,[Vm(D) + m(U)V],] (14.153) 


PS : Fg EM (14.154) 
Dj Dj 


ue [m(U)];, (14.155) 
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al 
Gri 

| : -2 [MDs (14.156) 

2mw fg . 

D, Of 

i 

2 : 

Ims [m(U)] jy. (14.157) 

U, U; 


All of the above Feynman rules, as well as those for the interactions of the 
quarks with the gauge bosons, include an implicit unit colour matrix, reflecting 
the fact that the electroweak interactions are independent of the colour label of 
the quarks, as already noted. 


Problems 


14.1 Show that the matrices representing SU(2) x U(1) in the real 
representation (14.25) of the scalar fields are those given in (14.26), (14.27). 
Verify that they satisfy the Lie algebra of SU(2) x U(1). 


14.2 Verify (14.34) and (14.35). 


14.3 Check that both (13.106) and (14.73) yield the same Feynman rule for 
the G°-H-Z vertex, for example. 


144 Suppose that, more generally than (14.23), the scalar field o? which 
develops a non-zero vev belongs to a representation with weak isospin J and 
third component I. Calculate mw and mz in this case and determine vlaues of I 
and J; such that mz cos 0, « my. 


14.5 Show that 
[4 = it 29* 


with ọ defined in (14.23), transforms under an SU(2) x U(1) transformation as 
a doublet with weak hypercharge —4. 


14.6 Calculate I(Z > e*e7). 
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151 Electroweak theory renormalisation schemes 


The electroweak theory developed in the previous chapter has had 
considerable success in predicting accurately the results of various 
experiments: neutrino-electron and proton elastic scattering, e*e™ > u*pu^, 
charge and neutral current deep inelastic scattering of neutrinos, deep inealstic 
scattering of polarised electrons, atomic parity violation, neutrino and 
electroproduction of pions, to name but a few. However the experimental 
accuracy so far achieved means that the theory is only tested at tree level. To 
check whether the theory is correct at the quantum level requires more accurate 
experiments, and, of course, the calculation of the predictions to one or more 
loop order. In this way it is to be expected that electroweak theory will be 
subjected to the same rigorous testing as that to which QED has been subjected 
during the past 35 years. 

Actually to perform the calculation of the radiative corrections requires the 
renormalisation of the theory. Since the theory is renormalisable, the infinities 
which occur when we evaluate Feynman diagrams may be absorbed into the 
various renormalised parameters of the theory, and we obtain finite 
predictions involving these renormalised parameters. We have already 
observed in $7.5 that there is considerable freedom in the precise definition of 
the renormalised parameters; for example, the renormalised mass u? has a 
value which is different in the various renormalisation schemes (Ms, Ms, mom, 
phys), and (by definition) only in one of the schemes is u? the actual physical 
mass of the scalar particle in the theory. The same arbitrariness exists, of 
course, in electroweak theory, but there is a further arbitrariness in deciding 
which parameters are fundamental, and which derived. We observed in §14.4 
that, in the leptonic sector, the original Lagrangian involves the parameters 


g. g, u^, A, G (l=e, p t). (15.1) 


Because of the tree-level formulae (14.21), (14.32), (14.37), (14.58) we could 
instead use the equivalent sets 


e, sin Oy, v, mg, m, (Ie, u, x) (15.2) 
or 


e, my, m2, ma, m, (I—e, u, 7). (15.3) 
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So long as we only make predictions at tree-level accuracy it is immaterial 
which set is used since the predictions can be transformed at will using the 
formulae relating the parameters. However, these formulae are in general not 
true beyond tree level, and it is necessary to select one set, and stick to it. 

In view of the foregoing observations it is hardly surprising that the 
literature abounds! with well-motivated but different approaches. If we were 
able to calculate to infinite order then all (correct!) calculations using different 
approaches must agree on the predicted value of some physically measurable 
quantity. However, since the perturbation series is always truncated at some 
finite order, different approaches in general lead to different numerical 
predictions, even though formally they are in agreement. To illustrate this 
consider a theory with just one parameter a (like massless QED), and suppose 
the physical quantity to be calculated is P: for example the magnetic moment 
of the ‘electron’. We denote by «, and «, the renormalised parameter in two 
different renormalisation schemes 1 and 2. The value of P is calculated to order 
a?, so neglecting O(x?) the predictions from the two schemes are 


P,=a,+¢,03 (15.4b) 


where c, and c; are independent ofa. As we observed in $7.5, the renormalised 
a, and a, differ by a finite amount, and so, to the same accuracy, 


à =a, - ka? (15.5) 
where k is a constant. Substituting into (15.4a) gives 
P, =a, + (k +c) +03c,k(2 + kar). (15.6) 


Thus the two calculations are in formal agreement provided 
cj—kce. (15.7) 


(If this is not satisfied one or both of the calculations must be incorrect.) 
Nevertheless the numerical values P, and P, clearly differ in general: 


P, — P, 2 dc, k(-- kai) (15.8) 


even though the difference is formally of higher order in o. In Qep the 
expansion parameter a is so small as to make such differences negligible, for 
most purposes. And in any case there is a consensus in favour of the on-shell 
renormalisation scheme. 

In electroweak theory there is as yet no consensus. The large mass scales my, 
mz mean that in principle it is possible to obtain large numbers which are 
formally of order unity, although to date the calculations performed display a 
remarkable consistency in their numerical predictions. Even so, it may be 
thought preferable to use a ‘neutral’ scheme, in which the parameters have no 
direct physical significance. The Ms and Ms schemes, described in $7.5, are 
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examples; the renormalised parameters are determined by the mass scale M 
which enters via dimensional regularisation, and the chosen value(s) of the 
gauge-fixing parameter(s) £. It might be argued that, by adjusting M to the 
characteristic energy scale of the process under consideration, one should be 
able to make the numerical value of the radiative corrections small compared 
with those arising in a different approach, or from an injudicious choice of M. 
(The problem of minimising radiative corrections in every order has been 
addressed by Stevenson”.) Even if the preceding argument is true, the logic of it 
requires that the values of the various renormalised parameters should be 
determined from other experiments where the same value M is also the 
characteristic scale, and this is not always easy to arrange. Besides, the 
renormalised parameters in such schemes in general depend upon the gauge- 
fixing parameter(s) £. Since S-matrix elements are independent of £, as we 
showed in Appendix B, only £-independent combinations of the renormalised 
parameters can be determined from experiment or enter into theoretical 
predictions of scattering amplitudes. It has therefore also been argued that it is 
preferable to use an on-shell approach in which each renormalised parameter 
is automatically ¢-independent, and preferably directly ascertainable from 
experiment. Another more practical consideration which may affect the 
specific choice of renormalisation approach is the ease and convenience with 
which it may be applied to actual calculations of physical interest. 
Without necessarily denying the arguments which have been advanced in 
support of the Ms and Ms schemes, we have, nevertheless, decided to present the 
on-shell scheme which has been advocated by Sirlin?. The simplicity of the 
scheme, besides making for ease of calculation, makes feasible a text-book 
treatment of what may otherwise become an extremely complicated topic. 


15.2 Definition of the renormalised parameters 


The major simplification which characterises Sirlin’s scheme? is achieved by 
working throughout with unrenormalised fields. In other words, all wave 
function renormalisation constants are chosen to be unity. The immediate 
objection to such an approach is that the renormalised Green functions are 
then in general divergent (in the limit that the space-time dimensionality 
d=2q approaches 4.) However, S-matrix elements may be rendered finite 
using only mass and coupling constant renormalisations, as we shall shortly 
verify. Thus provided we only wish to calculate radiative corrections to 
physical scattering amplitudes, we can eliminate a large number of counter 
terms, at a stroke. Although this elimination of counter terms obviously leads 
to major simplification, there is a (small) price to be paid. In the competing on- 
shell schemes the wavefunction renormalisation constants are chosen so as to 
ensure that propagator poles have residue unity. Then S-matrix elements are 
obtained immediately from the Green functions. In Sirlin’s scheme, since no 
such choice has been made, the poles in general do not have unit residue. Thus 
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to determine S-matrix elements it is necessary to rescale the Green functions 
by an appropriate amount so that external lines do have unit residue. (This is 
why the factors Zp, in (15.128) for example are not equal to unity.) The ready 
determination of the renormalised parameters from experiment is achieved by 
using the parameter set (15.3) as input. The masses are all the measured 
physical masses of the particles and e is the measured electric charge of the 
positron. 

We start with the bare gauge boson mass Lagrangian which may be found 
using (14.29) or (14.72): 


LEW, Z) 2 myW, W+ +4m2_Z,Z" (15.9) 
where the suffix ‘B’ indicates that all quantities.are bare. (We omit the suffix 


from the fields, since they remain throughout unrenormalised, as explained 
above.) The bare masses m2 and m2, are given by (14.37): 


mis —-igivà (15.102) 
m2 —1(gg + gy vg — sec? Owgmivg (15.10b) 

and the bare weak mixing angle 0,5 is defined by 
tan Ows=93/9p (15.10c) 


so that the mass Lagrangian is diagonalised by the combinations defined in 
(14.20). Counter terms are generated by the substitutions 


mày — mi, + Ami, — me(14- Ky) (15.11a) 
m2, — m2 4- Am — mX(1-- Kz) (15.11b) 

but no field renormalisations. Then 
S WW, Z)= PMW, Z) + AL™(W, Z) (15.12a) 

where the renormalised Lagrangian 
LM(W, Z) = mi, W; W^" -3m2Z,Z" (1512b) 


and the counter term Lagrangian 
ALM (W, Z)= Kym Wt W^" 44K m3Z,,Z". (15.12c) 
The renormalised quantities my and mz are so far unspecified, but we now 
identify them with the physical masses* of the observed W and Z particles, 
given in (14.112): 
My = my phys = 80.8 + 2.7 GeV (15.13a) 
Mz = Mzphys= 92.9 + 1.6 GeV. (15.13b) 
Thus these particular (combinations of the) renormalised parameters are 
guaranteed to be independent of £, and have already been ascertained from 


experiment. 
The form of the renormalised mass Lagrangian (15.12b) is the same as that 
of the unrenormalised mass Lagrangian (15.9) with the replacement of the bare 
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masses by the renormalised masses. Thus when combined with the 
(unrenormalised) kinetic energy terms in (14.72) and those in the gauge-fixing 
Lagrangian, they lead to the same form of propagators (14.38)-(14.40), but 
with my and mz now having their renormalised values (15.13). The counter 
term Lagrangian, AY™ generates additional vertices having the following 
Feynman rules: 


WY Ig Kymy (15.14a) 
uN sig, Kzm3. (15.14b) 


The gauge fixing Lagrangian also contains mass terms for the Goldstone 
modes G+, G°, with 

mg(G*) — émis, (15.152) 

mg(G9) = Em2,. (15.15b) 

Thus the renormalisation (15.11) also renormalises the masses of these 

Goldstone particles. When combined with the (unrenormalised) kinetic energy 

terms for these particles, which are contained in (14.73), these renormalised 

mass terms generate propagators having the same form as (14.45), (14.46), but 

with my and mz now having their renormalised values (15.13). The counter 


term Goldstone mass Lagrangian generates additional vertices with the 
following Feynman rules: 


£- : i Ky ems, (15.16a) 


Soo È —iKzémj. (15.16b) 
We turn next to the fermion-gauge boson interactions contained in (14.17). 
Using (14.22) and remembering that all parameters are bare, we write the 

interactions with the electromagnetic field A, as 
Liem) = — ey j, A" (15.172) 

where 

es 7 gads(ga +95) ^ (15.170) 
and the electromagnetic current j, is given in (14.12) for the leptons and in 


(14.145) for the quarks. As before, the counter terms are generated by the 
substitution 


€g =e+Ae=e(1+K,) (15.18) 
(and no field operator renormalisations). Then 
Liem) — Z\(em)+AL (em) (15.19a) 
where the renormalised Lagrangian 
Lem) = — ej, A" (15.19b) 


and the counter term Lagrangian 
AL (em)  — K,ej, A". (15.19c) 
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The renormalised parameter e is how identified with the measured physical 
electric charge of the positron given in (14.119): 


e=0.302 8221. (15.20) 


Thus this parameter too is guaranteed to be independent of £, and has already 
been ascertained from experiment. 

The remaining fermion-gauge boson interactions given in (14.17), involving 
the W and Z bosons, are expressed in terms of gy and 0,5, or equivalently gg 
and g}. This gives (for the leptons) 


L\(W,Z)= "35 (L,W* - LWW*") 
12 
— (98 +a; uL (1521) 


where the currents L,, L anf T? are defined in (14.3) and (14.13). Using (15.10) 
and (15.17) we can equivalently express it in terms of eg, my, and mz. Since we 
have now completely specified the renormalised parameters e, my and mz, it 
follows that the corresponding renormalised and counter term Lagrangians 


LW, Z) and AZW, Z) are also determined. The renormalised Lagrangian is 


LW, Z)= EY. (L,W^* + Liwts) 


T 


12 
— (g+ aae Z ai) (15.22a) 


where 
g =emz(m2 — ms) '? (15.22b) 


g' =emz/my =g tan Oy, (15.22c) 


and the counter term Lagrangian is 


K 
AS'(W, Z)= Ey (LW - LW*^) 


1A 


—-Kj(g? - g?) ^ T?Z^ - K4 


72 
Gagne jZ" (523) 
where 
(12- KY —(14- K.)(14- K) sin? 6, (sin? Oy + Kz —cos? &, Ks)! 

(1+ Kj? »(1- K)Y(1- K((12- Ky)! 
x sin? 0, (sin? Ow + Kz —cos? 6yKy)~! 


(1 K,)? - (1-- K,)*(1 4- Ky) ^! cosec? Qs (sin? Oy +Kz—cos? 0yKy). (15.24) 
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In (15.22) and (15.24) we have defined the angle 0, by 


tan Oy =g’/g. (15.25) 
Thus it follows that in Sirlin’s scheme 
sin? 0, = (m2 — m2,)/m2 — 0.243 + 0.022 (15.26) 


asin (14.113). Note that 0,, is not the weak mixing angle; the (unrenormalised) 
fields are mixed with mixing angle 0y;, given in (15.10c), which is not equal to 
Ow. 

As before, the forms of the renormalised Lagrangians #(em) and LYW, Z) 
are the same as the forms of the bare Lagrangians with the replacement of the 
bare coupling constants eg, gg and gg by the renormalised values given in 
(15.20), (15.22). Thus the corresponding Feynman rules are also those given in 
(14.61) to (14.65) but with g now given by (15.22b) and 0, by (15.26). The 
counter term Lagrangians generate additional vertices with the following 
Feynman rules: 


—iKg 
EIE 1- 3 


—iKg 


»,(1— (15.28) 
2/2 n ys) 
u 
Y 
iKey, (15.29) 
l l 
—iK 
38 (1-75) (15.30) 


4 cos Oy 
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u 
z ig K, K 
© — 3| — —2K, sin? 6,,-— y, |. 15.31 
Tr E 45m wo) s) (15.31) 
t l 


As before, g and 0w are given in (15.22b) and (15.26). The constants K, K, and 
K, are given in terms of K,, Kz, Kw in (15.24). 

The treatment of the quark—gauge boson interactions proceeds similarly. 
Again the Feynman rules for the vertices deriving from the renormalised 
Lagrangian have the same form as those in (14.149) to (14.153), but with g 
given by (15.22b) and 0, by (15.26). The counter term Lagrangian generates 
vertices with the following Feynman rules 


Ww 
—iKg 
: ——— Vay (1 — 15.32 
A 2/2 ‘sa d — 5) ( ) 
D; U; 
u 
—iKg 
— > V*y,(1-ys) 15.33 
2/2 fg A Ys ( ) 


PN |o iKey, (15.34) 
U; 


m 

* 

u 
f 

u 


Y 
U 
Y 
A : RKE, (15.35) 
AD, D 
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— K, 4 R K 
liann) une 


— K, 2 : K 
à sate 1 - E eS Kesin? Oy +52 7), (15.37) 


The constants K, K,, K, are given in terms of K., Ky and Kz in (15.24). 
Other pieces of the bare Lagrangian are also expressible in terms of gg, gb 
and vg, or equivalently mws, Mz and eg. So, just like $(W, Z) the 
corresponding renormalised and counter term Lagrangians are also 
completely specified. For example, the self-interaction of the gauge bosons is 
expressible in terms of gs, gg, when the fields corresponding to the mass 
eigenstates W*, Z, A are used. Thus, as before, the Feynman rules for the 
renormalised Lagrangian are those given in (14.66) to (14.7 1); again with g and 
Ow given in (15.22b) and (15.26). Proceeding as before we find that the counter 
term Lagrangian generates vertices with the following Feynman rules: 


a i(K2 + 2K e^ [29,,9;. — QupQ v ~I umga] ( 15.38) 


E i(K3 + 2K 5)g? cos? Owl pay —GJupGav T 9,5815] 
(15.39) 


Es i(K SK. + K; * Keg cos Ow [29 Gan pap IJupGav S GG ips 
(15.40) 
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iK,el(r —4)9,, + (a — Py Jay + (P —r),9.] (15.4 la) 


iK 5g cos Óu[(r —q),9,, +(4—P) Ga - (p—7),9,] (1541b) 


where K, is given by 
(1+ Kj? =(1 +K.) (1+ Ky) sin? Q,[sin? 0, +K,—cos? 0,Kw] ! (15.42) 


and g and 6, are given in (15.22b) and (15.26). 

We turn next to the renormalisation of the scalar Lagrangian (14.73). The 
first two terms, arising from the covariant derivative of the scalar doublet, are 
again expressible in terms of eg, Mwg and mz,, and so their renormalised 
Lagrangian leads to the vertices (14.74) to (14.94) with g and 0, given in 
(15.22b) and (15.26), and there are corresponding vertices generated by the 
counter term Lagrangian. Proceeding as before we find that the Feynman 
rules for these vertices are as follows: 


x 
; : —ieK (p+), (15.43) 


k . cos 20, 
—iKsg —  — (p 4), (15.44) 
P cos Ôw 
pP NG 
“Gt 6^ 
u 
wt, 
Á. SKg(p +a), (15.45) 
P NG 
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—1Kg( p+), (15.46) 
ABC 
“Gt G9N 
u 
wt 
—iiKg(p+4), (15.47) 
By NS 
gH N 
u 
gs 
—i}Kg(p+4q), (15.48) 
D/ wq 
JAG HN, 
u 
Z 
4K3(p+4), (15.49) 
py wq 
MH GPX 
i 
iK 7eMwG yy (15.50) 


W* Y 
[| 
ge 
t 
FO DOO —iKggmzsin? 0yg,, (15.51) 
wt z 


iK,gmwg,, (15.52) 
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i 
l 
| 
H! 


P : iK , ogmzg,, (15.53) 
Z Z 


m v 


where K is defined in (15.24), and 
K,=(1+Kz)~! sec 20, [(K4 — Kz) cos 204 +2 cos? 04,(12- KJ (Ky —Kz)] 


(15.542) 
14+K,=(14+K,)\(1+Kw)!? (15.54b) 
(1+Kg)?=(1+K,)? cosec? Oy[sin? Ow +Kz—Kw cos?0y] (15.54c) 
1+K,=(1+K)(1+Kw)!? (15.54d) 
14K, .=(1+K)(1+Kz)!? (15.54e) 


with K, as defined in (15.24). 

The remaining terms in (14.73) all involve the (bare) scalar self-interaction 
coupling constant Ag, or equivalently the (bare) Higgs particle mass. We start 
with the Higgs mass Lagrangian 


L3(H)= —imi H? (15.55) 
and renormalise in a manner directly analogous to (15.11): 
mås = mi(1-4- Ky) (15.56) 
with no field renormalisation. Then 
S NH)- £"V(H)-4 AL™(A) (15.57) 
where the renormalised Lagrangian 
£™(H)= —imijH? (15.58) 
and the counter term Lagrangian 
ALY™(H)= —iKymi, H?. (15.59) 


As before, the renormalised mass my is now identified with the physical mass of 
the (so far unobserved) Higgs particle: 


my mE My phys ( 15.60) 


Assuming that the Higgs particle is eventually discovered, the renormalised 
parameter m, will be directly ascertainable from experiment, and is 
guaranteed to be gauge-parameter independent. As before, this means that the 
Higgs particle propagator has the same form as (14.47), but now mg has its 
renormalised value. The counter term Lagrangian generates an additional 
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vertex having the Feynman rule 


————*—-—--—- 


x : -iKymá. (15.61) 
Since 
mig = 3Àgvg (15.62) 


we may express A, in terms of my, and the parameters ep, myg, mzg, whose 
renormalisation has already been defined. Thus the renormalisation of the 
remaining (interaction) terms in (14.73) is completely specified. The 
renormalised Lagrangian is 


L(G, H)= —4w[G*G^ -1(G??-- H?)]H 


—M[G*G- -i(G? + H)]? (15.63) 
where 
2.232344. 
Am 3nd) (15.642) 
2 
m m” (15.64b) 
and the counter term Lagrangian is 
AZ. (G, H)= —1K,,Av[G* G^ -1(G?? + H?)]H 
-1K,A[G*G~ - iG? - H2)? (15.65) 
where 
14+K,=(1+K,)*(1+Ky)(1+Kz)\(1+ Ky)! sin? Oy 
x (sin? Ow + Kz — Kw cos? 0y)~? (15.662) 
I K,,-—(14 KJ( t Ky(14- Kz)!(14- Ky) 1? sin Oy 
x (sin? 0,, + Kz — Kw cos? 0)  !?. (15.66b) 


Clearly the renormalised Lagrangian gives vertices having the Feynman rules 
(14.95) to (14.98), but now with renormalised parameters. The counter term 
Lagrangian generates analogous vertices for the (three-scalar) vertices with the 
substitution 
gm m$, > K,,gmg /m$. (15.67) 
(Note that, using (15.22b), gmg /mw = Av.) The counter term four-scalar vertices 
are obtained by the substitution 
A-1g?má/m$, —^ K Àg^má mi. (15.68) 


We have seen in (14.49) and (14.50) that the ghost particles 4*, 7, and their 
conjugates, have squared masses ém% and £m2 respectively. Thus the 
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renormalisation (15.11) of the gauge particle masses also renormalises the 
masses of the ghosts. As before the effect is to give ghost propagators of the 
same form, but with renormalised masses, and to generate counter term 
interactions with Feynman rules 


— ee : —iKwémz, (15.69) 
i ae : —iK;&ml. (15.70) 


The previously introduced renormalisations of eg, Mwg, mz also renormalise 
the interaction part (14.102) of the Faddeev-Popov Langrangian. The 
renormalised Lagrangian generates vertices having Feynman rules of the same 
form as (14.103) to (14.114), but with renormalised parameters e, g, Oy, my, mz 
(the renormalised values of g and 0, are defined in (15.22b) and (15.26)). The 
counter term Lagrangian generates analogous vertices for which the Feynman 
rules are obtained by the following substitutions: 


e K.e (15.7 1a) 
cgmy > Kočgmw (15.7 1b) 

cos 20y 32 cos 20, 
cgmy cos Ow > [(1 - Kg(1- Ky) ^ — 1]égmy cos By (15.710) 
čgmz > K,o¢gmz (15.71d) 


where K, Ks, Kg, Kio are defined in (15.24) and (15.54). (Since the ghost 
particles only arise in closed loops, these ghost counter terms contribute first 
only in two-loop order.) 

Finally we renormalise the Yukawa sector of the theory. The (bare) lepton 
mass Lagrangian (14.57) may be written in the form 


LYO=—YL mell (15.72) 
H 


using the relation (14.58). We generate counter terms by making the 
substitutions 
my 7 m(1- ky) (l— e, 1, 1) (15.73) 


where the renormalised masses are identified with the physical masses (14.120) 
of the observed leptons. Evidently these renormalised parameters are 
guaranteed to be gauge-parameter independent, and have already been 
ascertained from experiment. As before these renormalisations ensure that the 
renormalised lepton propagators have the same form as (14.59) and (14.60), 
but with m, now the renormalised mass. The counter terms lead to the 
following Feynman rules 


— n ——S— 


l : —ikm,. (15.74) 
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The renormalisation of the remaining Yukawa interactions in (14.57) is now 
completely specified by the above renormalisation of m, and the previously 
introduced renormalisations of eg, my, and mz,. The renormalised vertices are 
given by (14.115) to (14.118), but with g, m, and m, now having their 
renormalised values. The corresponding counter terms are obtained by the 
substitution 


m, _ m, 
— 2 [(14- K)(14-k)(1- Ky) 1! ? — 11g — 15.75 
g LAF KVL HR E Ky) 12 ng (15.75) 


in all four vertices. 


The inclusion of the quarks is only slightly more complicated. The (bare) 
quark mass Lagrangian (14.146) may be written in the form 


LM(q)= — ED mD) jD, + U m,s(U)5,U,] (15.76) 


using (14.150). The matrices m,(U), m,(D) are the diagonal quark mass 
matrices given in (14.148). The renormalisation is achieved by the 
substitutions 


my(D) - m(D)[1--k(D)] (15.772) 
my(U)— m(U)[1 *- k(U)] (15.77b) 


where m(D), m(U), k(D), k(U) are all diagonal. Then the quark propagators 
have the same form as (14.149), but with m, now the renormalised mass. As 
before, this is chosen to be the ‘physical’ mass of the ‘observed’ quark. The 
counter term vertices are 


———MX—9—— 


4 : —ik,m, (15.78) 
where k, is the appropriate element of the matrix k(U) or k(D). Then the 
renormalised Yukawa vertices are given by (14.152) to (14.157), but with g, 
m(U), m(D) and my now having their renormalised values. The corresponding 
counter terms are obtained by the substitutions 


S. m(D)-» ((1-- K)L1--k(D)I(I + Ky) !2— 1) 2 mip) (15.792) 
my * my 
2 m(U)- ((1-- FEL--K(U)I1-- Ky)712—1) - m(U). (15.790) 
mw : my 


in all six vertices. 


15.3 Evaluation of the renormalisation constants 


In the previous section we gave precise definitions of the fundamental 
renormalised parameters (e, my, mz, my, m, m,) which characterise Sirlin's 
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electroweak renormalisation scheme. Each fundamental renormalised 
parameter has an associated counter term vertex, given in (15.16), (15.29), 
(15.61), (15.74), (15.78), and all other counter term vertices generated by the 
renormalisation are expressed in terms of the constants K., Kw, Kz, Ky, ky, kg 
Thus in order to calculate S-matrix elements it is necessary to evaluate the 
renormalisation constants. In this section we shall indicate how to determine 
them to one-loop order. 

We start with Kz, defined in (15.11), and consider the S-matrix element for 
the process in which a single (physical) incoming Z boson of momentum p, 
goes to a single outgoing Z of momentum p,; momentum conservation of 
course ensures that p, — p;. To one-loop order 


Sg= RARA + ADU ZEE QE 
Z Z 


(1) (2) (3) 


77S 
CA * A cR + wpe + 
(4) (5) (6) 
CNET COE 
^S ^ + + ^X s. EU 


e (8) tog) (10) 
us P. aa 
+ + 
(11) (12) (13) (15.80) 


The large number of diagrams which contribute even at one-loop order has 
necessitated some economy of notation. In the above equation the external 
lines are all (physical on-shell) Z boson lines, but the internal lines are to be 
understood to include all allowed particles with the convention that 
continuous lines ——-— represent fermions, wavy lines ~~~ represent 
gauge vector boson, dashed lines ——-— — represent scalars (Goldstone and 
Higgs), and dotted lines _ ----»------ represent ghosts. Thus in the above example 
the first fermion loop diagram represents the contribution from all three 
colours of all six quark flavours, plus all six leptons. It follows from the 
Feynman rules given in (14.115) to (14.118) that in the last four (‘tadpole’) 
diagrams the exchanged scalar must be a Higgs particle (so in the fermion 
tadpole there is no contribution from the neutrinos assuming they have zero 
mass). The first diagram represents the no-scattering contribution which is 
present in all S-matrix elements. Since there is no scattering for the process 
Z > Z this must give the entire contribution. So 


Sa= S«(1) (15.81) 


by definition. It follows that the remaining contributions to 5; must sum to 
Zero: 


13 
Y. S,(n)=0. (15.82) 
n-2 
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Thus the counter term contribution S,(2), proportional to Kz, must be 
adjusted so as to cancel the remaining contributions which, as explained in the 
previous section, are completely determined by the (physical) parameters e, 
My, Mz, mg, m, m,. We denote the sum of the contributions from diagrams (3), 
(4), (5), (6), (7), (8) and (9) without the external polarisation vectors and for a 
general momentum p by 


P, m P, 
p? 
Thus II, (p) is essentially the opt two-point function T2 (p, — p). Similarly let 


us denote the sum of the tadpole contributions (10), (11), (12), (13) without the 
external polarisation vectors and for general p by 


Tz, P)= Tz9,,. (15.84) 


The form (15.83) is the most general allowed by Lorentz covariance and the 
form (15.84) follows from the form (14.84) of the ZZH vertex. The requirement 
(15.82) that S-matrix element contributions (2) to (13) cancel means that 


e "fig, K m2 + TTz,( p) + Tz,,( pe?" =0 (15.86) 


when p? — m2 and e) and e? are the physical polarisation vectors of the initial 
and final Z boson. It follows from (13.3) that the polarisation vectors of a 
massive vector boson satisfy 


Hz, ()& Az( 205 1e besar (15.83) 


e. p o eO? p, (15.87) 
Then substituting (15)84) and (15.85) into (15.86) we find 
[iKzm2 + Az(m2) - TzJe™- e? =0. (15.88) 


Since this must be satisfied for all choices of c!) and £? (including c!) = e), we 
see that Kz is determined by the (calculable) quantities (4272) and T;: 


Kz=imz ?[Az(m2) + Tz]. (15.89) 


Thus ‘all’ that is required to evaluate Kz is the calculation of the loop diagrams 
in (15.80). Before discussing the details of these calculations we note that a 
precisely analogous argument can be presented for the S-matrix element for 
the process in which a single incoming W boson goes to a single outgoing W 
boson. Then the renormalisation constant Ky is given by 


Ky=imy?[Aw(m3,) + Ty] (15.90) 


where A( p?) and Tw are defined in exact analogy to 47(p?) and T; in (15.83), 
(15.84). 

The loop diagrams displayed in (15.80) all have divergent momentum 
integrals, in four dimensions, and it is necessary to regulate them. As in 
previous chapters we use the dimensional regularisation introduced in $7.2. 
This involves performing the integrations in 2w-dimensional space-time. 
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Then the divergence of the four-dimensional integrals is reflected by the 
appearance of poles at e=2—w=0 in the corresponding 2w-dimensional 
integrals. Also, the diagrams in general depend upon the gauge fixing 
parameter(s) č which enters via the Feynman rules for the propagators and 
vertices given in Chapter 14. We are only concerned with S-matrix elements, 
which we have demonstrated in Appendix B are independent of č. Thus we 
may choose any convenient value of the gauge parameter. We always use the 
*Feynman gauge' in which 


č=1. (15.91) 


Using the techniques of Chapters 7 and 11, the evaluation of the loop diagrams 
displayed in (15.80) is now straightforward in principle. However in practice it 
is tedious and very protracted. General formulae for the various types of 
Feynman integral which are encountered have been given by Aoki et al.5, but 
even so the sheer complexity of the results makes a complete and detailed 
treatment impossible within the limited space ofa single chapter. For example, 
Aoki et al.5 find that the quantity 42(p°), defined in (15.83), is given by 


2 NIU M 4r. 152(42 2 
AKp = 3o mind — mi) | (Sma ep (ni + D mi] 


— 2mi(mz + 2m mi, — Am$) —4p?(m2 — 2m2mi, — 18m) Je 7i. rp'(1)-1n 47) 


2 mz[r? + Dp? F(m;, m; p?) - m? Fm, m, p?)] 3 p"(mZ — 2mim2 + 4m) 


+m (m4 — Amm, + 16m4) In m3,/M? --3mz(m2 In m2/M? 
+må In má/M?) — 10m}, p? F (mw, my, p?) + p?(m2 — 4m2mi, 
4 24m$)F (my, my, p?) + må (3m4 — 4m2mi, — 16m4 )F (my, ms, p?) 


4 m2 [2mZ F (mg, mz, p?) — mZF (my, mz, p?) + p?F(my, mz, p?)] 


—mámzF ,(m;, my, P| (15.92) 


where )'; is a sum over fermion flavours (leptonic and hadronic) and, in the 
case of quark flavours, a colour sum must also be included. The constants n; 
have the values 


n, —1 (l=e, 1, 1) (15.93a) 
ny = (Ams, — 3m2)/m2 (I=e, u, 1) (15.93b) 
Nucor = (Sm — Smz)/3mz (15.93c) 


Nap = (m$, — m2)/3m7. (15.93d) 
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The functions F,, (n=0, 1, 2) are defined by 


F,(m,,m;, p?)= [ar In[m2(1 — x) -m2x — p?x(1—x)]/M (15.94) 


and 
FzEF,-F, (15.95) 


For this reason in the remainder of this chapter we shall merely outline the 
calculations which have to performed to carry out the renormalisation of the 
theory. The reader who requires more precise details of these calculations is 
referred to Aoki et al.?, or one of several similar treatments which appear in the 
literature. The momentum integrations occurring in the tadpole 
contributions represented by diagrams (10), (11), (12), (13) of (15.80) are 
essentially the same as that arising in diagram (8), and we find that the 
combined tadpole contribution is 

ié^m? 


Tome s 
3227(m2 — m$ )mimg 


[ —4 Y m? + 3(2my 4- mz) 
niani md emi) Je +I(1)+In 4r +1) 


+4 L m; In m2/M? —2(2m$, + m) 
— m (6m3, + mà) In m2, /M? —Am2(6m2 + m) In m2/M? 
— 3m4 In mà ie (15.96) 


Then putting p? =m? in (15.92) and substituting both (15.92) and (15.96) back 
into (15.89) determines the renormalisation constant K;. 

Similar calculations may be performed to determine Ay(p?), Ty and hence 
the renormalisation constant Kw. Because of its complexity we shall not even 
quote the result for Aw( p°). However the tadpole contribution is easily found 
with no extra work; the coupling of the Higgs scalar H to the W is given in 
(14.93, and the momentum integrations occurring in the tadpole 
contributions is precisely the same as those occurring in the Z tadpoles. Thus 


Ty = (mi /m2)T;. i (15.97) 


Having determined Ay(p*), and hence Ay(m%,), and Tw, the renormalisation 
constant Ky is now given by (15.90). 

The renormalisation constant Ky is found in a very similar manner. We 
consider the process H > H and denote the sum of the ori contributions, 
analogous to diagrams (2) to (9) of (15.80), for a general momentum p by Ay(p?). 
The tadpole contributions, analogous to diagrams (10) to (13), are denoted by 
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Ty. Then, as before, the on-shell renormalisation scheme requires that the 
counter term contribution cancels the sum of the loop contributions, and 


Ky= —img 7(Ay(mg) + Ty] (15.98) 


analogously to (15.89). 

The determination of the fermion mass renormalisation constants is only 
slightly more complicated. As before, we consider the S-matrix element for a 
single incoming fermion f going to an identical outgoing fermion. Then 


= f 
Si =. Gee fae 


m (2) (3) 
oN C Y 
Ae e e te 
(4) (5) (6) 
ES 
) 
M 2 i 
PEER Ar — »—__ 
(7) (8) (15.99) 


where we are using the same convention as in (15.80) with regard to the lines 
appearing in the above diagrams. The contribution from diagrams (3), (4), 
without the external spinors and for a general momentum p, is 
E/(p)z K((p?Mr K4(p?)ys + Ki (pb + Kp’) s (15.100) 
and the tadpole contribution, from diagrams (5), (6), (7), (8), without the 
external spinors and for a general momentum p is 
t =Tlh+ Thy. (15.101) 


As before, the diagram (1) gives the entire contribution to the S-matrix 
element, so the counter term contribution (2) must cancel the single loop 
contributions. Thus 


il p) — ik pm, + X/(p) +t" ]uf(p) 20 (15.102) 


where p? 2 mj and u{(p), u$(p) are the spinors associated with the initial and 
final fermion. These spinors satisfy 


fu/(p) - m,u'(p) (15.1032) 
ul (py sul( p) -0 (15.103b) 

so (15.102) gives 
kp = —im; '[K{(m}) * m, Kj(m;) + T1]. (15.104) 


Thus the fermion mass renormalisation constants k; (f =I, q) are completely 
determined, once the calculations necessary to find X/(p), t° (and hence 
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K{(m}), K/(mj), T{) have been performed. Again we shall not quote the 
results. 

It only remains for us to calculate the charge renormalisation constant K,, 
defined in (15.18). We consider the S-matrix element for the process in which a 
single incoming electron is scattered by an infinitely heavy external source to 
produce a final outgoing electron. To one-loop order 


D A 
AT 
E" 


(8) (9) (10) (11) (15.105) 


The infinitely heavy external source is represented by the dot at the end of the 
external y line. Diagram (2) is the counter term contribution. Diagrams (3), (4), 
(5) and (6) represent the diagrams in which there is a counter term vertex ora 
loop inserted in one of the external lines; thus diagram (3), for example, 
represents the contribution when diagrams analogous to (2)-(13) of (15.80) are 
inserted in the external gauge field line. Diagram (4) represents the 
contribution from similar diagrams connecting y and Z lines. Similarly 
diagrams (5) and (6) represent the contributions when diagrams (2) to (8) of 
(15.99) are inserted in the external electron lines. 
The contribution from diagram (1) is 


—i 
— 3 j'Q0)*é( p — p' — k). 15.106 
(p — py? ( ) 
The definition of —e (that it is the physical electric charge of the electron) 
means that, in the limit p—p' — 0, S,(1) gives the entire contribution to Sg. 
Thus 


Si= u*(p'Jiey,u'(p) 


lim [S,—S,())]=0 (15.107) 
p-p ^0 
and the counter term contribution (2) must cancel the remaining contributions 
(3)-(11) (in the limit p — p' — 0). 
We may write the contribution from diagrams (7)-(11) in the form 


ieu*'(p) UA p, p) ———xz Ta — 73 j2n)^é( p — p' — k) (15.108) 


(p— 


153 EVALUATION OF RENORMALISATION CONSTANTS 281 


where, without loss of generality, 
Lp, p) F (k?)y, + F {k*)io,,k’ + Fx(k’)k, 
+G i(k?) Ys + Go(k7)kyy5 + Ga(K?Jio, k"ys. — (15.109) 
In the limit p — p' ^ 0, k — 0, so only the terms proportional to F ,(0) and G,(0) 
survive. The point is that F ,(0) and G, (0) are well defined and calculable, once 
we have decided how the divergences are to be regulated, and so, therefore, is 
the contribution from diagrams (7)-411). 


The contributions from diagrams (3) and (4) are also well defined, and 
calculable. Using the notation of (15.83), but now for a y line, we find 


-— Ld dd Epy} i 
SAD e Tp iena | een -) TT | Impp -v 
=T (pieru (o) 77 AE?) TECNA p-p k) (15.110) 


using the Dirac equation. 
In fact, A,(0)=0 (since the photon has zero rest mass) so A(k?)/k? — A‘(0) as 
k? +0, and 
S43) 2 —iA;(0)S,(1). (15.111) 


Clearly the effects of the insertion in the photon line will be shared between the 
electron vertex and the interaction with the external source. Thus for the 
purposes of determining the charge renormalisation we should halve the 
contribution from this diagram (since the other half renormalises the other 
vertex), at least in lowest order. Then 

S43) > —31A‘(0)S, (I). (15.112) 


(The reader may convince himself of this by replacing the source by a heavy 
charged particle, and considering the appropriate diagrams.) Using the 
Feynman rule (14.65), the contribution from diagram (4) may be found 
straightforwardly. 


- ig —i 
(4) = 0° p) ———— ke *( p) ———— 
Si(4) =u aan By, vv gs 


k"k* kk 1-1, 
x | Ate oe -57 +k" T | sentio -k) 
(15.113a) 


where 
2 
= (15.113b) 


ga= —3. (15.113c) 
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In the limit k > 0, 
Sal + (Die 5 ya (0v 04 D) 


x iA z(0)mz ? z PRA p-p —k). (15.114) 


However the contribution from diagrams (5) and (6) is a priori ill-defined. 
Consider, for example, diagram (5). The Feynman rules give 


SS) HP ie, g p [ikm +2) vu) 


x Tr A Onft(p -r -O (15.115) 


where 27 and t° are defined in (15.100) and (15.101) (for a general fermion f). 
We insert the identity 


Lx (Jm)! Y wp, sü'(p, s) (15.116) 


s 
where the sum is over the two possible polarisation states s=f,| of the 
electron. Then 


SS) Y (hien, 77 (PAm) gs) 


x ip, Mikam, + E(P) +1 Iul) Tr J2 AP -p k) 
(15.117a) 


ere ND 
=È u'(p NE u(p, s) 
x u'(p, s)[ — ikam, + Z(p) + 1* ]u'(p) E j'Ox)*i(p—p —k). 
(15.117b) 


The indeterminacy arises arises because p is the (physical) momentum of the 
external electron, so p?—m2=0 and the first line is infinite; however, by 
definition the mass renormalisation constant k, is such that (15.102) is satisfied, 
so the second line is zero. Thus the value of S,(5), and similarly $,(6), is ill- 
defined. The problem derives from the fact that we are concerned with S- 
matrix elements, which are defined by a limiting procedure applied to (off- 
shell) Green functions. Had we first renormalised the Green functions, using 
non-trivial wave function/field operator renormalisation constants, we should 
have avoided this difficulty. Let us investigate the ambiguous part of (15.115) 
in more detail. 
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Using the definitions (15.100), (15.101) and (15.104), we may write 
—ik,m, + Z°(p)+1°= AS(p?)y s + KS( p?)fys 
+ A p?)(p? —m2) + Kip?) p—m,) 
(15.118a) 
where 
s(p?) & T5 * KS(p?) (15.118b) 
and 
(p? - m2) 4C p?) & Ki(p?) — Kime) + m.[Ky( p?) — Ky(m2)}. (15.118c) 
Now suppose we ignore the fact that (# —m,) is singular, since p? = m2; then the 
contribution from the first two terms in (15.1182) to (15.115) is (fairly) well 
defined since 
i i 
T— [Aps +K p) sll) =- LAm) — K$,(m2)m, ]y su (p) 
ý -m y m. 


"os [A5(m2) ~K%,(m2)m,]y su'(p) (15.119) 


and we have assumed 
füfw(p) = fim.) p). (15.120) 


If we were to cancel the (f —m.) ! propagator against the two remaining 
terms in (15.118a) we would have 


s [(p? —m3)4*(p?) + Kp? —m.)] 
ES y +m,)A( p) + iK p) (15.121) 
and, combining with (15.119), we would find 


s [ ikem, +2%(p) - t*]u/p) 
-(-x Andis AK Dy 2m af e Ken (15.122) 


In the same way we would find 
nre r T = €, ta e i 
ü(p)[ —ikm, +E (p) +7 ijcs 


1 ; 
= a aon ASME) ys KS, (mE) 5 + 2m. Am?) eKjni (15.123) 
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Thus the combined contributions of diagrams (5) and (6) would be 


Sy(5 + 6) = u"(p’iey,i[KS,(me)y s + 4m, A'(m?) + 2K(m2)] wp) 


x (ayena p-p-—k (FALSE). (15.124) 


Actually this last expression is not quite correct. The coefficients of KS(m2) and 
of A'(m2) must be halved. We can see this most easily by considering the 
(hypothetical) case that the electron has zero mass, and the theory has chiral 
symmetry. Then in the notation of (15.100) 


Z(p)- K(p^j- K 5p Ws 
= LK, p?)+ KsG?)]]as t+ PEK (p) - K (pa (15.125) 
The full propagator is then given by 
i i i i i i 
S(p)=54+52(p)5+52(p) 5 p 54+... 15.126 
(p) "un (3*3 (Pj (p) j' ( ) 
i 


j 


+K O - Ks 0] "a, 7. (15.127) 


- [1—-i(K,(0) - K ,,(0))] "ar 


where we have retained only the pole contributions at p?=0. Evidently the 
effect of the radiative corrections is to ‘renormalise’ the right (left) component 
of the propagator with a factor Z&(Z,) where 


Zy (1—i[K,(0)- K 40)]) 7. (15.128) 
L 


Thus the effect of the radiative corrections on external (electron) lines is to 
renormalise their contribution by a factor Z}’?. So if we scatter a right chiral 
electron, for example, from an infinitely heavy source, the radiative corrections 
contained in diagrams (5) and (6) have the effect of multiplying the uncorrected 
contribution by a factor Z,. It follows that 

and to lowest order in « 


Zg - 1i [ K,(0) - K 5,(0)]. (15.129b) 


Since yug — ug, the coefficient of Ks, in (15.124) agrees with the correct 
result (15.129) (when m, — 0), whereas the coefficient of K$ in (15.124) is a factor 
2 too large. A similar argument applies to 4*(m2), and the correct result is 


S,(5+ 6) - a (pier [KS (m?)y s + 2m, A*(m?) 


+ KXm?)(p) Fe On) pp =k). (15.130) 
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We note in passing that a similar argment could have been presented to justify 
the modification (by a factor 4) of the contribution from the photon line 
insertions. These have the effect of renormalising the uncorrected amplitude 
by a factor [1+i4;(0)]~'. Thus the contribution to each vertex is 
[1 145(0)] 1? ~ 1—314X0), as claimed in (15.112). The requirement that the 
counter term contribution S4(2) cancels the contributions from diagrams (3) to 
(11), in the limit p — p' — 0, then gives 


A,z(0) 


my m2 mi)? (gv —943) 


+i[KS,(m2)ys+2m, A'(m2) + Kim2)] 20. (15.131) 


K.+ F,0)+ G,(0)y, —i$45(0) i 


The terms proportional to y, arise because of different contributions to the 
scattering of the right and left chiral components of the electron. This derives 
from the fact that electroweak theory is a parity non-conserving theory. 
However, we know that the right and left chiral components have the same 
electric charge. Thus the parity-violating contributions to (15.131) must cancel 
separately. Hence 


Ayz(0) 


G,(0) -iK$, (m2) ^i Im, (m? 


and substituting from (15.118c) we find 
K, = —F (0) + i44,0)— iKi) 


A,z(0) 


_ mind —mi yii v Dre Kim?) + m Km]. (15.133) 
wütz — m 


So the electric charge renormalisation constnat K, is completely determined 
once the calculations necessary to find F,(0), 4,(0), as well as K$(m2), K? (mê) 
and K$(m), have been performed. Again we shall not quote the result. We 
leave it as an exercise (problem 15.5) to verify that (15.132) is satisfied. 


15.4 Radiative corrections to muon decay 


We have indicated in the previous section how all of the renormalisation 
constants (K,, Kw, Kz, Ky, kı k,) which fix the counter term vertices are 
determined . In principle, therefore, we may evaluate the S-matrix element for 
any electroweak process to arbitrary accuracy, including the effects of all 
electroweak radiative corrections. We shall illustrate this by considering the 
order « radiative corrections to muon decay 


AH —€ XV, 


which was computed in lowest order in $14.4. As before, we shall not actually 
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evaluate the corrections, which are complicated and not in themselves 
especially illuminating. Rather, we shall discuss the various contributions, and 
in particular how the loop corrections and the counter term contributions 
combine to give a finite, calculable result. 

The lowest order contribution to the process is given by the diagrams 


sp m i 
w^ e * G^ N e 
Ve pM (15.134) 


and, as we showed in (14.118), the contribution from the second diagram is 
smaller than the first by a factor of order m,m, /ms. We shall therefore neglect 
this contribution, since it is smaller than the O(a) terms we are about to 
consider. The first set of radiative corrections are generated by self-energy, 
tadpole, and counter term insertions into the various lines 


(1) (2) 


(3) (4) 


(5) (15.135) 


Weare using the same shorthand as in (15. 105), where the shaded blob signifies 
the sum of the self-energy loop, tadpole and counter term insertion. As 
explained in the previous section, the external line insertions are a priori 
ambiguous in our approach. However, the analysis given there shows how it is 
resolved. Then the contribution from diagram (3) is 


ASPO=i( Kod) +m Kr) + MERGE 


1 
2m, 


1 
—4K4(m2) -zp Kme) — 73) (15.136) 


and the contributions from diagrams (1), (2) and (4) may be obtained in a 
similar manner (problem 15.6). The contribution from diagram (5) is 
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determined by the W self-energy, tadpole and mass counter terms. In the 
Feynman gauge, the propagator of the W is 


&, (p, mw) = —ig, (p? —m&) ! (15.137) 
and the above insertions amount to the replacement 
Á, (p, my) > À (p, my) [ig Kym& + TI(p) + Tug^"]A(p,my) — (15.138) 
where Iw is defined analoguously to IT; in (15.83). Using (15.90) it follows that 
ig" Kym + Ip) + Two” 


pp 
p? 


= [Aw(p?) - Av(m&)]g" + [Bw(p?) ~ Awl p’) (15.139) 


The terms proportional to p’p’ lead to lepton mass terms via the Dirac 
equation, as shown in (14.120). Neglecting them we find 
, Aw( p?) — Ay(mi;) 
-—1 ———M 
p-m 


AS()(5) = s. (15.140) 


The next set of radiative corrections arises from vertex insertions and counter 
terms 


2 
Asp- 
(6) 
(8) 


(15.141) 


(7) 
Diagrams (6) and (7) include all three-point vertex corections, analogous to 
those displayed in diagrams (7) 11) of (15.105). The counter term vertex which 


appears in diagrams (8) and (9) is that given in (15.27) with K defined in (15.24). 
Thus (8) and (9) give 


AS}(8 + 9) =2KS}. (15.142) 


Since all of the counter terms are of order e? we may expand (15.24) accurate to 
this order and obtain 


K = K.+4 cot? Oy(Ky — Kz) 


=K, +m —my)~ (Kw — Kz). (15.143) 
If we like, Ky — Kz can be re-expressed using (15.89), (15.90) and (15.97) to give 
Ky —Kz= —ilmz ^ Az(m2) — my? Ay(mi,)]. (15.144) 


The presence of a neutrino in both of the three-point vertex corrections means 
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that the analogue of (15.109) may be written in the form 

TM pe p;) - LS EAP, + SS PVG ws p' + fS(p?)p,Y(1 — 5) (15.145) 
and we can neglect the f, term, since p, leads to lepton mass terms which we 
shall drop. Thus, for es the invariant amplitude for diagram (7) is 


M1) = uv, y" (1 — y )u(u) 


8(p ros mw) 
x UAL f(p?)y, + SEP Ow p?](1 —y3)v(v.) (15.146) 


and a similar expression may be obtained for .4(6). 

The final set of diagrams are the four-point functions. These are too 
numerous to display in full and we merely illustrate the gauge boson 
contributions 


AS) = 


(15.147) 


where the exchanged lines must be W, Z or W, y. The undisplayed diagrams 
include all contributions from scalar exchanges. We shall not need any details 
of these amplitudes. The interested reader is referred to Sirlin? and references 
therein. Suffice it to say that all of these diagrams are (ultraviolet) finite. In 
other words they contain no poles in 2—« which derive from the large 
momentum behaviour of the integrands. (The infrared behaviour is another 
matter, which we shall not address.) 

The ultraviolet divergent contributions arise from the terms already 
displayed. Neglecting the masses of the leptons, the only divergent terms in 
(15.136) are K; and K%,, with similar divergences from the other self-energy 
contributions. We leave it as an exercise to verify that when these 
contributions are combined with the other divergent contributions, contained 
in (15.140), (15. 142), (15. 146), they lead to a finite correction to the muon decay 
amplitude. (This is just a verification that electroweak theory is a 
renormalisable theory, as we have claimed but not proved.) Numerical details 
of these calculations are contained in Sirlin, who concludes that the order « 
corrections have the effect of increasing the decay rate by about 7% compared 
with the tree graph prediction (14.125). 


15.5 Anomalies 


We have shown in Appendix B that S-matrix elements are independent of the 
gauge-fixing parameter €. In consequence the ghost particles and would-be 
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Goldstone scalars, whose masses depend upon £, decouple from the physical 
states. This means that the physical states are complete and that the S-matrix is 
unitary. The proof of this €-independence utilised the gauge (and srs) 
invariance of the functional integration measure, and this invariance may be 
verified for the (non-chiral) theories envisaged in Chapters 9 and 10. 

However, the electroweak theory with which we are now concerned is a 
chiral theory; the left and right chiral components of fermion fields transform 
differently under gauge transformations. For these theories the fermionic 
integration measure is not in general gauge invariant". In consequence the 
Slavnov- Taylor identity (B.9) is violated, and (supposed) S-matrix elements 
will be £-dependent, because of the appearance of unphysical particles (e.g. 
Goldstone scalars) in physical processes. Clearly such a theory is nonsense; the 
gauge fixing and ghost terms in the Lagrangian were merely technical devices 
to permit the formulation of the quantum field theory, and nothing physical 
should depend upon €, if the theory is to make sense. Thus the gauge non- 
invariance of the fermionic measure is a disaster for the (chiral) gauge theories 
in which it appears. It means that these theories are non-quantisable*. Only 
theories in which this problem can be evaded can be considered as candidates 
to describe reality. 

We illustrate the problem by considering first the case of ‘axial electro- 
dynamics’, which is described by 


L = iy (0, +iq V, +igA,7 )U —1F,,F"" —4G „G (15.148a) 

where 
F,,20,V,—0,V, (15.148b) 
G,, = 6, A, —0,A,,. (15.148c) 


Clearly # is invariant with respect to local U(1), x U(1), gauge transformations 
in which 


W(x) ^ W(x) = exp[ —igA(x) —iga(x)y 5 y(x) (15.149a) 
V(x) > Vi (2x) = Vx) + 6, A(x) (15.149b) 
A,(x) > A,6) = A (x) + ô a(x). (15.149c) 

Then the left and right chiral components of y transform according to 
W(x) =a, W(x) > exp[ —i8,(x) wi) (15.150a) 
Vox) = aqW(x) > exp —i9,(x) Vax) (15.150b) 

with 

90, =qAFga. (15.150c) 


R 
The transformation law (15.149a) means that the fermionic measure Dy 
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transforms according to 
Dw — (Det exp[ —igA(x) —iga(x)y5}} ! 2v (15.151) 


where the inverse of the determinant appears because integration over the 
Grassmann variable (x) is defined (in Chapter 3) as the left-differentiation 
with respect to y(x). The determinant Det, with a capital D, is taken over both 
Dirac spinor indices and the space-time labels x. In the same way, since 
(15.1492) shows that 


Wx) ^ VG) = W(x) exp[igAQ) — iga(x)y 5] (15.152) 
the fermionic measure 
Dw — (Det exp[igA(x) —iga(x)y5]} ! 2v. (15.153) 
Hence _ _ 
Dw Dy — Det exp[2iga(x)y,]2Vy 2v. (15.154) 


Thus, as anticipated, the measure is not invariant, because the left and right 
chiral components transform differently: 


2ga — 0, — 0, #0. (15.155) 
Formally, we may write 


Det exp[2iga(x)y5] ^ exp Tr[2iga(x)y 5] (15.156) 


where, as before, the trace Tr, with a capital T, is taken over both Dirac and 
space-time labels. (The trace tr will be used when the trace is only over Dirac 
and any internal labels.) We may rewrite the trace by introducing a complete 
orthonormal set of energy eigenfunctions 9, satisfying 


WD, Pa = 4,0, (15.157a) 
Y ery) = d(x — y) (15.157b) 


where D,, is the covariant derivative 


D, — 0, t iqV, * igA, ys. (15.157c) 
Then 
Tr[2iga(x)y 5] = Tr[2iga(x)ó(x — yy 5] 
= Tr( digas y? vcs?) 
= E dy d(x — y) te (žigi > 2) 


=2ig E a(x) A(x) (15.158a) 
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where 
AQ) Y, P(X) sx) (15.158b) 


measures the ‘anomaly’. To evaluate A(x) we need to regulate the large 
eigenvalues, since as it stands the expression is only conditionally convergent. 
Thus we define 


Ax) = lim » ets ais) P(x) (15.159) 
where f(z) is any smooth function which rapidly approaches zero as z ^ — oo: 
f(- o0) 9 f'(—00)& f'(— 9o) ...50 (15.1602) 

and 
f0)21 (15.160b) 


so that the contribution from any fixed eigenvalue 4, approaches unity as 
M — oo. For example we could choose 


fa-e. (15.161) 
Using (15.1572), we can write 


p? 
A(x)= lim Loles xo 


ouis (M? 
x d*k —ikx p? ikx 
= m vase nf 73e) (15.162a) 
where we define 
p-yD, (15.162b) 


and we have changed from the energy eigenfunction basis o,(x) to a plane- 
wave basis e**. The definition (15.157c) of the covariant derivative D, gives the 
identity 


D? -yD,yD,-y^y'D,D, (15.1632) 
where 
Db, =0, t igV, —igA,y, 
=D, —2igA, s. (15.163b) 
Then 


V? - Biya y.) 3D, y, TI(D^ — 2ig A^y ;)D" 
= D,D" H1», y, ][D^, D'] -2igy5 A,D" — ig[y,, y, ] 4^y D" 
=D? (i/A[y,, y, IQF” *- 9G"y,) 4- 2ig Ay 5D (15.164) 
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and for any function x(x) 
D, L(x) €] = [k, + D,)y] e. (15.165) 


Substituting back and rescaling k gives 
d^k l iD\? 
= li —— M 4 tes 
a limite fis Ysf [t x) 


B | 
M D 9 YF" - 9G"y:) — P ^it) 


(15.166) 


We now expand f in a Taylor series about k?, and as M > oo the only 
surviving terms will be up to and including the fourth derivative of f. The 
resulting expression may be simplified by noting that 


tr ys mtr[y,, P] 9 tr ysLy,, 2] =0 (15.167) 


and by using symmetric integration to eliminate odd powers of k. Even so, the 
algebra is pretty horrendous, and we refer the reader to Balachandran et al.? 
for the complete treatment. We illustrate the result by dropping the gauge field 
A, associated with the local chiral transformation. This considerably simplifies 
the algebra, and there remain some effects which are interesting in their own 
right, as we shall see. We then find 


A(x) = Ht SUE o Dus Prd ps YD F^ Ff" (Kk?) 
BO eae 


1:42 uv pa d^k "(12 
= —jiq' e, F F met (k^). (15.168) 


The momentum integration is transformed to a Euclidean one. Then, as in 
Chapter 7, 


k?= —k?= — |k}? 
d^k =id*k =in?|k|? d|k|?. (15.169a) 
Integrating by parts gives 
i fasera | dxf'(—x)=in? ` (15.169b) 
0 
using the properties (15.160) of the function f. Thus 
2 
A(x) = 35 Enp F'Q)F^*(x) (15.170) 


and we note that the anomaly is finite, and well defined. Substituting back into 
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(15.158) and using (15.156) and (15.154), we find that the non-invariance of the 
fermionic measure is given by 


2 
DUD > evi [ars ga(x) uu s PP" uon. (15.171) 


This non-invariance indicates that the anomaly is specifically a quantum 
effect, since functional integration is the ingredient required to proceed from 
classical to quantum field theory. This quantum effect leads to a violation of 
the classical conservation law associated with the chiral transformation. 

In the absence of an associated gauge field, the Lagrangian density (and 
therefore the action) is no longer invariant under a local chiral transformation. 
In fact, for the (massless) Lagrangian (15.148), the non-invariance is given by 


L — L + gâs. (15.172) 
However, the quantum effects we have been discussing generate an additional 


variation of the generating functional W. From (15.171) we see that the total 
effect of the chiral transformation in such a theory is given by 


2 
wo | DYD} exp fats (2 + 9(d,0)py"y V + ga ui ESTE "| 


(15.173) 
We require that W is invariant under such transformations 
T a (15.174) 
óa(x) 
Hence 
q? 
0, y^y si) ud 1672 Envo Quid Quid (15.175) 


and we see that the (classical) conservation of the axial vector current, 
associated with the invariance of a massless fermionic theory under chiral 
transformations, is violated by the (quantum) anomaly. 

Fujikawa's derivation of the anomaly, which we have presented, makes it 
clear that the anomaly is a non-perturbative effect, even though the original 
discovery of it was noted in a perturbative context!?. In fact (15.175) indicates 
that the anomaly is given exactly by the lowest order radiative corrections to 
the axial vector vertex. This is illustrated in figure 15.1. Each vertex with the 
gauge field V, is associated with a factor q, and we have seen that the effect is 
entirely due to fermionic quantum fluctuations. Thus only the single triangle 
loops illustrated contribute. All higher order radiative corrections to these are 
non-anomalous. In this treatment the anomaly is associated with the (linear) 
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Figure 15.1 Fermion triangle diagrams responsible for the anomaly. 


divergence of the fermion loop integration. We can see this as follows: the 
matrix element aus by figure 15.1(a) is 


M9 = 


upo TE j4 = [ote tr[y,y s 7 E7222 lf - 2m 1] (15. 176) 


Using the trivial identity 


ht -0 S -E)-K (15.177) 
it follows that 


(k, +k,)*M o = e r a [e tr[y s 7 iy (K+K) ys] 


3m n)? s fa% tr[ys(K+ K) 1y (É+ 2 1y]. (15.178) 


Both of these are divergent, but formally we may translate the integration in 
the second integral — k—k,) which gives 


F] d*k tely soy (K+K) 90] 


(kı + ky MO, = P EZ 


p y =f d*k tr[y sky (K+ ko) 5», ]. (15.179) 


The evaluation of (k, +k) MË}, the contribution from figure 15.1(b), follows 
immediately by interchanging 
ki pokso. (15.180) 


Since (15.179) is antisymmetric it follows that the sum M,,, of the two 
diagrams formally satisfies 


(ky -k3) M, —0 (15.181) 


in accordance with the classical conservation law (15.173). 
However the above arguments are purely formal, because M „p is divergent. 
It might be thought that one could avoid this objection by using dimensional 
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regularisation, which typically has the attractive property of preserving such 
conservation laws while rendering the integrals finite. In this case, however, 
dimensional regularisation is complicated by the (active) presence of the y5 
matrix. y; is specifically tied to four dimensions; by definition, it is the product 
of the four gamma matrices y°, y', y?, y?, and its anticommutation properties 
with them then follows from the Clifford algebra. In a higher (2c0)-dimensional 
space-time, the actual definition of y5 is problematic: do we take 


ys riy! .... y0 (20 even) (15.1822) 


or 
ys =iy?y!y?y?? (15.182b) 
In the first case, the axial vector current remains an axial 2w-vector, but M „ps is 
zero. In the second, the axial vector becomes an antisymmetric tensor of rank 
2w — 3, but its divergence is non-zero because y, no longer anticommutes with 
all of the gamma matrices. In fact, the non-zero value is precisely that already 
obtained in (15.175), and the same (finite) non-zero value is obtained if we use 
an old-fashioned covariant cut-off and remain in four dimensions throughout. 
It is therefore clear that the anomaly is a real effect, and not just some artifice 
of the particular regularisation scheme adopted. For the reasons given at the 
beginning of this section, anomalies will destroy the £-independence of S- 
matrix elements, and make the theory nonsensical. The key to evading this 
problem derives from noting that the anomaly is independent of the mass of 
the fermion field. (The fermion in (15.148) is massless, but this was not used in 
the derivation of the anomaly) It is therefore possible to arrange that 
contributions from different fermions cancel against each other, by virtue of 
the group-theoretic structure of the model. 
In a general (non-Abelian) gauge theory each of the vertices of the triangle 
diagrams will carry an internal symmetry matrix, and the anomaly will be 
multiplied by a factor 


A** z trøtt {tèt + th) (15.183) 


where now the trace is over the internal symmetry space. Thus provided A*” 
vanishes for all axial-vector-vector triangles (and all axial-axial-axial 
triangles) the full theory will be anomaly-free. 

In electroweak theory it is easy to see that this is what happens. The SU(2) 
gauge bosons have a fermionic vertex y, I", where 


I'-gh*a, (a— 1,2,3) (15.184) 
while the U(1) gauge boson-fermion vertex is I$, where 
T*=g'(Ya, +Qar) 
=g'(Y +4r°ar) (15.185) 


since Q =41° + Y. Note that on all four vertices y, appears only in conjunction 
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with one of the t matrices. Thus the A~A—A anomaly is proportional to 
tr(c" (chc + v) (a,b, c— 1,2,3) 
= 26” tr c^ 
=0. (15. 186) 


The A-V-V anomaly cancellation is not automatic, because although A is 
associated with a t matrix the V may have a t matrix or the unit matrix. The 
potentially dangerous cases are when two t matrices are involved (444, 4bc). In 
this case the anomaly is proportional to 

tr(c^(c^Y + Yt) ô” tr Y 


=ô” trQ. (15.187) 


Thus to make the theory anomaly-free we need that the sum of the electric 
charges of all the fermions should vanish 


$9,-0. (15.188) 
f 


Remembering that each quark flavour has three colours, we see that the above 
requirement is satisfied in each family, since 


Q,* QT 30, 4305 —-0. (15.189) 


We have emphasised the form of the anomaly when the axial currents are 
not associated with gauge fields, and also when the (vector) gauge group is 
U(1). Relaxing these constraints leads to more anomalous diagrams. This is 
fairly obvious from (15.175), for example. In a non-Abelian theory we should 
expect that F, is replaced by its non-Abelian analogue F;,, which has terms 
linear and quadratic in the gauge fields. Thus we anticipate anomalies in the 
square (AVVV, AAAV) and pentagon (AVVVV, AAAVV, AAAAA) diagrams, 
besides the triangle (AVV, AAA) diagram already discussed. Also, it is 
apparent from (15.166) that the axial gauge fields generate extra contributions 
with a different structure from those we have kept. In fact, both of these 
expectations are fulfilled; the interested reader is referred to Balachandran et 
al? for details, and also to Einhorn and Jones"! for a very clear analysis of the 
opposite case considered in the text, namely when the vector gauge field V, 
(rather than A,) is dropped. 


Problems 

15.4 Verify the form of (1+ K}? in (15.24). 

152 Verify the Feynman rules (15.31), (15.41) and (15.44). 
15.3 Verify (15.102) and (15.104). 


15.4 Justify (15.112) by considering the scattering of an electron by a heavy 
charged particle. 


REFERENCES 297 


15.5 By calculating the quantities involved, or by using the results of 
reference 5, check that (15.132) is satisfied. 


15.6 Determine the contributions of diagrams (1), (2) and (4) of (15.135). 


15.7 Show that the fermionic functional integration measure is gauge 
invariant in QCD. 


15.8 After dropping A,, show that (15.168) follows from (15.166). 
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16.1 Philosophy 


We have seen in Chapter 14 how the electromagnetic and weak interactions 
may be unified into electroweak theory. This unification leaves something to 
be desired. First, there are two independent coupling constants in the theory, g 
and g', and, second, no unification with the strong interactions (QCD) has 
occurred. The aim of grand unified theory!*? is to rectify this by unifying 
strong, weak and electromagnetic interactions in a grand unified gauge theory 
with a single coupling constant. Once such a unification has been achieved, the 
coupling constants g, g' and g, (the ocDp coupling constant) will be related by 
group theory factors to a single grand unified coupling constant. Though such 
a statement flows easily from the pen, it needs some sharpening up. We have 
seen in Chapter 7 that the values of the renormalised coupling constants 
depend on the renormalisation scale, M, and we have discussed this 
dependence in detail in §12.7, for QcD and QED. Thus, we must decide at what 
renormalisation scale Mg the coupling constants g, g' and g, satisfy the group 
theoretical relationships associated with the embedding of electroweak theory 
and Qcp in the grand unified gauge group. Once we have fixed the 
renormalisation scale Mg (the grand unification scale) it is clear that these 
relationships between g, g' and g, will not hold at lower renormalisation scales 
M. This is because these coupling constants vary with M in different ways 
when the extra gauge fields associated with the grand unification may be 
ignored. On the other hand, these relationships will hold at higher 
renormalisation scales, because for mass scales large compared with the 
masses of the new gauge fields all gauge fields are on the same footing. Then 
there must be a single coupling constant gg developing according to the 
renormalisation group equation of the grand unified theory. 

A priori, the grand unification scale Mg might be an ordinary mass 
(x 100 GeV). After all, (12.128) shows that for renormalisation scales of 4 or 
5 GeV, the ratio of g,(M) to e(M) is 5 or 6. This is the kind of number which just 
possibly could be attributable to group theory factors in the embedding of ocp 
and electroweak theory in the grand unified theory. However, at least for 
grand unified theories of reasonably low rank, it turns out that a ratio of g, to e 
of 5 or 6 does not come out naturally from the group theory, but smaller 
numbers arise. If the grand unification is to succeed, it must therefore be that 
unification occurs at some larger mass scale, and the desired ratio of g, to e 
arises when the renormalisation group equations are used to continue g,(M) 
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and e(M) back to ordinary mass scales. (Remember that g2(M) decreases and 
e7(M) increases as M increases.) Since coupling constants vary only 
logarithmically with M in gauge field theories, the grand unification scale is 
likely to have to be extremely large to achieve a significant deviation from the 
group theoretical value of g,/e in this way. We shall discuss this in detail in 
$16.3. This large grand unification scale is a good thing, because typical grand 
unified theories put leptons and quarks in the same multiplets and contain 
baryon number violating exchanges. If the masses of the new gauge fields 
which mediate baryon number violating processes were not be very large, the 
proton would decay at an unacceptably fast rate. This point is discussed in 
816.6. 


16.2 SU(5) grand unified theory 


Since SU((3) x SU,(2) x U(1) of acp and electroweak theory has rank 4, it 
follows that any grand unified theory will have to be based on a semi-simple 
Lie group of rank at least 4. (The grand unification group has to be either 
simple, or semi-simple, with a discrete symmetry superimposed, to obtain a 
single coupling constant.) It turns out!?? that there is only one semi-simple 
rank 4 group which allows Qcp and electroweak theory to be embedded in a 
way consistent with the quantum numbers of the quarks and leptons, namely 
SU(5). We shall restrict attention to SU(5) grand unified theory here, though 
other grand unifications are possible with higher rank Lie groups, e.g. SO(10) 
with rank 5. 

The generators T, of SU(5) for the fundamental five-dimensional 
representation may conveniently be represented by the natural generalisation 
of the Gell-Mann matrices (see Appendix D) which we denote by A, 
a 1,..., 24, and normalise in the conventional way so that 


TI(4,4)) 2 2044. (16.1) 


(A good discussion of the properties of SU(N) Gell-Mann matrices is given by 
Macfarlane et al.?) Thus 
Aq 
T- a=1,...,24. (16.2) 
The colour group SU((3) is conveniently identified with the 2 matrices which 
have non-zero entries in only the first three rows and columns, viz. 4,,. . ., Ag, 
and the SU, (2) group with the å matrices which utilise only the last two rows 


and columns, viz. A22, 4,3 and (4 10 Aja 7 /6 A, 5)/4. Thus, the generators of 
SU((3) are 


a=1,...,8 (16.3) 
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and the generators of SU,(2) are 


T -42 T;- 42 Ties A (a) 

2 2 8 
It remains to identify the weak hypercharge, related to the charge Q and T5 by 
Q- TY. (16.5) 


We shall see later that consistency with the charges of the quarks and leptons 
requires the identification 


Q- -/54, (16.6) 
so that 


Y= (Voan 5/8 PA ; E (16.7) 


(Q must certainly be a generator of SU(5) since the photon is a gauge field.) 
The gauge fields 44 belong to the 24-dimensional adjoint representation of 
SU(5), and may be written as a 5x 5 matrix 


Ate AT, = AL (16.8) 
as in (9.25), where T, are the generators of SU(5) for the five-dimensional 


fundamental representation as in (16.2). Having regard to the identifications of 
generators made above, we may write (see problem 16.1) 


JB Abs 
1 2B" n = 
ae tR Tm JA 1-i2 JA AG -is 1 P 
1 AB AR 2B AE ing - i 
— AL, SM LONE MER cai xe ye 
fe 1+12 M J M JA 2 2 
I 1 2B = = 
Wai = Ab + i7 - A A - d X5 Y5 
WE 3 
xi xz xa N a we 
V2 30 
Yt Ye YA w Nac ad 
1 2 3 JA J30 


(16.9) 


where A^, a= 1,..., 8, are the colour gluons of SU,(3), and W5, W4., W and 
B" are the electroweak gauge fields of $14.1. In terms of SU(5) gauge fields, 
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Ss — /6 At 9/4 (16.10) 
Wh (Aba E (16.11) 

and 
BY= —(/3 Ai s + d AS. (16:12) 


The identifications (16.10)-(16.12) are made by observing that B" is the 
correctly normalised field coupled to weak hypercharge etc. 

The new gauge fields, X¥, i= 1,2, 3 and Y?, i= 1,2,3 are anti-triplets under 
SU (3), and are defined by 


1 . 1 : 1 . 
Xi =e (45 ido) X577; (Aii idt? X8——- (Af; +iAt,) 
2 x/2 2 
(16.13) 
and 
ye--L auia) Y= (Atgtidts) Y=- uto Fits). 
J2 v2 <2 
(16.14) 


They are often referred to as lepto-quark (or diquark) bosons for reasons 
which will become clear shortly. 

The first generation of quarks and leptons (uj, di, e , ve) where i= 1, 2, 3 is 
the colour index of the quarks, has fifteen helicity states, because the neutrino 
is massless. These states fit into a 5 of SU(5), (Vu p— 1, ..., 5, and a 10 of 
SU(5), xf*, p, q=1, . . ., 5, as follows, with corresponding assignments for 
further generations, (c;, s, 47, Yp» (t; b;,t~, v,) etc. (Cabibbo angles have been 
suppressed, but are easily reintroduced.) 


di 
d; 
(P)- dS (16.15) 
e 
Ve /L 
and 
0 u$ —-u$ -u, -d, 
—u$ 0 uf -u -d (16.16) 
at=- u$ —uf 0 —u, -d; 
Uu, u u, O0 —e&€ 
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where all fields are left-handed, and the right-handed components for a given 
particle have been introduced as the left-handed components of the charge 
conjugate field. For any fermion field y the notation, as in (14.4)-(14.7), is 


YLEN -yY Va UO ys) (16.17) 
and 
Ve C, (16.18) 
with C,, having the defining property 
C iyc- -(y. (16.19) 


The form of (16.16) is dictated by the fact that the 10 occurs as the anti- 
symmetric part of the decomposition of the product of two 5’s. Noticing that 
the generators T, for 5 are 


m Až > 
T= 2 for 5 (16.20) 
and the generators T, for 10 are 
PEE Xa 
L-,91:107 for 10 (16.21) 


where in the first term 4, acts on the index p of xf?, and in the second term 
it acts on the index q, it is easy to check that the identification (16.6) for the 
charge operator in the 5 leads to the correct quark and lepton charges. Using 
the criteria (15.183) one sees that there is a cancellation of Adler anomalies 
between the 5 and the 10. 

The assignment of quarks and leptons to multiplets of the grand unified 
group SU(5) explains things which were left unexplained by ocpb and 
electroweak theory. For instance, the third-integral quark charges are a 
consequence of the fact that the charge Q is a generator of SU(5) (as in (16.6), 
and so traceless. Thus the sum of the charges of the particles in any 
representation of SU(5) must be zero. For the 5 this means that 


—30,+9.=0 (16.22) 
and for the 10 
3Q4—-Q,=0. (16.23) 
Either way, we get 
Qa= —Q./3. (16.24) 


The 3 has arisen because quarks come in three colours. 

Because quarks and leptons occur in the same irreducible representations of 
SU(5), there are vertices involving the lepto-quark gauge boson X and Y of 
(16.13) and (16.14) which change a quark into a lepton, e.g. those shown in 
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+ 


(b) 
Figure 16.1  Vertices changing a quark into a lepton. 


figure 16.1. Because quark fields and their conjugate fields both occur in the 10, 
there are also vertices in which a pair of quarks annihilate, as, for example, in 
figure 16.2. These two types of vertices may be combined to produce baryon 
number violation, as, for example, in figure 16.3, where we have added a 
spectator d quark. Since baryon number is known to be conserved to a very 
good approximation, these processes must be suppressed by a very large mass 
for the X and Y lepto-quarks. We shall see in $16.6 that this is indeed the case. 


x Y 
" d 
u u 
(a) (b) 


Figure 16.2 Vertices with two quarks annihilating. 


d 


Figure 16.3 Diagram for p—z?e*. 


The ocp and electroweak coupling constants, g,, g and g'may be related to 
the grand unified coupling constant gg (at the unification scale) by writing 
down the SU(5) gauge invariant couplings of the quarks and leptons. The 
appropriate terms (as in (9.36) and (9.15)) are 


piermion — i(Y ) y (D^? ), +ixpty"D,, xP! (16.25) 
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where 
p j : (a )pa a 
DAY = OY pe —19c 2 (Y). A; 
= OF ye TI igc(Az Vpg Pade ( 16.26) 
and 
À, ha 
ORO 
2 pr 2 qs 
= 0, xi + iggl(A,) xi! + (A, xE] (16.27) 


where A" is as in (16.8) and (16.9). (Fermion masses will be introduced in §16.5 
after spontaneous symmetry breaking has been discussed) Using the 
antisymmetry of x, in its indices (16.27) simplifies to 


D, xf = 0,xf* + 2igg(Ay) Xt! (16.28) 
when it is coupled to xf*. With the aid of the identity for any Dirac field v, 
Ky Ot Wry, (16.29) 


one may easily check that the gg independent terms in (16.25) are the standard 
kinetic energy terms for quarks and leptons. The interaction terms in (16.25) 
are 


Lim = GE MAD Eade 2 MAX (1630) 


with A, as in (16.9), (P), asin (16.15), and xf? as in (16.16). It is clear from (16.9) 
that SU,(3) and SU (2) are embedded in SU(5) in the natural way, so that 


9.79 7 9o- (16.31) 


We may identify the coupling constant g' for the U(1) of weak hypercharge by 
retaining only B" dependent terms in (16.30). Then we obtain 


LEM = — $ go B Oday (us + ALU) 
id) y" (d), — Exy"en ~ Hd day"(de 
—4$8,y"e, 1n) l (16.32) 
where we have used the identity for any Dirac field y, 
Voy VET — ay Vn. (16.33) 
Comparing with $14.1, we see that 
ENETS (16.34) 
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16.3 The grand unification scale and 0,, 


The scale at which grand unification occurs, with a single coupling constant 
for all gauge field interactions, may be determined using the renormalisation 
group equation to extrapolate^? the known values of the Qcp and electroweak 
coupling constants g,(M), g(M), and g'(M) at an ‘ordinary’ renormalisation 
scale. At the SU(5) grand unification scale, the coupling constants must satisfy 
(16.31) and (16.34). Since gg is in the first instance unknown, there are two 
constraints. These may be used, for example, to determine the grand 
unification scale M, from the known values of g, and e at ordinary energies, 
and to predict the ratio g’/g, and so the weak mixing angle, 0,, at ordinary 
energies. Equations (12.29b), (12.25) and (12.18) with s= M/M; enable us to 
relate coupling constants at some ‘ordinary’ renormalisation scale M and the 
grand unification scale Mg. For the U(1), SU,(2) and SU,(3) factors of 
electroweak theory and Qcp we have 


(g) &M)-(g) (Mg) 2b, In(M/Mg) (16.35) 
g «M)-g *(Mc)-2b; In(M/M,) (16.36) 

and 
g; KM)— 9; *(Ma) -2b, In(M/Mo) (16.37) 


where, using a slight generalisation of (12.15) (see problem 16.2), 


20 
16z?b, = e Ne (16.38) 
22 4N 
16n?b, =— ——8 39 
Rib —— (16.39) 
4N 
16n?b;~= 11 ve (16.40) 


We have assumed Ng generations of fermions (u;, d;, e ^ , v,), (Ci, Si, H, Ya), (t; Di, T, 
v,) etc, where i= 1,2, 3 is the colour index, and there is the usual assignment to 
multiplets of SU, (2) x U(1) as in 814.1. Possible contributions of Higgs scalar 
loops to (16.39) and (16.40) have been ignored. It turns out (see problem (16.3) 
that such contributions make only a small difference. From (16.31) and (16.34), 


9(Mg)=9(Mo) = /3 g'(Ma)- g«(Mo). (16.41) 
Also, from §14.21, 
g(M) sin 0,(M) — g'(M) cos 0y,(M) = e(M) (16.42) 


where @y(M) is the value of the weak mixing angle at the renormalisation scale 
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M. Thus, (16.35)-(16.37) imply that 
e^ XM) sin? (M) —2b, In(M/Mo)=g7 M) —2b, In(M/Ma) 
—3[e^ 4M) cos? ((M) —2b, In(M/Mg)]. 


(16.43) 
The two results following from (16.43) are 
In Mg Mm S ap QE (16.44) 
and 
sin? (M) —g, ?e? + 2e7(b,—b3) In(M/M,) 
L. 305 —b) — | Gb; — 3b, )a(M)/a,(M) (1645) 


~ 8b,—3(b, +b.) 8b, — 3(b, +b.) 


where (M) and a,(M) are the fine structure constant and QCD fine structure 
constant as in (12.126) and (12.122). With b,, b; and b, as in (16.38)-(16.40), we 
see that, at this order in perturbation theory, the predictions for M,/M and 0,, 
are independent of Ng, the number of generations of fermions, and are 


n(1 —8a(M)/3a,(M)) 


In(M,/M)= liar) (16.46) 
and 
sin? O(M)=2+2 a l (16.47) 


With the values of « (mz) and «(mz) given by (12.121) and (12.129), we obtain 


Mg &5 x 101^ GeV (16.48) 


and 
sin? 04,(M) = 0.206 M — mg. (16.49) 


The extremely large value of the grand unification scale Mg has arisen 
from the logarithmic dependence in (16.46) with a right-hand side of order 
30. The predicted value of sin? 0y(M) at M — m; differs substantially from 
the value 3 at the unification scale M = Mg which follows from (16.31) and 
(16.34). Even when many small corrections to the equations of this section 
are made, including higher-order perturbation theory, effects of quark 
thresholds, and the contributions of Higgs scalars, the predicted value of 
sin? 0w cannot be brought into agreement with the experimental value of 
0.233 at M = mz. (However, in supersymmetric grand unified theory, which 
is outside our scope here, agreement can be achieved.) 
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With the value of Mg in (16.48) and the value of « (mz) of (12.121) the 
grand unified fine structure constant is given by 


a¢(Mg) = g&(Ma)/4n = g2(Ma)/4n = 2.4 x 107? (16.50) 


where we have assumed three generations of fermions. 


16.4 Spontaneous symmetry breaking for SU(5) grand unified theory 


Since the only massless gauge fields we want are the photon and the colour 
gluons, we must introduce enough Higgs scalar multiplets into the theory to 
break the SU(5) gauge symmetry to SU,(3) x Ug(1), where Ug(1) is the U(1) of 
electromagnetism. There must therefore be Higgs scalars to give masses of 
order 100 GeV to W* and Z? and Higgs scalars to give masses of order 
1015 GeV to the lepto-quark gauge bosons X and Y of (16.13) and (16.14) 
(because, as observed in $16.1, the masses of these new gauge bosons must be of 
the order of the grand unification scale (16.48)). Since two very different mass 
scales are involved, we are going to need at least two multiplets of Higgs 
scalars with very different vacuum expectation values. A suitable choice is a 24 
of Higgs scalars (corresponding to the adjoint representation) to break SU(5) 
to SUQ(3) x SU,(2) x U(1), and a 5 of Higgs scalars (corresponding to the 
fundamental representation of SU(5)) to break SU((3) x SU,Q) x U(1) to 
SU 3) x Up(1). 


SU(5) ^ SU¢(3) x SU, (2) x U(1) ^ SU¢(3) x Up(1). (16.51) 
24 5 


The expectation values are chosen so that the 24 gives masses to the lepto— 
quark bosons X and Y of order 10!? GeV, and the 5 gives masses to Z? and 
W* of order 10? GeV. (There is also a negligible contribution from 5 to the 
masses of X and Y.) The SU, (2) doublet of Higgs scalars introduced in $14.2 is 
contained in the 5, and it is in these components of the 5 that the vev must 
develop. 

To realise this scheme of spontaneous symmetry breaking? we have to write 
down a suitable Higgs scalar Lagrangian containing the 24 of Higgses, which 
we write as a 5x 5 matrix, 


24 
62 Y ¢,T, (16.52) 
a=1 


where T, are the generators of the five-dimensional fundamental 
representation of SU(5) as in (16.2), and the 5 of Higgses, which we write as a 
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column vector, 


x 
ill 
p. 


(16.53) 


(It is convenient to write the adjoint representation of Higgs scalars as a 
matrix, as in (16.52), just as we often write the adjoint representation of gauge 
fields as a matrix, as in (16.8) and (16.9).) For simplicity, we first consider the 
Higgs multiplet ® in isolation, and then the multiplet H in isolation, returning 
later to the coupling between these two sectors. 

For the adjoint representation of Higgs scalars ® the most general 
Lagrangian (apart from coupling to fermions) is 


Lo=TH(D, ©)? —m? Tr ©? —A, (Tr 02)? 
—A, Trt (16.54) 


where we have imposed a discrete symmetry under  — — © to avoid a Tr O° 
term. 

Using (9.15) and (9.41) for the covariant derivative of scalar fields in the 
adjoint representation, 


D,6,— 0,6, — 9f a Apop: (16.55) 
so that 
D,® = 0,0 + ig[A,, 4]. (16.56) 
Corresponding to (16.54), the effective potential at tree approximation is 
V, =m? Tr ©2 - A,(Tr 02)? +1, Trog. (16.57) 


Minimisation of this expression shows that the desired spontaneous symmetry 
breaking to SU,(3) x SU,(2) x U(1) occurs provided 
4,70 d (16.58) 


the second condition being necessary for the potential to be bounded below. 
The form of expectation value corresponding to this symmetry breaking is 


e, c diag(1, 1, 1, —3, —3) (16.59) 


JB 


and at the minimum 


pè=v2= mil, +3542). (16.60) 
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The covariant derivative term in (16.54) produces gauge field mass terms 
Lass —96 (LA, 9c]^). (16.61) 


With ®, at the SU(3) x SU(3) x U(1) invariant minimum given by (16.59) and 
(16.60), and A, given by (16.9), one verifies (see problem 16.3) that only the 
lepto-quark gauge fields acquire masses and these masses are given by 


3 
Zas iil Y (XXi + FEY). (16.62) 
i-i 


Thus all three colours of X or Y lepto-quarks have the same mass my or my, 
and 


mi-m;j-159àv;. (16.63) 


As discussed in §16.1, the grand unification scale Mg is of the order of the 
lepto-quark masses my, my. Thus, using (16.48) and (16.50), we find that the 
vEV for the adjoint of Higgses is given by 


_ 5x 10** GeV 


v, = z 1.5 x 10!5 GeV. 16.64 
* (/5/12)96 od 


The general Lagrangian for the 5 of Higgs scalars H is 


—mj 


2 


To break SU,(3) x SU,(2) x U(1) to SUQ(3) x Uo(1) we must take the vev in the 
neutral, SU,(2) doublet, colour singlet component of H. With the 
identification of generators for the 5 of (16.3), (16.4) and (16.6), the appropriate 
component is H ,. The tree approximation effective potential corresponding to 
(16.65) is 


LaF utu - ^a (H'H)?. (16.65) 


2 4 
Va > HLH +G (HLH)? (16.66) 


and at the asymmetric minimum 
(Hé và = —mi/A,. (16.67) 


This vev gives masses to W+ and Z? as in $142. (In the notation of $14.23 and 
814.30, Hs is $°, and vy is v/,/2.) 

In the absence of cross-terms coupling ® and H, there arises the difficulty 
(see problem 16.5) that there remains a massless combination of the colour 
triplet components of H and 9, after taking account of the Higgs mechanism. 
Such massless scalars would, amongst other things, lead to disastrously rapid 
baryon number violating processes. This difficulty is overcome when thecross- 
terms are included. The most general terms coupling to H are 


Loy = —ASH'H Tr ©? - AH'9?H (16.68) 
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where we have again imposed a discrete symmetry, D> —®. The 
corresponding tree approximation effective potential terms are 


Vou =AsHtH Tr 02+ AgHLO2ZH o. (16.69) 


When the complete effective potential made up from (16.57), (16.66) and (16.69) 
is minimised, the troublesome colour triplet of Higgses acquires a mass of 
order my, and there are small corrections to the form of the vev (16.59). It is 
necessary to ensure that vy (the vev of the 5) remains of order 100 GeV, while v, 
(the vev of the 24) is of order 10! ^ GeV, so that the appropriate mass hierarchy 
for W*, Z? and X, Y is retained. This turns out to require a fine tuning of the 
parameters in the effective potential to 24 orders of magnitude! This unnatural 
fine tuning is readily disturbed by radiative corrections and constitutes one of 
the major aesthetic objections to grand unified theories (the hierarchy 
problem). The resolution of this difficulty may require the use of 
supersymmetry, which produces miraculous cancellations of radiative 
corrections. However, the large subject of supersymmetric gauge field theories 
is outside the scope of this book. 


16.5 Fermion masses in SU(5) 


As in electroweak theory, it is not possible to introduce fermion mass terms 
directly into the SU(5) grand unified theory consistently with the gauge 
symmetry. The reason for this is as follows. For a general Dirac spinor field v, 
the mass term is constructed from ww and (see problem 16.6) 


VV — VaL + Via — VELCVt the. (16.70) 


where we have used (16.18), and C is the charge conjugation matrix with 
defining property (16.19). With (a generation of) fermions in a 5 and a 10, as 
(16.15) and (16.16), mass terms could a priori arise from 5 @10 and 10 c) 10. 
However, 


56510-4545 (16.71) 
and 
10 $10 —45 - 5 4-50. (16.72) 


In neither case can we construct a gauge singlet, and if mass terms were 
introduced directly into the Lagrangian they would break the gauge 
invariance (and so spoil the renormalisability). 

On the other hand, since 5 or 5 is contained in (16.7 1) or (16.72), it is possible 
to write down gauge invariant Yukawa couplings of the fermions to the 5 of 
Higgses. Then spontaneous symmetry breaking can give masses to the 
fermions. For the first generation of fermions (and ignoring Cabibbo angles 
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which mix generations) the gauge invariant Yukawa interactions are 
Ly = —Gi(¥ JL CxPH, + hic.) 
~ GS lE pral XPA CxH' + h.c.) (16.73) 


where £j, is the totally antisymmetric Levi-Civita symbol, and the 
superscript e on the Yukawa coupling constants Gj and G$; labels the 
electron's generation of fermions. After spontaneous symmetry breaking the 
first term gives mass to d quarks and electrons, and the second term gives 
masses to u quarks (and similarly for other generations). Explicitly, using 
(16.15), (16.16) and (16.67), we find the mass terms 


‘pqrst 


Givy ae 
L,=- 3 djd;t+ée | 4G5v, Y, üju,. 
v2 V5 mr (16.74) 
There are thus the masses 
m,2 m, Gy /2 (16.75) 
and 
m, —4G5v,. (16.76) 


The equality of the quark and electron masses applies at renormalisation 
scales greater than or equal to the grand unification scale. (The SU(5) 
invariant Yukawa interactions of (16.73) presuppose that we are working at a 
scale at which the grand unified symmetry group is applicable.) There will be 
corresponding results for other generations of fermions so that 


mm, (16.77) 


and 
m =m, (16.78) 


It is possible to use the renormalisation group equation (12.21) to turn the 
predictions for fermion masses (16.75), (16.77) and (16.78) at a renormalisation 
scale greater than or equal to the grand unification scale, into predictions? at 
an ‘ordinary’ renormalisation scale at which we usually define renormalised 
masses for leptons and quarks. From (12.21), 


s ds 4 
m(s)m- s"! exp( - [T FRLCS ») (16.79) 
Using (12.19) to change the variable to g, 
ri(s)/m=s~* ex (- ue o) (16.80) 
= p : BAD FTA Ymg 2 
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and inserting (12.10) and (12.12) (for four dimensions, ¢=0), 
mí(s) ^ s^ !(g?(s)/g?)"?*m. (16.81) 


In terms of the renormalised mass m(sM) for renormalisation scale sM, given 
by (12.27), 


m(sM) — (g^ (s/g?)-"?*m(M). (16.82) 
For 
s=M/M (16.83) 
we have 
m(M) = [g*(M)/g*(M)]?^m(M) (16.84) 


where we have used (12.25) and (12.118). 

In the case of SU(5) grand unified theory at renormalisation scales below the 
grand unification scale there are contributions to the mass renormalisation 
from the gauge fields of each of the factors SU,(3), SU, (2) and U(1). Thus, for 
any fermion mass m, 


m(M)/m(M) = (92(M)/g2(M))'!283(g?( M1) /g2(M))P=!2%2 
x (g ^(M)/g "(M)"? ^ (16.85) 


with b,, b>, b, as in (16.38)-(16.40), and bà, b2, b} determined from (12.12) using 
the assignment of the fermion to representations of SU((3), SU, (2) and U(1), 
respectively. If, for instance, we wish to continue the prediction (16.78) to an 
*ordinary' renormalisation scale, we require 


l6n?b3 —4 16n7b2 —3 16n7b1 =b for b quark (16.80) 
and 
1627b3 =0 16n7b2 =$ l6z?bl =2 for t lepton. (16.81) 
With the aid of (16.38)-(16.40) and (16.85) this leads to 
m,(M)/m,(M) 


m(M)jm,(M) = (g2(M)/g2(M)*' 1 -MAg CM yg (M))I*Ne (16.88) 


where Ng is the number of generations of fermions. We may now obtain the 
required prediction for m, /m, at an ‘ordinary’ renormalisation scale by taking 
M = Mg and, for instance, M — m;. At M = Mg the relation (16.78) holds 
between the masses and the relations (16.31) and (16.34) hold between the 
coupling constants. The variation of g2(M) and g'2(M) with M is given by 
(16.37) and (16.35). Using the empirical values 


o, (mz) = 0.113 a^! (mz) = 127.9 sin? 6y(mz) =0.233 (16.89) 
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together with (16.42), the result for three generations of fermions, Ng = 3, is 
m,(mz)/m,(mz) = 2.2. (16.90) 


For a t mass of about 1.8 GeV, m,(mz) is about 4.0 GeV compared with a 
value of m, from states containing bottom quarks of 5 GeV. Quark masses 
m, as derived from current algebra are often defined at a scale M given by 


M =2m,(M) (16.91) 


which corresponds to the threshold for producing quark-antiquark pairs (if 
such a thing were possible.) The continuation from M = mz as in (16.90) to 
this M does not make much difference to the value of m,/m, since it involves 
less than an order of magnitude in M, whereas the extrapolation to the grand 
unification scale is over 15 orders of magnitude. Similar, but less successful 
predictions may be made for m,/m, and m/m.. 


16.6 Proton decay 


It was observed in $16.2 that there are processes in the SU(5) grand unified 
theory (e.g. that of figure 16.3) which can produce proton decay!. It is easy to 
estimate the order of magnitude of the proton lifetime. For processes such as 
thisone, with low energies associated with the externallegs, the amplitude may 
be approximated by using a current-current four-fermion interaction 
proportional to agmy? (or agmy) with the grand unified fine structure 
constant given by (16.50), and the lepto-quark mass my (or my) given by 


my x Mg (16.92) 


with Mg asin (16.48). Squaring the amplitude to get the decay rate, and getting 
the dimensions right using the proton mass m,, we may estimate the proton 
lifetime c, to be 


Tp & ag ^mym; ? 

23 x 10°° years (16.93) 
where the numerical values of (16.48) and (16.50) have been used. Although 
more sophisticated treatments can increase t, to as much as 10?! years, 
consistency cannot be achieved with the observed lower bound of 6 x 10?? 
years. However, in supersymmetric grand unified theory, which is outside 
our scope here, a sufficiently long proton lifetime can be obtained. The 
particles into which the proton may decay are limited by symmetry principles. 
For example, the amplitude of figure 16.3 obeys the selection rule 


A(B—L)-0 (16.94) 


where B, L are baryon number and lepton number, respectively. This is true of 
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all amplitudes that can mediate proton decay in the SU(5) grand unified 
theory. (See problem 16.7.) 


Problems 


16.1 Check the assignment (16.9) of the gauge fields to the adjoint 
representation of SU(5). 


16.2 Show that when the left- and right-handed components of fermions are 
assigned to different representations of a gauge group, then (12.15) generalises 
to 


b (162?) (Fa zoe 'Q-iYed fq) 


where the group theory factors c5(L) and c&(R) are for left- and right-handed 
fermion fields assigned to representation R of the gauge group, respectively. 


16.3 Calculate the contribution of Higgs scalar loops to (16.39). 


16.4 Verify that the Higgs scalar expectation value given by (16.59) and 
(16.60) gives masses only to the lepto-quark gauge fields (as expected from the 
symmetry of this expectation value). 


16.5 Show that there is a massless combination of the colour triplet 
components of H and 6, after spontaneous symmetry breaking, in the absence 
of cross-terms coupling ® and H. 


16.6 Check (16.70) for a fermion mass term. 


16.7 Show that the selection rule A(B — L) —O applies to all amplitudes 
mediating proton decay in the SU(5) grand unified theory. 
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17 
FIELD THEORIES AT FINITE TEMPERATURE 


DOT: 10.1201/9780203750100-17 
17.1 The partition function for scalar field theory 


In our discussion of field theories at finite temperature we shall not attempt to 
treat dynamical properties, but shall content ourselves with a study of the 
equilibrium thermodynamic properties of the system!*. One of the 
fundamental objects of statistical thermodynamics at finite temperature T is 
the partition function Z, defined by 


Z=Tre~*# (17.1) 
where Ê is the Hamiltonian operator, 
B=(kgT)"*=T™! (17.2) 


in units with the Boltzmann constant k, set equal to 1, and the trace in (17.1) 
means to sum the matrix elements of e? between all independent states of the 
system. Once the partition function Z has been evaluated, the (Helmholtz) free 
energy F is given by 


Z=”, (17.3) 


As usual in thermodynamics, the free energy is related to the internal energy 
E and the entropy S through 


F-E-TS (17.4) 
and the pressure P and the entropy S are obtained from 
OF 
=-— 17.5 
ôV |r ee) 
and 
OF 
=——|. 17.6 
aT |, (17.6) 


For a scalar field theory, the partition function may be formulated as a path 
integral by the following series of steps*. First, we take the independent states 
of the system to be the eigenstates of the Schrödinger picture field operator. In 
§4.1, we introduced eigenstates |P(x), t» of the Heisenberg picture field 
operator Q(t, x) 


Alt, x)| (x), t» = O(x)| P(x), t». (17.7) 
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The Schrédinger picture field operator is $(t=0,x), and the corresponding 
eigenstates |ó(x), t=0) are given by 


P(t =0, x)|ó(x), t= 0» = H(x)| G(x), t 05. (17.8) 


Then the partition function of (17.1) may be written explicitly as a ‘summation’ 
over the eigenstates: 


Z=} (P(x), t= Ole | h(x), r=0>. (17.9) 
(x) 


Second, we make an analogy with the zero temperature field theory of a scalar 
field. From (4.2), and the field theory analogue of (2.5), 


<o"), t" (x), > 
= ("(x), t=0]e 7- p(x), t= 0) 


oc [oe E expi ii dt fax(z d -H (T, 2 (17.10) 


where the path integral is over all functions x(t, x) and over functions satisfying 
the boundary conditions (4.3). If, heuristically we introduce a variable 


t=it=ix° (17.11) 
and take the limits of integration in (17.10) to be 


t-0 t'- —if (17.12) 
we obtain 


<"(x), t -0|e 7? |o'(x), t 20» 


B , f. 00 
x [so [gren | dt fa x in - Jf (n, 4) (17.13) 
0 


where $ and x are now regarded as functions of t and x, and the path integral is 
over all functions z(t, x), and over functions ¢(t, x) satisfying the boundary 
conditions 


(P, x)= ó"(x) $(0, x)= ó'(x). (17.14) 


It should be noted that, although the introduction of the variable t here is 
formally similar to the introduction of the variable x? in (4.10), the 
interpretation is quite different. In Chapter 4, we introduced x? and continued 
to Euclidean space in order to make the path integral well defined, but at the 
end of the day we continued back to Minkowski space to obtain the physical 
generating functional and Green functions. Here, we introduce the variable c 
to make a bridge from field theory to statistical mechanics. There will be no 
question of continuing back to the variable t, because our goal is to obtain the 
partition function, which is a thermodynamic object with no time dependence. 
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The final step is to take 
lé" (x), t=0> =|$'(x), t= 0) =|G(x), t= 0 (17.15) 


in (17.13), and ‘sum’ over all eigenstates, as in (17.9). Then we obtain 


Z «[ Do E exp I dt fei B ~H(n, 9) (17.16) 
periodic 0 T 


The boundary conditions (17.14), together with (17.15), mean that the path 
integral is now restricted to functions $(t, x) which are periodic in t with 
period f, 


$(: =0, x)= ó(t = f, x) (17.17) 


and the fact that we sum over all eigenstates means that all such functions are 
to be integrated over. The path integral over z is still over all z(t, x). 
When the Lagrangian and Hamiltonian densities take the form 


Llo, ô p) - 099)" + f(ó, VO) (17.18) 


and 


— flo, V9) (17.19) 


the integration over z may be carried out explicitly with the aid of (1.14) (much 
as in §4.1) to obtain 


z-Np|  2%exp- Fe fex; ey - 16,6) 


= N(p) Do exp ii dt Jes L(g, 6,0) (17.20) 
periodic 0 
where 
ee (2 on se) (17.21) 


and N(f) is a temperature dependent normalisation, arising from the operator 
determinant when the path integral over z is carried out. 


172 Partition function for free scalar field theory 


For the free scalar field theory, the path integral (17.20) becomes a Gaussian 
integral, and may be carried out exactly. The appropriate Lagrangian is 


fs) 2 
COE oe TE -10-5 (172) 


where we have denoted the mass by m rather than 4 to avoid any possible 
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confusion with the chemical potential, in the thermodynamic context. 


Thus 


= Np) Do exp (5 [ dt’ fare f dz [esgara] 
periodic 0 . 0 


where 
A(x’, X)=(— oO" +m?7)d(x' — x) 


with the shorthand notations 
ó(x' — x) = d(t’ — 1) d(x’ — x) 
xz(-—it, x) 
and ð, as in (17.21). Following (1.6) we obtain 
Z- N(f) exp( —4 TrIn A) 


(17.23) 


(17.24) 


(1725) 
(17.26) 


(17.27) 


where the operator trace is to be carried out in a way appropriate to functions 
(t, x) obeying the periodicity condition (17.17). To evaluate this trace, we first 
observe that the periodicity of $ in 0 « t < fl means that it can be expressed in 


the Fourier expansion 


HF L ree ew gr (o, p) 


with the Matsubara frequencies for bosons, 
wo, — 2nn/fi bosons 
with n an integer. 


This can be made shorthand by writing 


P ect Gp) 


1 
P(x) 78 L 
with 
p (io, p) 
and 
pP X=, px. 


Correspondingly we write (see problem 17.1) 


e PF R-*% 
-3X i 293 * 


and 


(17.28) 


(17.29) 


(17.30) 


(17.31) 


(17.32) 


(17.33) 


(17.34) 
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where 
pis -lo +p’). (17.35) 


Thus, setting x’= x and integrating (and summing) over all values of x, 


B 1 d? p 
TrinA= f dt Jos;z fo In( -x ? +m?) 


= | xP | VP o p ind) (17.36) 
zjiQn? "^" : í 


Such frequency sums are easily done. (See Appendix E.) 
The result is 


TrinA= f dix E {B./p? +m? € 2 1n[1— exp( — B./ p? 4 m?)] 
+(,/p? - m?)-independent constant}. (17.37) 
Using (17.37) in (17.27), 
3 
— BF =In Z= — fox fas» (Sv +m? +In[1—exp(—B/p? +m) 


(17.38) 


after cancellation of the constant in (17.37) against N(f), as discussed in 
Appendix E. 

When the mass of the scalar field is negligible compared with the 
temperature, the integral in (17.38) is particularly easy, and we find for the free 
energy density 7 (apart from an additive temperature independent constant 
corresponding to the zero-point energy of the vacuum) 


—n? n Tt 
F= = 
F 508 90 T>m (17.39) 
where we have written 
F= f dx F (17.40) 


From (17.5) and (17.6), the corresponding pressure and entropy density Z of 
the ideal ultrarelativistic boson gas are 


P=n?T*/90 (17.41) 
and 
S —-2n?T?/45 (17.42) 
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where 
S= [os F. (17.43) 


From (17.4), the energy density p is 
p-n^T^/30. (17.44) 


17.3 Partition function for gauge vector bosons 


A subtlety which arises for gauge fields is that there are only two independent 
degrees of freedom for a massless vector field, but in a typical renormalisable 
gauge the Lagrangian involves four degrees of freedom. The two extra degrees 
of freedom are not physical and cannot be in equilibrium with a heat bath. 
There are also the Faddeev-Popov ghosts, which do not correspond to physical 
particles and lead to the same difficulty. The resolution of the problem is 
obtained by noticing that there are gauges (for instance axial gauge) in which 
each gauge field has only two degrees of freedom, and in which there are no 
Faddeev-Popov ghosts. In such gauges there should be no difficulty, and the 
analogue of (17.20) should be correct (with two factors of N(), one for each 
gauge field degree of freedom) and should equal Tr e~**. In other gauges, we 
may continue to use this expression, with the Faddeev-Popov ansatz for Z. 
(These points are discussed in detail by Bernard*.) However, in general Z, is 
not equal to Tr e 7? because the trace would involve unphysical states, which 
cannot be in equilibrium with a heat bath. Thus, for gauge fields 


z= (Nip | o^ | Dn* n 
periodic 


periodic 
B 
x exp f dt Jes L(A4, Na) (1745) 
0 


with # as in (10.57), (10.58) and (10.59) with the fields functions of x z ( — ic, x), 
and derivatives ô, replaced by 0, (as in (17.21)), and d; the number of gauge 
fields (the dimension of the adjoint representation of the gauge group). The 
Faddeev—Popov ghost fields are treated as having the same periodicity in t as 
the gauge fields, rather than in the way we shall treat fermion fields in the next 
section. The reason is that the (unphysical) ghost fields arise from a 
determinant defined in the space of gauge fields. (See (10.40), (10.43) and 
(10.56).) 

In the free-field limit (g —^ 0) we may again perform the Gaussian path 
integrals exactly. For notational simplicity, we consider the Abelian case. In 
the non-Abelian case we will just have to multiply by the number of gauge 
fields the result for F. 
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For g=0, 
a ofS dene -— 
Z-[N(f)] DA" exp |dx| — F"F,,——(0,A") 
periodic 4 2c 
x | 25* Dn exp fa ð,n* õn (17.46) 
periodic 
where 


Fe =H A an (17.47) 


and we have adopted the notation 


B 
fave | dr fox (17.48) 
0 


Thus, 
Z-[NQ)]? GA exp—4 f dx’ | dx A, (x^) B"(x', x)A,(x) 
periodic 
x [ 2y*2r exp — favas n*(x)C(x , x)n(x) (17.49) 
periodic 

where 

B"(x', x) e (g"05.0,, —(1—67)0,05)0(X — x) (17.50) 
and 

C(x’, x)= 05,0, ,0(X — x) (17.51) 
with ó(x' — x) as in (17.25). Performing the Gaussian path integrals we obtain 
Z « [N(B)]? exp(—4 Trin B) exp(Tr In C). (17.52) 


Fourier transforming as in (17.33) and (17.34) we write 


B"'(x, x); ;E [ap cue 


x [pg —p ?p'p)« psp ?pp] (17.53) 
where we have separated into projection operators. The logarithm of B may 
now be taken by taking the logarithm of the coefficient of each projection 


operator. Taking the trace both in x space and in the space of Lorentz indices, 
we obtain 


rra Bo; fas [ns zy [3 In p? -In(£ ! p^ 2)] 


= [ars x [554 In(w? +p?) (17.54) 
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where we have dropped an additive temperature independent (infinite) 
constant. Also, 


1 d? ‘thos 
ce, d= Y | on? en P52 (17.55) 
leading to 
d?p 
Trin C- | d'xy f gap Mo +p?) (17.56) 


Substituting (17.54) and (17.56) in (17.52) gives 
= 1 d? 
Z - [N(g)]]? exp( "S Jes » ea 2 In(w? +7): (17.57) 


This is just what we had in §17.2 for m=0, but with the exponent doubled. 
Thus, we obtain for the free energy density 


F= —2n?T*/90. (17.58) 


The Faddeev—Popov ghosts have cancelled the contribution from the two non- 
physical degrees of freedom of the gauge field. 


174 Partition function for fermions 


In extending the discussion of §17.1 to fermions we recall that physical 
observables always involve even powers of the Dirac field y (because V 
changes sign under a rotation through 2z). Thus, the eigenstates | + (x), t=0) 
of the Schrédinger picture field operator (t —0, x) correspond to the same 
values of the physical observables and describe the same state. There is 
therefore some ambiguity deriving a path integral formulation of the partition 
function. To obtain a prescription which is consistent with Fermi statistics 
when thermal averages are calculated, it turns out to be necessary to start from 


Z=} (W(x), t= Ole" | — W(x), t0). (17.59) 
W(x) 
The analgoue of (17.20) for fermions is then 
B 
Z-N'() DYDY exp f dr as Liy) (17.60) 
antiperiodic oO 


where in .Z the field V is understood to be a function of t and x antiperiodic in 
0«1t «f, 


(t =0, x)= — Y(t =$, x) (17.61) 


and derivatives ô, are understood to be replaced by 6, as in (17.21). An 
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appropriate Fourier expansion for (xX) is therefore 


waaty [S29 ewan (17.62) 
p = (2x 3 P. s 
where the Matsubara frequencies for fermions are 
2n+1 
a ert fermions (17.63) 


with n an integer, and x, p" and p- x are as in (17.26), (17.31) and (17.32). 
For the free-field case, the appropriate Lagrangian is 


JJ) = VG) ^6, — mW). (17.64) 
Thus 
Z -—-N'(f) DVD ew — | dx | dx W(x) D(x’, awa) (17.65) 
antiperiodic 
with = 
D(x’, x) =(iy"0, + mé(x' — x). (17.66) 
Performing the Gaussian path integral, 
Z = N'(f) exp(Tr In D). (17.67) 


The trace is evaluated by Fourier transforming, much as in §17.2, except that 
the Matsubara frequencies are given by (17.63) and we have to take a trace on 
the Dirac indices as well as on x. 
1 d^p. cs x 
= ze -ip(x-(.. 7. 
D(X’, X) 7 Jos» (—p+m) (17.68) 


leading to (see problem 17.2) 
B 1 d?p 
TrinD= | dc [d?x— 2 In(m? — p? 
: | | DES Med 


=2 f dixy | cP In(co2 + p? + m?) (17.69) 
NERIS ; i 


Performing the (fermion) Matsubara frequency sum (see Appendix E) gives 
d? 
Trin D=2 Jes Tos (B./ p? +m? -2In[1- exp( A. p? - m?)] 


+(./p? +m?)-independent constant}. (17.70) 
Using (17.70) in (17.67) 


—fBF=InZ=2 [ars fs {B p? +m? +2 In[1 + exp( — p/p? - m?)]] 


(17.71) 
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after cancellation of the constant in (17.70) against N'(B). For T > m, we find for 
the free energy density (apart from an additive temperature-independent 
constant) 


F= —Tn?T*/180. (17.72) 


For massless fermions (with only one helicity state) a similar calculation, using 
Weyl spinors, gives half the above answer. (See problem 17.3.) 

We can summarise the results of the last three sections for the free energy 
density of an ideal ultrarelativistic gas (T >m) as 


F= —nmT*Nj-criN)90 (17.73) 


where N, and N; are the number of bosonic and fermionic degrees of freedom, 
respectively. (Ng = 1 for a neutral scalar field, Ng =2 for a neutral gauge field, 
Np 4 for a Dirac field where there are two helicity states for the particle and 
two for the antiparticle, and Np =2 for a Weyl field.) Correspondingly, using 
(17.5) and (17.6), the pressure P and entropy density ¥ are 


P=n?T*(Ng+$N,)/90 (17.74) 
and 

4 =m T(N +3NF)/45 (17.75) 
and, using (17.4), the energy density is 

p — t? T*(N, +4Np)/30. (17.76) 


17.5 Temperature Green functions and generating functionals 


For simplicity of presentation we shall restrict the discussion to scalar fields, 
but the changes necessary to include gauge fields and fermion fields will be 
clear from the discussion of previous sections. In Chapter 4, when we studied 
Green functions and generating functionals for these Green functions at zero 
temperature, the Green functions had time dependence and carried dynamical 
information. Here we shall discuss generating functionals for temperature 
Green functions which contain information about the equilibrium 
thermodynamic properties of the finite temperature system and have no time 
dependence. : 

In 817.1, a path integral formulation of the partition function was obtained 
by introducing the variable t = ix?, and integrating our classical fields 6 which 
were functions of t. Temperature Green functions are defined in terms of field 
operators $ which are also functions of t. By analogy with (4.7) we introduce 
the temperature Green functions 


GNX, ..., Xy)e D (G4)... (Ey) (17.77) 
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where 


x=(—it, x) (17.78) 


and T, means to order the fields from right to left in order of increasing t. The 
expectation value < > now means a thermal average rather than just a vacuum 
expectation value. 


A x Tr[e P T.($(x,) ... Aln 
TAPE)». Aep E 1779) 


where the trace means to sum the matrix elements of the operator in the square 
bracket between all independent states of the system. 

To see why such objects might be of interest, consider 4'?(x,, x.) and 
suppose we want to know the expectation value (thermal average) of some 
observable A represented by the operator A in the Schródinger picture with, 
for instance, 


A= | d?x 67(t=0, x). (17.80) 
Then 
4. Tr[e "Pf d?xó?(t— 03)]. (17.81) 
due Tr[e 7^] 
But 
d?x Tr[e t$ , 
maasi | dx 927, 9 =O terre 3J] 


Í d?x Files 58$7(0,x)] 


where in the last step we have used the connection (2.3) between the field 
operator at time t and time zero with t —^ —it. Thus, 


<A> -lim, ,,- wan Jes GNF, x). (17.83) 


A path integral representation for the temperature Green functions may be 
obtained as follows. The field theory analogue of (2.50) is 


€ (x), t 0je i - G(x)... Pno), t0) 
[si 
oc fa [2x05 ... O(Xy) exp i | dt fex(s d 2! (17.84) 
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By the same (heuristic) steps as in §17.1, we arrive at 


| Do | DnS)... O(Xy) exp f : dt f Pino or 
periodic 0 


f Do Jose [ ar Jes(i at-on) 
periodic o 


(17.85) 


GN, m Xy) = 


and if .Z is of the form (17.18), 


B 
| . 2666). 6G e| dr Jexee zo 
GNE s.. p Xy) = Le 


B 
Doh e| ar jexze zo 
periodic o 


(17.86) 


By analogy with Chapter 4, we now introduce a generating functional for 
temperature Green functions. 


f Do ew([ fero, D) 
periodic 0 
2 ee([. dr f d?x Lọ, ie) 

(+) 


where the source J is a function of x. The temperature Green functions are 
obtained from W[J] by functional differentiation. 


W[J]- (17.87) 


periodic 


WL] 


d QOYx a X= LL ÓáL— (17.88) 
MEME UC NEXCA A 
and W[J] may be expanded in temperature Green functions as 
= asd - A 2 - 
PIS me n jams. (17.89) 
=0 
where 
B 
ave | dt fer (17.90) 
0 


Fourier transformed temperature Green functions Z™ may be introduced 
through 


9"(p,,..., PrP, +... + By M20)°B 


= fas, >.. Jas exp[i(p, XQ T. d PN  Xx)I$ (x,,. aay Xy) (17.91) 
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where 
PE liwn p) (17.92) 
with c, as in (17.29), p: x is as in Le and we use the notation 
(Bi +... + Py) = Âo, +...+0y0(P1 +--+ Ph). (17.93) 


A generating functional X[J] for connected temperature Green functions 
G™ may be defined through 


W[J] - e*t (17.94) 
with the relations 
z ó" X[J] 
GP(x,,..., Xy) = LR —— 17.95 
Sore qu CRGO as cel 
and 
E M | X - = z 
xin- Y xs [Oi [as n (17.96) 


17.6 Finite temperature generating functional for a free scalar field 


The procedure is similar to $4.2. In the case of a free scalar field, the 
appropriate Lagrangian is (17.22). Thus, 


1 
f 29 exp( -; f di’ Jason ACE, 3) + | dx 19003) 
f | 9ó exp( -5 [e fes HEAD) 


with A(x’, x) as in (17.24). Using (1.14), we obtain 


MLJ] =ep( - f dx’ f dx J(x)AgG' au) (17.98) 


WIJ]- 


(17.97) 


where we have written 


AQ —x)28-—A !(x,x. (17.99) 
The inverse A ^ ! may be obtained by Fourier transforming as in (17.34). Thus, 
-3X Ate y e 99 9A) (17.100) 


with p as (17.31), and 
AAP) = -(- P^ +m?) = —(w2 +p? - m) !. (17.101) 
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17.7 Feynman rules for temperature Green functions 


The approach used in Chapter 6 for ordinary Green functions is easily adapted 
to temperature Green functions. The only real differences arise because p? has 
been replaced by iw,, and because various factors of i no longer occur in 
(17.86), (17.98) and (17.89) compared with the zero temperature case. The 
resulting Feynman rules are as follows (see problem 17.4): 


1 Witheachlinecarrying ‘momentum’ p= (io,, p) we are to associate a factor 
(p? ES m?) - 1 
5 :0 (P-m) = -— (w? +p +m?) :. 


2 With each vertex of four lines carrying ‘momenta’ p,, P2, P3, Pa we 
associate a factor — À, constraining the ‘momenta’ so that there is overall 
conservation 


BN AB 


JN 09 0 cÀ 0 (iy + Ba + Bs + 94=0). 


3 Integrate and sum over each independent internal loop ‘momentum’ 
p=(io,, p) with weight 


1 d?p 
R È 3° 
BS J (2x) 

The corresponding modifications are made to the Feynman rules for 
fermion fields and gauge fields. (No factors of i for vertices or propagators, 
Po > ic, and [ d*p/(2n)* > (1/f) Y., d? p/Qx)?) 

178 The finite temperature effective potential 


By analogy with $4.4, a classical field $,(x) may be defined by 


4 XD] 

P(X) = BG (17.102) 
From (17.87), 

ôW 3 

JG) = CPx), (17.103) 


where ($(X)», is the expectation value (thermal average) of (x) in the presence 
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of the source J. Using (17.94), 


$43) - (1669»,/WL]. (17.104) 
For zero source, 
$4) =< HX) J=0 (17.105) 
since 
W[0]— 1. (17.106) 
Moreover, 


(G(X) =Trle O(c, x)]/Tr[e ^^] 
~Trfe~*"# (0, x)]/Tr[e**] (17.107) 


where we have used the connection (2.3) between the field operator at time t 
and time zero, with t > —it. Combining (17.105) and (17.107), 


$(9)=< 0, x)» J=0. (17.108) 


Thus, for zero source, ġ (X) is the expectation value (thermal average) of $(0, x), 
the Schrédinger picture field operator. 
An effective action I’ is defined by analogy with (4.68), 


P'¢)= X[J] - Jas J694x) (17.109) 
and the source is given by 
. -ól 6] 
AUS BUT (17.110) 


One-particle-irreducible temperature Green functions, [ ", may be defined by 
the expansion 


A" e 1 = * " » 
T[4.]- Y a fas: sade sn) 
N=i x 


X (xi)... Pn) (17.111) 


and momentum space opi temperature Green functions, f, by 
Pp, -++5Py)O(Py +--+ p)OR) B 


= [es a, Jseernti eh I Gi) (17.112) 


with ó(p, +...+py) as in (17.93). 7 
The finite temperature effective potential V($.) may be defined by an 
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expansion analogous to (4.77), 


LAM 
2 on 


T[9.] = {ax( — Vid.) + põ. +.. J (17.113) 
If the classical field has no spatial (or t) dependence then only the V(@,) term in 
the expansion (17.113) need to be retained, and (17.110) becomes 


dV /dd,=J. (17.114) 


If we set the source term to zero, then, from (17.108), $, has the significance of 
the expectation value (thermal average) of the field operator, and 


L— 0. (17.115) 


Thus, when it has no spatial variation, the expectation value of the field 
operator at finite temperature may be obtained by minimising the finite 
temperature effective potential. 

Using the inverse of (17.112) in (17.111), the effective potential may be 
expanded in terms of Fourier transformed temperature Green functions at 
zero ‘momenta’. (See problem 17.5.) 


Vie.)=- » f, .. ., 0) 9Y/N!. (17.116) 
N=1 


179 Finite temperature effective potential at one-loop order 


The contribution to the finite temperature effective action from one-loop 
diagrams in the expansion (17.111) is obtained by exact analogy with $13.9. 
Thus we have to shift scalar fields by their expectation values (which are now 
thermal averages) and isolate the terms in the (t dependent) Lagrangian which 
are quadratic in all (shifted) fields including fermion fields and gauge fields. The 
one-loop contribution to the effective action I',[¢,] is then obtained as a 
Gaussian path integral. 


explu[é]-| — 9624'25*25 f DYDY 


periodic antiperiodic 
B 
x exp I dc as EN PX) (17.117) 
0 


where ġ;, A£, na and y, are the scalar fields, gauge fields, Fadeev-Popov ghost 
fields and (Dirac) fermion fields, respectively, and Y,,,4(@,(x)) is the quadratic 
term in the (t dependent) fields, in the shifted Lagrangian. The one-loop 
contribution to the finite temperature effective potential V,(¢,) is obtained by 
taking $, to be constant, and using (17.113). 
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B 
cxr( -Í dt Jos 7$2)- Ln. 2929 A" 2n* Dn | DUD 
0 i antiperiodic 


x exp f dt fe X LyuaalPc)- (17.118) 


In general, Y,,.4(@.) takes the form 
T, quad(Pc) = 40,6; on $i -4M $ (63] "m j 
—4(6" A; — 0 AJ(O (AJ, 0 (A2,) 
EMT (91a, 45A; — (0/280, A9? 
t ó,nzOn, rij", 
- [Mk], (17.119) 


where we have adopted Landau gauge, č — 0, so as to avoid couplings of the 
scalar fields to the Fadeev-Popov ghosts. The mass matrices of the scalar, 
vector and fermion fields after spontaneous symmetry breaking are M2(¢,), 
M2(@,) and M,(@,), where $, is used as shorthand for the expectation values 
(thermal averages) (¢,),. We may write 


B 
| dr f Px Zus) = —5 f di f dx GAAR, DHD 
0 
- | de [as As) BG", IAI) 
= f dx | dx n*(Z)CWZ, Xy) 


= | dx’ fas PAED AX, WAX) (17.120) 


with 
A^, x) = (— 50,0" + [MA] DIE —X) (17.121) 
BRE, X)= ((g050,, — (1—67 JOO) 5 a5 ^g" LM1(6.)149(x —x) (17.122) 
C(X, X) = —050,,0(x — X) (17.123) 

and 


D(X’, X) - (0,0, + [Mb] J — X) (17.124) 
where x and ó(x' — X) are as in (17.26) and (17.25). Performing the Gaussian 
path integrals in (17.118) leads to 


B 
-[ dr [es V,(¢.) = —3 Trin A —3 TrlnB+TrinC+TrinD. 
o (17.125) 
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The traces are evaluated much as in §17.2, §17.3 and §17.4 to obtain (see 
problem 17.6) 


Trina= [e$ E Toss y È In[o; +p? * (M3)] (17.126) 


bosons 3 
Trin B = fers by la Y, {3 In[w? + p? +(M2),] + In[o2 + p? + €(M2),]} 


(17.127) 
with č +0 for Landau gauge, 


i38 
TrinC - | dx Y [a5 es y Lino; +p’) (17.128) 


fermions 
TrinD=2 | dix Y fa SF. Einto? +p? «(M] (17.129) 


where (M2(¢,));, (M2(9,)), and (M2(¢,)), are the eigenvalues of the matrices 
Mi(¢,), M3(,) and M?(@,), and the Matsubara frequencies œ, are as in (17.29) 
and (17.63) for boson and fermion sums respectively. Substituting (17.126)— 
(17.129) in (17.125), and using the Matsubara frequency sums of appendix E, 
gives 


BV,(¢.) =5 les any 4 Y (yp ? c (M3), -21n[1— exp( — b/p? - (M2))]) 
*3 lass Gaye 2 Y, GB. / p? - (MO), +6 In[1—exp( — b/p? +(M2),)] 


— p|p| — 2 In(1— e 9) 


Ira Gag D UP EMR), +2 YnELeexp - p/P € (8,1). 


(17.130) 


We may separate V,(¢,) into a part V?(ó.) which survives at T—0, and a T 
dependent part V1(9.), 


V(b.) = V(b.) + Vide) (17.131) 


where 


V*6,)-1 ard Y In(p + p? - (M3)) 
17/75 (2n)* Po*P S)i 
+); D in( p +p? +(MZ),) —In(po + p?)] 


—4} In(p$ * p? - (M )) (17.132) 
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and 
Piod- F ay > imti cei / FT AMID 
*-Y3In[1—exp( —/ y? - T 2(M2),)—In(1—e~”)] 
EXEC) (17.133) 
where 


ys flp| - T^ |]. (17.134) 
In arriving at (17.132), we have used the fact that 


d? d^ 
| oa Jp -R- | cat In( pd 4- p? + R) -- (constant independent of R). 
(17.135) 


The expression (17.132) is just the T=0 radiative correction to the effective 
potential, at one-loop order. The evaluation and renormalisation of such 
terms has already been studied in 813.9. 

The temperature dependent part of the one-loop effective potential, V7(¢,), 
is particularly simple in two limiting cases. First, for all mass eigenvalues (MẸ); 
(M2), and (M2), very much greater than T°, all contributions to (17.133) 
approach zero exponentially fast, and V1 becomes negligible. (This is also true 
of the In[1— exp(— y)] term since if we were to carry the gauge parameter č 
through to this stage we would have In[1—exp( —./ y? - T ?£(M),)]. We 
then take the limit č — 0 after the limit (M2),T ^? — oo.) Second, in the high 
temperature limit, T very much greater than all the mass eigenvalues, we may 
use 


T* SETA RT? 
T E y? In[1—exp( - / y? - RT ?)] x RT^?«1 
2x? 90 tw 
(17.136) 
and 
T^ f* Tm T^ RT? 
— dy y? In[1 — 24 RT 2j] x= RT^?«1. 
xl, y y^ In[1-- exp( - / y^ + )] TX) aR T^?«1 
(17.137) 


Thus, for the iu temperature limit, 


?T 
Vio) M T (NS HINT; a (Zma, *3 Li, +2 yo.) 


p 
= 3 — — (Ns NH) 


n [Tr M2.) +3 Tr Mł.) +2 Tr MHo) (17.138) 
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where M2(¢,), M&p,) and M2(@,) are the scalar, vector and Dirac fermion mass 
matrices of (17.119). (For fermions described by Weyl spinor fields there would 
be no factor of 2 in front of the last term of (17.138). See problem 17.7.) The T4 
term in (17.138) is just the free energy density for an ideal ultrarelativistic gas of 
(17.73), with N, and Np the number of bosonic and fermionic degrees of 
freedom, respectively. If some fields are heavy and some light, on the scale of 
the temperature T, then Ny and Np should be interpreted as the degrees of 
freedom of light fields, and the traces of mass matrices should be evaluated 
only for light fields, since the heavy fields do not contribute, as discussed 
above. 


17.10 The Higgs model at finite temperatures 


The simplest model, incorporating both scalar and vector fields, to study at 
finite temperature is the Higgs model described in $13.5. The finite temperature 

(effective) Lagrangian is 

L =D, pD"p* -m p* p —(/4(0*9)? —1F, F” 
—(1/2£)(0, A"? + 0,n* ^n (17.139) 
where m? is negative, 

D,$ s (0, t ieA,)ó (17.140) 
D,$* z (0, — ieA,)o*. (17.141) 
F „is as in (17.47), À, as in (17.21) and the fields functions of x of (17.26) rather 
than x. We have included the Faddeev-Popov ghosts n because they are needed 
to cancel contributions to the free energy from unphysical degrees of freedom 
of the gauge field A,, as discussed in $17.3. To obtain the finite temperature 


effective potential, we first shift the scalar fields by the expectation value 
(thermal average) 


$: 
VA 
which has been taken real without loss of generality, because of gauge 


invariance, and assumed constant. (Fhe factor 1/,/2 has no significance, but 
has simply been introduced for convenience.) Thus, we write 


= (G(X) (17.142) 


duc id is) (17.143) 


Ja 


where $, and 6$, are real (shifted) fields. The quadratic terms in the shifted 
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Lagrangian are 
1 i 1 3A 
aud 75 (0,0, *3 (0,02)? T3 (ve ur "a" 


1 2 A 2 2 1 Frey 2 u 


-y Oa etna (17.144) 


where we have adopted Landau gauge, č — 0,so as to remove an A4"Ó, p cross- 
term. In the notation of (17.119), we have 


Hd) - ding In^ + $2, m? E d (17.145) 


Mèo.) = e762. (17.146) 


Provided that e+ <A, we may drop the zero temperature one-loop contribution 
to the effective potential (17.132) pe with the tree terms, 


V.) - —- re m co^ (17.147) 


The temperature dependent one-loop contribution is obtained from (17.138), 
in the high temperature limit, and is 
4n? T^ ? (A--3e)T?92 


DT "M 
Viló. pa 90 24 


(17.148) 


where we have also assumed that T?» —m?. Thus, the one-loop 
approximation effective potential is 


T 4 a 
d= pè +g 7 dt- 7 (17.149) 
where we have defined a temperature dependent effective mass by 
A+3e? 
m(T=m2+—) r (17.150) 


The expression (17.149) is valid for temperatures large compared with the 
masses of all shifted fields, 


T*>Ao?2, e762, —m? (17.151) 
and 
e* «4 (17.152) 


so that the zero temperature radiative correction may be dropped. There is no 
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difficulty in relaxing the approximation (17.151), by using (17.133) instead of 
(17.138), though the high temperature approximation is adequate for our 
purposes in this section. When (17.152) is not satisfied, the zero temperature 
radiative correction may be included, with interesting consequences, as we 
shall see in §17.13. 

The expectation value (thermal average) of the field is obtained by 
minimising (17.149). For m?(T) negative, 


ak =0 (17.153) 
has two possible solutions: 
$.=0 (17.154) 
and 
$2 = —Am*(T)/A. (17.155) 


For m?(T) positive, only the solution (17.154) is possible. In (17.150), m? is 
negative, and so there is a temperature (the critical temperature) for which 


m>(T,)=0 (17.156) 
namely that given by 
T2= —12m?/(A+3e?). (17.157) 


For T greater than T,, m?(T) is positive and, at the minimum of the effective 
potential, 9, — 0. We then say that the system is in the symmetric phase (no 
spontaneous symmetry breaking). For T less than T., m?(T) is negative, the 
minimum at ¢,=0 turns into a maximum, and the system is in the asymmetric 
phase given by (17.155). (See figure 17.1.) The system passes in a continuous 
fashion from one phase to the other at T= T, and there is a second-order phase 
transition. 


17.11 Electroweak theory at finite temperature 


The finite temperature (effective) Lagrangian is as in $14.1 and $14.2 with the 
usual replacements of ô, by 6,, x by x etc. An expectation value (thermal 
average) for the Higgs doublet is introduced by 


m 0 
(ox)? -( bo] 4) (17.158) 


Then a calculation exactly analogous to that of $17.10 leads to the one-loop 
approximation effective potential, when the temperature is large compared 
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Figure 17.1 The finite temperature effective potential for the Higgs model when e* < 4. 
Curves A, B, C are for T> R, Tx T, and T< R, respectively. 


with all masses (see problem 17.8) 
Vib.) =m T)? + 0/42 —(Ns - $Nz)n? T^/90 
+ Bé*(In($2/M?) — 25/6) (17.159) 


with N& and Np the number of bosonic and fermionic degrees of freedom, 
respectively, and 
A e*(1+2 cos? 04) G? 
2(70y— »2 alL w `£ \T2 

m(T)=m GG 4 sin? 20, +2 i) (17.160) 
with the weak mixing angle 0y and the Yukawa couplings of the fermions G; 
as in $142. The last term in (17.159) is the zero temperature radiative 
correction to the effective potential, renormalised at mass M as in $13.9, and B 
has the value 


3 (e?\?(2+sec* Oy) 1 
=—(—) —— G4 17.161 
i (5) sin* Ow an? È d ( ) 


where we have dropped order 4? contributions, which are always 
perturbatively negligible compared with the tree terms. 

For the case e+ <A, the T=0 radiative correction is negligible, and the 
discussion is exactly analogous to $17.10, with a critical temperature T, for the 
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second-order phase transition given by 


À e7(1+2 cos? Oy) G? 
2 2S w £). S| 
foem | (+ 4sin? 20, ^l A) HERO 


(The case e+ >A is discussed in $17.13.) 

For T greater than T,, the system is in the symmetric phase, in which ¢,=0, 
and the gauge bosons are all massless. For T less than T,, the system is in the 
asymmetric phase for which ¢, #0, the W+ and Z? bosons acquire masses, and 
the symmetry is reduced from SU, (2) x U(1) to Uj(1). The critical temperature 
T. is of the same order of magnitude as the value at T=0 of 4, at the 
(asymmetric) minimum of the effective potential, and the W* and Z? masses 
are of order e@,. Thus, T. should be of the order of 100 GeV. 


17.12 Grand unified theory at finite temperature 


In this section we construct the finite temperature effective potential for the 
SU(5) grand unified theory disucssed in Chapter 16. If we want to study the 
grand unified phase transition from the SU(5) symmetric phase to the 
SU(3) x SU, (2) x U(1) symmetric phase, we need only retain the Higgs scalars 
responsible for this particular symmetry breaking, and may drop the Higgs 
scalars responsible for the breaking of electroweak symmetry. (The argument 
given at the end of $17.11 leads us to expect that the critical temperature for the 
grand unified phase transition will be of the order of 1015 GeV and at such 
temperatures the expectation values of the electroweak Higgs scalars, which 
are of the order of 100 GeV, will be negligible.) Thus, we need only keep the 
Higgs scalars belonging to the 24-dimensional adjoint representation of 
SU(5) 


24 
=F $T, (17.163) 
a=1 


where T,=4,/2 are the generators of the five-dimensional representation of 
SU(5) as in $16.2, and appendix D. 
The finite temperature (effective) Lagrangian is 
L= —m? Tr 9? — A,(Tr ©’)? —4, Tr 04 

- Tr(D,9)? —4 Ti(F,, F^) 

—é£ ^! Ti(0, A"? +2 Tr(0,g* D^n) (17.164) 
where have dropped fermions (apart from their contribution to the T'* term in 
V(o.)) since the masses of known fermions are negligible on the scale of 


10'5 GeV, and they therefore make a negligible contribution to the ¢, 
dependent part of the effective potential. In (17.164), all quantities are defined 
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as in §16.5, but with the fields now functions of x of (17.26) rather than x, and 0, 
replaced by à, of (17.21). 

For the breaking of SU(5) to SUc(3) x SU, (2) x U(1) we take the expectation 
value (thermal average) 


Pe 
J5 


A calculation analogous to §17.10 gives the one-loop approximation to the 
effective potential for temperatures large compared with all masses (see 
problem 17.9) 


($5 =— = diag(1, 1, 1, —3, —3). (17.165) 


(A, +3642) 

4 

(Ng +4Np)n? T4 
90 


< 1 
V($))— yn T) pi + i 


Beta] (17.166) 


where N, and Nç are the number of bosonic and fermionic degrees of freedom 
respectively, and 

(1304, +474, + 75g2)T? 
ge ee 
The last term in (17.166) is the zero temperature radiative correction to the 


effective potential, renormalised at mass M as in §13.9, and B has the value 
(neglecting order 27): 


m2(T) =m? + (17.167) 


B=25g4/256n2. (17.168) 


In deriving (17.166), the identities for SU(N) Gell-Mann matrices given by 
MacFarlane et al.5 can be useful. 

For gå <A,, A, we may drop the zero temperature radiative correction, and 
the discussion is exactly analogous to $17.10, with a critical temperature for the 
second-order phase transition given by 


T2= —60m2/(1304, -- 474, 4-75g2). (17.169) 


For T greater than T,, the system is in the SU(5) symmetric phase, for which 
6, —0, and all gauge bosons are massless. For T less than T,, $, is non-zero, the 
system is in the SU((3) x SU,(2) x U(1) symmetric phase, and only the 
electroweak gauge bosons are massless. By the argument at the end of $17.11, 
T. should be of the order of 10!5 GeV. 


1713 First-order phase transitions 


In 8817.10—17.12, we have always assumed that the fourth power of the gauge 
coupling constant is very much less than the $* coupling constant, and have 
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then found a second-order phase transition. In this section we discuss what 
happens for larger values of the gauge coupling constant$*75. We shall find 
two differences. First, that we cannot usethe high temperature approximation, 
that T is very much bigger than the masses of all fields, for the asymmetric 
minimum. Second, that we cannot always neglect the zero temperature 
radiative correction to the effective potential. The result of these differences is 
to produce a first-order phase transition. 

For definiteness we shall discuss the Higgs model, though everything we say 
applies with very minor changes to electroweak and grand unified theory. 
Including the zero temperature radiative correction, as in (13.253), the finite 
temperature effective potential is 


Po) - T p244 es 4 Bol in £25 +P) (17.169 
(6$) 2 c 16 € c M? 6 1c : ) 
where, from (13.266) with 4? negligible compared with e*, 

B=3e*/64n7. (17.170) 


The temperature dependent one-loop contribution V7(¢,) is given by (17.133) 
with the mass matrix of (17.145) and (17.146). (We are not now necessarily 
going to make the high T approximation of (17.138).) Thus 


VI); |: dy y'(In[1 exp — y+ T "m? 3462/4) 


--In[1— exp( — / y? + T (m? + 492/4))] 
-3In[i—exp(—./y?-—- T ?e?$2)]] -InY -e ?)). — (17.171) 


The first question we ask is whether it is correct to use the high temperature 
approximation for V{(@,) at the critical temperature, when e*> å. 

From $17.10, the critical temperature for a second-order transition, T,, is 
given by 


T2= —4m?/e? (17.172) 


for e? > A. However, at the zero temperature asymmetric minimum (neglecting 
the radiative correction for the moment) 


$2 =v? = —4m?/A. (17.173) 
Thus 


A 
Tè>m +7 v?=0 (17.174) 


and 


34 
Tiemi 0? (17.175) 
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but 
T? «e^ for e*» 4. (17.176) 


It is therefore not correct to use the high temperature approximation to study 
the critical temperature when e*»4. At $,—0, the high temperature 
approximation is valid, and from (17.138) we have 


V,(¢,=0)= —4n^T^/90. (17.177) 


However, at the asymmetric minimum ¢,=», the contribution to V{(@,), 
involving the gauge field mass is exponentially suppressed (because of 
(17.176)), as discussed after (17.135), but the high T approximation may be 
used for the other terms. Thus, dropping the zero temperature radiative 
correction for the moment, 
- m* nT’ 
Vé.o)- ——^ 


(We are working in Landau gauge. In other gauges, all terms in (17.171) except 
the first one are exponentially suppressed, because of the appearance of an 
additional mass term £e? $2 as can be seen from (12.262). The result is the same, 
as it must be.) 

The symmetric minimum is at a lower value of the effective potential than 
the asymmetric minimum for 


(17.178) 


T» T, — (30/122) ^m. (17.179) 


The temperature T,, is the temperature for a first-order phase transition, and 
the development of the asymmetric minimum with temperature is as in figure 
17.2. The transition is first-order becuase of the discontinuous change in the 
expectation value of the field when the phase transition occurs. (The observant 
reader will have noticed that we have assumed that the value of the effective 
potential at the asymmetric minimum is the same as at zero temperature, apart 
from the T* term. He will be reassured to know that it can be shown that this is 
correct apart from corrections of higher order in e?. See problem 17.10.) 

When zero temperature radiative corrections are taken into account, it is 
convenient to cast the effective potential in terms of the mass of the physical 
Higgs particle. Thus, by analogy with (12.151)-(12.253), 


fé) (202-92 8-48 mz") + P16) (17.180 


where the renormalisation has been carried out at the zero temperature 
asymmetric minimum according to 


d?V 
dd? 


=m? (17.181) 
$,70 
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Figure 17.2 Development of asymmetric minimum with temperature in Higgs model 
for 4n71/11> et> 4. Curve A is at zero temperature, curve B is at T,,, the critical 
temperature for the first-order phase transition, and C and D correspond to higher 
temperatures. 


=3,. (17.182) 


The physical Higgs scalar mass my is given by 
s d?V 
m= do? 

The Coleman—Weinberg case of (13.286) (x =0) corresponds to 
mg = mày -8Bv?. (17.184) 


—2Bv*(4 — a). (17.183) 
=v 


In terms of the original parameters of the Lagrangian 


seas (2 8-5 a) (17.185) 
3 8 

For mg « mày («>0), the situation is qualitatively different from figure 17.2 
because there is a (local) minimum of the effective potential at ¢,=0 due to 
radiative corrections already present at T —0. Then we must take account of 
zero temperature radiative corrections and the development of the effective 
potential with temperature is as in figure 17.3. The present case, a>0, 
corresponds to 


e* » 4n?A/11 (17.186) 
with 4 defined as in (17.182). 
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Figure 17.3 Development of asymmetric minimum with temperature in Higgs model 
for e*» 4n?4/11. Curve A is at zero temperature, curve B is at T, the critical 
temperature for the first-order phase transition, and C and D correspond to higher 
temperatures. s 


In practice, the phase transition to the asymmetric phase may occur at a 
much lower temperature than T,,, because of a very slow rate of tunnelling 
through the potential barrier between the symmetric minimum and the 
asymmetric minimum? !!. However, detailed discussion of nucleation at the 
first-order phase transition is outside our scope here. 


Problems 
171 Show that 6(c’ —:), defined through (17.33) and (17.25), acts like a Dirac 
delta function for functions periodic with period £. 
172 Show that 
Tr In(—p+m)=2 n(m? — p?) 
as required for (17.69). 
17.3 Calculate the free energy density for free massless spin 1/2 fermions. 
174 Derive the Feynman rules for temperature Green functions of §17.7. 


17.5 Derive the expansion (17.116) of the finite temperature effective 
potential in terms of temperature Green functions. 
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17.6 Derive the finite temperature operator traces (17.126), (17.127), (17.128) 
and (17.129). 


17.7 Derive the fermion contribution to (17.138) for massless spin 1/2 
fermions. 


178 Derive the finite temperature one-loop effective potential (17.159) for 
electroweak theory. 


179 Derive the finite temperature one-loop effective potential (17.166) for 
SU(5) grand unified theory. 


1710 Show that the finite temperature effective potential at the asymmetric 
minimum for the Higgs model is the same, apart from the additive T* term, as 
at T —0, correct to leading order in e°. 
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APPENDIX A 


FEYNMAN INTEGRALS IN 
20-DIMENSIONAL SPACE 


d? ^k 21-n m 

days (k?) "E(k + p)?]7 
E 1)" *" T(m 4-n —o)B(co —n, o —m) 
^ (4n T'(m)T(n) 


(-p)y7"7" (A.1) 


dk E oe 
| k (K^) "E + p)?] 


 d(— 1)" *" F(m*n—o)B(o —n* 1,0 —m) 
o (ny T(m)T (n) 


(-py""""«(-p) (A2) 


a gays e Ue py] 7" 
E in iy" (-p)r"- 

(4r . T(m)I(n) 
3g, p?V(m 4 n — o — 1)B(o —m -- 1, -n+ 1)] (A.3) 


[p Pp, (m+n—@)B(w —m, w —n +2) 


d2°k 
nes kk, kk?) "[(k + p?] ^" 
zX- ]r*" (-p)r7"7" 
(4r — T(m)I(n) 
—Ap" (gu p, + GuvPit gap.) (m+n —c — I)B(o —n 2, —m 4- 1)] 
(A.4) 


[— p; p, p, (m+n - o)B(o —n --3, c — m) 


d??k 7 E 
| n= kak kk (Kk?) "Dk + p^] " 
i um 1)" *n (-p)"" 

(4n — T(mIQn) 


—} p^ (gj P, Po + Gop PaPa + GuvPrPp + Gap Pu Py + Gav Pu Pp + Yup Di D.) 
x T(m+n—-—w-)Bo—-n+3,0o—-—m+1) 


[PiP P p, V(m - n —)B(o —n+4,@—m) 


GO?) 91,9, 94,9," 049, (m +n — c —2)B(o —n+2,@—m+2)]. 
(A.5) 


APPENDIX B 


S-MATRIX ELEMENTS ARE INDEPENDENT 
OF € 


We have seen that in order to quantise field theories possessing a local gauge 
invariance it is necessary to introduce into the Lagrangian a gauge fixing term 
and the associated contribution from Faddeev-Popov ghosts. Thus the effective 
quantum Lagrangian is 


1 
o7 Lint Le— 5: (0,4) + Lee (B.1) 
where Zym and .Z are given in (10.59) and (10.62) respectively, and 
Spp = Opna (Ong + gf stt AC) (10.582) 
z (0,02)(Don)- (10.58b) 


Since X has been used to derive the Feynman rules with which we calculate 
the Green functions, it is clear that in general a Feynman diagram will depend 
upon the particular value of the parameter € which is chosen. However, we 
have attached no physical significance to £, and since it was introduced to deal 
with the technical problems associated with gauge invariance, one feels that no 
physical observable should depend upon £. In fact this is true. Physically 
observable quantities all derive from S-matrix elements, and we can show that 
S-matrix elements are independent of £. Other Green functions, which are not 
on-the-mass-shell, in general depend upon č. 

The proof of this statement which we shall present uses the fact that the 
effective quantum action 


Se= Jes Lp (B.2) 


is invariant under certain transformations. These transformations are called 
the ‘srs transformations’, after their authors Becci, Rouet and Stora’. Under 
the transformations 

Ab — Ab+6At (B.3a) 
where 

6A‘ = ODE Ne- (B.3b) 


The changes in the other fields are 
oy = —igOt,n,V (B.4a) 
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dnt = —€~'0(0,A4) (B.4b) 
Sna = —4g Of anc Me (B.4c) 


where @ is a constant real Grassmann number; it follows that 6? = 0, so @ is 
effectively infinitesimal. The reason for introducing @ is so that the 
transformations do not alter the character of the fields being transformed. n, 
and 7* are Grassmann-variables and their transformed fields maintain this 
property. We note that (B.3) is just the usual transformation (9.18) of the gauge 
field, but with 


aè A, = Or. (B.5) 
Since Vym is independent of the other fields (Y, na, n$), it follows that the gauge 
invariance of Zym ensures the srs invariance of Zym. Similarly Zp is BRS 
invariant, since (B.4a) is the usual gauge transformation (9.16) of y, again with 
^, given by (B.5). By design, the gauge fixing term is not gauge invariant, and 
therefore not Brs invariant. In fact 


( -x a )- i £7! (0, A), Dy. (B.6) 


The change in Spp is 
0 pp = Ó(0,2 Done + 0,102 (Dan) 
= —6 ![0,(0, A] Doy, + 0,02 (D^; (B.7) 


and we notice that (B.6) and the first term on the right-hand side of (B.7) add to 
give a total divergence 0,[(0,A,)D2,n,]J, so that these two terms also leave So 
invariant. We leave it as an exercise (problem B.1) to verify that 0(D5,j,) «0 
using (B.4a,c) and the Jacobi identity. It is essential to remember at all stages 
that the order of the Grassmann variables can only be changed with the 
anticommutation relation. 

Now, it follows from the defining properties (8.4), (8.5) of integration over 
Grassmann variables, that 


l= [2aavauaneonst exp (Se + feta. Tajo 4 a) = 


(B.8) 


since Sg contains n and n* only bilinearly. We next perform the srs 
transformation on all field variables. We leave it as (another) exercise (problem 
B.2) to verify that the measure 2 4" y DW Dn* Dy is grs invariant, and we have 
just shown that $, is BRs invariant. Thus the only terms which are affected are 
n* and the various fields attached to the source terms. To simplify the 
equations let us drop the fermions from the field theory; the essential features 
of the ensuing argument are unaffected. Then the only source term which we 
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keep is that attached to the gauge fields. It follows that 


0=ôl= [24.on-ont 710, AG) +i ona Dien] 


x exp (s. t Jara) (B.9) 


This is the generalised Ward—Takahashi identity first proved by Slavnov and 
Taylor?. It is a direct consequence of the grs invariance of the quantum action 
Sq, which itself follows from the (non-Abelian) gauge invariance of the original 
classical Lagrangian, Zym + Lr. (In order to define the quantum field theory, 
this gauge invariance had to be broken, by the addition of the gauge fixing and 
ghost contributions.) Thus the Slavnov-Taylor identity just expresses the 
gauge invariance of the original theory. We shall use it to prove that physical 
S-matrix elements are independent of the gauge-fixing parameter c. 
So consider the generating functional associated with Xg given in (B.1): 


1 
2¢ 


+ f+ Jin) (B.10) 


WJ]- f DA" Dn* Pn exp | f as( n. —= (0,4 


If we change the parameter £ by the infinitesimal amount dé, then the change 
in W;[J] is 


AW, [J] = forato fone ean") exp i(Se + fev Ji) 
(B.11) 


Now we use the Slavnov—Taylor identity (B.9). First we operate on it with 
ô 
—z2)ð,, —— 


and then integrate with respect to x and z. The derivative acts on both the 
exponential and the pre-factor. On the pre-factor we are left with a total 
divergence, which integrates to zero. The remaining differentiation then gives 


0- forana | d*x(0, ADE 710, A16) +iJ ont Dino) 


x exp i(So+ fev Ji) (B.12) 
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Using this in (B.11) and then adding (B.10) gives 
WJ] +A WL] 


= | 2 A" Dn* 2n |( -$ fatxadan Deno) 


x exp (Se + fas mz] 
idé 


= | 2 A" Qn* On exp il So+ f axm (nt - o, AEDn) | (B.13) 


Thus the generating functional W,,,,[J] associated with the gauge fixing 
parameter €+d€ is just the original generating functional W;[J] with a 
different field attached to the external source. In general, therefore, the Green 
functions are modified by the change of gauge parameter. However, the S- 
matrix elements are obtained by rescaling the Green functions so that the 
propagator poles associated with the external legs have resdue unity. As we 
saw in Chapter 5, all non-pole contributions are projected to zero by the factor 
q? — y? as q?  u?. Changing the field associated with the external source will 
change the residues of these pole terms, but this will merely alter the rescaling 
necessary to arrange that the poles have unit residue. Thus the S-matrix 
elements are unaffected by changing č to €+dé. 

The reader may recall that the particular choice of gauge fixing term (10.31) 
was relatively arbitrary, and was also accorded no physical significance. So we 
should be able to change the gauge fixing function F,[A5], not merely the 
associated parameter £, and also show that S-matrix elements are unaffected 
by the variation. This too can be shown using the Slavnov- Taylor identity (at 
least for linear gauge functions’); in this case it is necessary to include also the 
change in W[J] induced by the corresponding change in pp, which, as we 
showed in (10.55), depends upon the gauge-fixing function F, (The interested 
reader is invited to construct her own proof of the more general result, and, 
should she fail, look in the article by B W Lee* for assistance.) 

The Slavnov-Taylor identity which we have used was for the 
unrenormalised theory, and we have shown that a small variation of the 
unrenormalised gauge-fixing function leaves the S-matrix invariant. The 
theory we have been studying is, in fact, renormalisable. Thus the renormalised 
theory has the same structure as the unrenormalised one, and consequently 
there is a renormalised Slavnov-Taylor identity. It follows by the same 
argument as before that the S-matrix is invariant with respect to variation of 
the renormalised parameters in the gauge fixing function. Since this variation 
changes the masses of the 'unphysical particles (scalars, ghosts), it follows from 
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the invariance of S that these particles really are unphysical. They decouple 
completely from the physical ones in S-matrix elements, and the physical states 
are therefore complete. Thus the S-matrix is unitary. 


Problems 


B.1 Show that D4,y, is BRS invariant. 


B.2 Show that the functional integration measures DA" DW DW Dn* Dy is BRS 
invariant. 
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C.1 Vector-vector-scalar-scalar vertices 


|o = (C.1) 
W* w^ 


i3g?g,, (C.2) 


| Hg'g, (C.3) 
wr w^ 
Fé © Regu (C.4) 
Y oY 
: i39? sec? 0,9,, (C.5) 
Z zZ 
u 
Ah : i$g? sec? Ow Iu» (C.6) 
2 7 
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i39? sec? Oy cos? 20,,9,, 


i3egg,, 


seg Gy 


— leg gu» 


seg guy 


ieg sec Oy, cos 20yg,, 


i4g? sec OyG cos 20,, — 1)g,, 


(C.7) 


(C.8) 


(C.9) 


(C.10) 


(C.11) 


(C.12) 


(C.13) 


C2 VERTICES INVOLVING FOUR SCALARS 


W 87 
N 7 
EUN Pl 
i3g? sec 0, (5 cos 20w — 1)g,, 
Zw 
u y 
NOM 6*, 
BN P4 
SO 


NOY : —ig? sec 0, cos 20, = DIa 
Z W 
p v 


3g? sec OWS cos 20, VE 19,, 


C.2 Vertices involving four scalars 


3 ^ 
NU ; 1142242 75,2 
: —ijg mi /mw 
AC 
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These matrices are normalised so that 
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MATSUBARA FREQUENCY SUMS 


In the case of bosons, it may be shown by contour integration that 


1 -8 


^ (ico, —x) (e*—1) (E.1) 
where œ, is given by (17.29). Thus 
x B+) 
Lone ~ 2 (1) (E.2) 
But 
g x 
s (meten) E3 


Performing the x integration we find 


Y. In(o2 + x?) = Bx +2 In(1 —e~**)+(x-independent constant). (E.4) 


The constant in (E.4) is temperature dependent and infinite. Fortunately, it 
cancels against the temperature dependent part of N(f) when we evaluate Z. 
For fermions, the corresponding results are 


1 B 


^ (c,—x) (e&—1) 


where o, is given by (17.63), and 


(E.5) 


È In(w? + x?) = Bx +2 in(14-e ^") -- (x-independent constant). (E.6) 
The temperature dependent constant cancels against N'(f) when Z is 
evaluated. 
More details may be found in Fetter A L and Walecka J D 1971 Quantum 
Theory of Many-Particle Systems (New York: McGraw-Hill) p. 248, and in 
Bernard C W 1974 Phys. Rev. D 9 3312. 
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Abelian gauge field theory, 110-11 
Angular momentum tensor, 23, 26, 30, 
37 
Annihilation operators, 39 
Anomalies, 272 
Anomalous dimensions, 158-62 
Anomalous magnetic moment, of 
electron, 140-2 
Asymmetric phase, 338, 340-1, 343 
Asymptotic behaviour, 54-5 
Asymptotic conditions, 55 
Asymptotic freedom, 147 
Axial gauges, 125, 130 
Axial U(1) symmetry, 218 
Axial vector current conservation, 217 
Axion, 217 
mass, 225-6 
invisible, 226 


Bare coupling constant, 75 

Bare Lagrangian, for gauge theory, 132 

Bare mass, 75 

Baryon number conservation, 40 

Baryon number violation, by colour 
triplet Higgs scalars, 309 

Bjorken limit, 151 

Bjorken scaling, 155 

Bottom quark mass, in grand unified 
theory, 313 

Boundary conditions, for path 
integrals, 40-1 

BRS transformations, 346 


Charge, 19 
Chiral theory, 273 
Chiral transformation, 38 
Chirality, 191 
Classical field, 15, 47, 174 
as solution of the classical field 
equation, 48 
relation to vacuum expectation value 
of field, 47 
Closed fermion loops, 135 


Coleman- Weinberg mechanism, 212 
Coleman-Weinberg transition, 342 
Colour, 116 
Complex scalar field theory, 24, 175 
Conjugate momentum, in field theory, 
39 
Connected Green functions, 46 
in momentum space, 47 
Conserved current, 18—20 
Continuation to Euclidean space, of 
vacuum amplitude, 41 
Continuation to imaginary time, for 
ground state amplitude, 10—11 
Counter term, Lagrangian, 85 
Counter terms, 263 
for gauge theories, 132 
Covariant cut-off, 79 
Covariant derivative, 185 
for Abelian gauge field, 111 
for non-Abelian gauge fields, 112, 
115, 125 
Covariant spin vector, 27, 33 
Creation operators, 39 
Critical temperature, 336, 338-40 
Curie temperature, 172 


Deep inelastic scattering, 149, 162 
moments of structure functions, 
162-3 
structure functions, 150 
Degree of divergence, 77 
for Feynman diagrams with fermions, 
101-3 
for gauge theories, 131 
Derivative interactions, 103 
Derrick’s theorem, 194 
Dilatation, 37, 38 
Dimensional regularisation, 79-81 
Dimensional transmutation, 212 
Diquarks, 301, 303 
masses, 309 
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Dirac 6 function, integral 
representation, 44 

Dirac equation, 25 

Dirac field, 31 

Dirac matrix identities, in 2c 
dimensions, 137, 139 

Divergences, 17 


Effective action, 48, 201-3 
for free scalar field, 48 
Effective potential, 49, 200—12 
at finite temperature, 313—18 
expansion in terms of Green 
functions, 50 
Eigenstates, of the field operator, 39 
Electric dipole moment, 220 
Electromagnetic current, 31, 216, 218 
Electron-positron annihilation, 
inclusive process, 165-7 
Electroweak theory, 214, 232 
` at finite temperature, 322-3 
Energy- momentum tensor, 23, 35 
Energy—momentum vector, 22, 27, 35 
Euclidean space 
continuation of Feynman 
propagator, 44 
continuation of vacuum amplitude, 
41 
Green functions, 41 
Euler-Lagrange equations, 16-17, 26, 
34, 170 


Faddeev-Popov ghosts, 123-5 
Faddeev-Popov Lagrangian, 187, 189 
Faddeev-Popov procedure, 119-23 
Fermi coupling constant, 214 
Fermi statistics, at finite temperature, 
306 
Fermion loops, 105-6 
Fermion mass matrix, 190, 192 
Fermion mass terms, 217 
Fermion masses 
in electroweak theory, 223, 233 
in grand unifield theory, 294—7 
Fermionic functional integration 
measure, 273 
Ferromagnet, 172 


Feynman diagrams, 62-3 
for free scalar field theory, 45 
Feynman gauge, 126, 140, 261 
Feynman integrals, 81-5 
Feynman integrals in 2c dimensions, 
329 
Feynman parameter, 82-3, 141 
Feynman propagator, 
diagramatic representation of scalar 
propagator, 46 
for Dirac field, 100 
for Faddeev—Popov ghosts, 126 
in momentum space for Dirac field, 
101, 128 
in momentum space for scalar field 
theory, 44 
for scalar field theory, 43-4 
Feynman rules, 63, 187 
for electroweak counter terms, 248-58 
for electroweak gauge boson vertices, 
224-231 
for electroweak gauge bosons, 221, 
225-6 
for electroweak ghost particles, 222, 
224 
for electroweak Goldstone bosons, 
222, 226, 228 
for electroweak Higgs particle, 222, 
226, 228 
for Faddeev-Popov ghosts, 126, 128 
for fermion antiparticles, 107-8 
for fermion-fermion scattering, 107-8 
for fermion loops, 105-6 
for fermion propagators, 104 
for gauge field interactions, 127-9 
for Ad* theory, 60 
for momentum space, 64 
for S-matrix elements, 70 
for temperature Green functions, 312 
for quarks in electroweak theory, 
238, 240 
for Yukawa interactions, 103-6 
from counter terms, 86 
Field equations, for gauge field 
theories, 114 
Fine structure constant, 142, 232 
Finite temperature effective potential, 
313-14 
at one loop order, 314—19, 321, 323 
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Free energy, 315 
Functional derivatives, 3, 13, 40-1, 48, 
122 
for fermions, 99 
with respect to spinor sources, 104 
Functional expansion 
in terms of connected Green 
functions, 46 
in terms of Green functions, 41 
in terms of op: Green functions, 48 
of effective action, 48 
of vacuum amplitude, 41 


Gauge boson mass matrix, 186 
Gauge-fixing Lagrangian, 183, 186 
Gauge-fixing term, 34, 121, 124-5 
Gauge invariance, 170 

Abelian, 110 

non-Abelian, 113-14 
Gauge invariant Lagrangian 

for Abelian gauge field, 111 

for non-Abelian gauge fields, 114 

of renormalised Lagrangian, 131 
Gauge parameter (£), 289, 346 
Gauge transformation, 24, 30, 34 
Gaussian integral, 1 

for Grassmann variables, 96-9 
Gell-Mann 4 matrices, normalisation, 

299 

Generating functional 

for connected Green functions, 46 

for Gauge theories, 123-5 

for Green functions, 40-1 

for Euclidean Green functions, 41 

for spinor field theories, 99 

in free scalar field theory, 42—5 
Global transformation, 19, 24, 30 
Goldstone boson, 177, 179-80, 183, 

185, 187-8, 218, 224 

Goldstone modes, 220, 222 
Gordon reduction, 142 
Grand unification scale, 298, 305-6 
Grand unified theory, 198, 225, 298 
Grassmann variables, 28-9, 96, 210 

complex, 98, 123-4 
Green functions, 40 

connected, 46 

for Faddeev-Popov ghosts, 136 


Green functions (continued) 
for free scalar field theory, 45-7 
for gauge fields, 133-5 
for opt, 66 
for spinor field theories, 99 
high momentum behaviour, 149 
in Euclidean space, 41 
in momentum space, 46 
inserted, 157 
one-particle-irreducible, 47—50 
unrenormalised, 144 
Ground state expectation values 
in quantum mechanics, 11-14 
in terms of ground state amplitude, 
14 
Ground-state-to-ground-state 
amplitude, in quantum mechanics, 
8-11 
Group generators, normalisation, 114 
Group theory factors, 135, 137, 139 
in renormalisation group equation, 
146 


Hadronic weak current, 252 
Hamiltonian, 22 
Hamiltonian density, 22, 39, 41 
Heisenberg picture, 5 
Helicity, 31, 33, 37 
Higgs field, 174, 183, 187—9, 209 
Higgs mechanism, 180 

in non-Abelian theories, 185 
Higgs model, 180, 207 

at finite temperature, 334-6, 340 
Higgs scalar, 337 

breaking SU(5) symmetry, 307-8 

for electroweak breaking, 309 
Higgs scalar mass, 342 
Higgs scalar potential 

for SU(5) breaking, 308 


Identical fermions, factors in 
scattering amplitudes, 108 

In and out fields, 54—5 

Infinities, 75, 79 

Infrared divergence, 83, 139, 142 

Instantons, 212-3 

Invariant amplitude, for fermion- 
fermion scattering, 108 
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Klein-Gordon equation, 21 


Lagrange multiplier, 34 
Lagrangian, 15 
Lagrangian density, 15, 41 
Lagrange’s equations, 16 
Landau gauge, 126, 148-9, 208, 210 
Lepto-quarks, 301, 303 

masses, 309 
Leptonic current, 330 
Light cone, 152-3 
Light cone coordinates, 151-2 
Local gauge invariance, 34, 79 
Logarithmic divergence, 77 
Loop expansion, 201, 207 
Lorentz (gauge) condition, 34—5, 170, 

183 

Lorentz transformation, 23 


Magnetic charge, 200 
Magnetic monopoles, 193—200 
Magnetisation, 172 
Mass-independent renormalisation 
schemes, 91 
Massless fermions 
generating functional, 106 
propagators, 107 
Matsubara frequencies 
for bosons, 318 
for fermions, 323 
Maxwell’s equations, 17, 33 
Minimal subtraction (Ms), 90, 206 
in gauge theory, 133 
Ms scheme, 91, 206 
Momentum scheme, 92 
Muon decay, 249—252, 285 


Noether current, 25, 31, 178 

Noether's theorem, 18—19 

Non-Abelian gauge field theory, 112-15 

Non-Abelian gauge symmetry, 177 

Non-Abelian gauge transformations, 
112-13 

Normalisation factor, for generating 
functional, 42 


On-mass-shell electrons, 141 
On-shell scheme, 93 


One-particle-irreducibility, of Green 
functions, 47-50 

Operator product expansion, 152-3 

Optical theorem, 151 


Parity, 31, 190-1 
Partition function, 315 
as a path integral, 317 
for fermions, 322-324 
for free scalar field, 317—320 
for gauge fields, 320—322 
Path integrals 
for Grassmann variables, 96—9 
for Grassmann variables in 
Minkowski space, 98—100 
Gaussian, 1-4 
over conjugate momentum, 42 
Peccei Quinn symmetry, 223-4 
Perturbation series, with fermions, 104 
Perturbation theory, 60 
Phase transformation, 110 
Phase transition 
first order, 339-41 
second order, 336 
Physical renormalisation, 206 
Poincare transformation, 21, 27 
Polarisation vectors 
of a massive vector field, 171 
longitudinal, 171 
Pontryagin index, 213-4 
Prasad-Sommerfield solution, 197 
Projection operators, for gauge field 
propagators, 117-18, 126 
Proton decay, 309, 313 


Quadratic divergence, 77 
in gauge theory, 133 
Quantum chromodynamics (ocp), 116, 
192 
Quantum mechanics, 51 
Quarks, 236 


Radiative corrections to muon decay, 
285-288 

Renormalisable field theory, 75, 169 

Renormalisable interactions of fermions 
with scalars, 102 
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Renormalisation, 74-8 
of 4* theory, 74-8, 85 
Renormalisation group coefficients, 
145-6 
Renormalisation group equation, 145 
for Wilson coefficients, 157-8 
solution of, 146—7 
Renormalisation scheme, 88, 90, 260 
Renormalised coupling constant, 74 
Renormalised field, 75, 85 
Renormalised Lagrangian, for gauge 
theories, 131 
Renormalised mass, 74 
Representations of SU(5), for fermions, 
301 
Rotation of contour, 10, 45, 76, 80 
Running coupling constants, 146 
in ocp, 148 
in QED, 148 
Running gauge parameters, 146 
Running masses, 146 
R: gauge, 183-4, 186 


S-matrix element, 51-3, 69 
S-matrix generating functional, 55-9, 60 
Scalar electrodynamics, 180 
Scalar field theory, 20 
Scalar mass matrix, 179, 187 
Scalar product, in Euclidean space, 44 
Scattering amplitude, 51—9, 67, 69 
for gauge fields, 129 
relation to Green functions, 40 
with fermions, 107-8 
Scattering cross section, 70 
Schródinger picture, 5 
Sirlin's renormalisation scheme, 262 
Slavnov- Taylor identity, 289, 348-9 
Source terms, 8 
calculation from effective potential, 
49 
for gauge fields, 123-4 
in field theory, 40 
Spinor field, 25 
Spontaneous symmetry breaking, 169-92 
and fermion masses, 196 
by radiative corrections, 206 
in a ferromagnet, 172 
of a continuous global symmetry, 175 


Spontaneous symmetry breaking 
(continued) 
of a discrete symmetry, 173 
of a local gauge invariance, 180 
of SU(2) x U(1), 235 
Strong cp problem, 222-3 
SU(2) x U(1) invariance, 233 
Symmetric phase, 338, 341, 343 
Symmetry factors, 134 


Tadpole diagrams, 275 
Temperature Green functions, 324—7, 
329-30 
Feynman rules, 328 
Time-ordered product 
for spinor fields, 99 
of operators, 12-13 
of scalar fields, 40 
Transition amplitude, 51 
as path integrals, 5-8 
as path integrals in quantum field 
theory, 39 
Hamiltonian form, 7 
Lagrangian form, 8 
with external source, 8 
Tunnelling, at first-order phase 
transition, 327 
Twist, 153 


Ultraviolet divergence, 76 
Unitary gauge, 183, 186 


Vacuum expectation value (vev), 174 
of a field operator, 47 
Vacuum polarisation diagrams, in 
gauge theory, 133 
Vacuum state, 40 
0 vacuum, 216, 218-9 
Vacuum-to-vacuum amplitude, 40-2 
expansion in terms of Green 
functions, 41 
in Hamiltonian form, 41 
in Lagrangian form, 42 
in presence of a source, 47 
Vector boson propagator, 170, 184 
Vector field, 33 
Vector potential, 17, 33 
Vertex renormalisation, for gauge 
theories, 138-40 
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W mass, 249 

Wave equation, 17 

Wave function, 52 

Wave function renormalisation 

constant, 85 

Weak current, 226-7 

Weak hypercharge, 233, 254 

Weak isospin, 231-2, 254 

Weak mixing angle (0,,), 234 
from grand unification, 305-6 

Weinberg's theorem, 78 
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Weyl representation, 32-3 
Weyl spinor, 32 
generating functional, 106 
propagators, 107 
Wick rotation, 10, 45, 76, 80 


Yang-Mills fields, 114 
Yukawa interaction, 102, 238, 247, 256 


Z mass, 249 
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